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PREFACE TO THE FIRST EDITION 


This pamphlet, together with the companion pamphlet en- 
titled The Magnetic Circuit, is intended to give a student in 
electrical engineering the theoretical elements necessary for cal- 
culation of the performance of dynamo-electric machinery and 
of transmission lines. The advanced student must be taught to 
treat every electric machine as a particular combination of electric 
and magnetic circuits, and to base its performance upon the 
fundamental theoretical relations rather than upon a separate 
“ theory ” established for each kind of machinery, as is often 
done. 

The first chapter is devoted to a review of the direct-current 
circuit, the next four chapters treat of sine-wave alternating- 
current (ur(!uits, and the last two chapters give the fundamental 
properties of the electrostatic circuit. All the important results 
and methoils arcs illustrated by numerical problems of which there 
are over one hundred in the text. The pamphlet is not intended 
for a beginner, but for a student who has had an elementary de- 
scriptive course in electrical engineering and some simple labora- 
tory experiments. 

The treatment is made as far as possible unifonn, so that the 
student sees analogous relations in the direct-current circuit, in 
the alternating-curnint circuit, in the electrostatic circuit and 
finally in the magnetic circuit. All matter of purely historical or 
academic intensst, not laiaring directly uixin the theory of electric 
machinery, has been loft out. An ambitious student will find a 
more exhaustive treatment in the works mentioned at the end of 
the pamphlet. 

The electrostatic circuit is treated in accordance with the 
modern conception of elastic displacement of electricity in di- 
electrics. No use has been made of the action of electric charges 
at a distance, or of the electrostatic system of units. The volt- 
omperoKihm system of umts is used for electrostatic calculations, 
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in accordance with Professor Giorgi’s ideas (h(H! a pap<T by Pro- 
fessor Ascoli in Vol. I of the Prans'actfo/is af the I titeTUdtiohdl 
Electrical Congress, St. Louis, 1904). Tliosci familiar with 
Oliver Heaviside’s writings will notic(^ his iufhumco upon tins 
author, particularly in Arts. 22 and 28,* wlu're an att(unpt is 
made at a rational electrostatic noinenclatun^. 

Many thanks are due to the author’s friend and colh'ague, 
Mr. John F. H. Douglas, instructor in okadvical (mgimK'riug in 
Sibley College, who read the manuscript and t in* proofs, t’lu>ck««l 
the answers to the problems and made many excellent suggestions 
for the text. 

■ CoHNiiu. Univbrsity, Ithaca, N. Y. 

August, 1910. 


PREFACE TO THE SECOND EDITION 


The first edition of this book was issmul as a pamphh't of 
some 85 pages which the author us(h 1 for two years in his classes 
to supplement some other texts. In its pre.sent edition, tlie book 
is made independent of these t(ixts, so that its size had to he 
more than doubled. The book has been i)ra(!tically nwritten, and 
completely reset in type. All the (uits an^ new. The topics an* 
treated somewhat more in d(*tail, and a large numlsT of practical 
problems are provided. Tlu! n(*w topics uddtsl are: the n^sistance* 
of conductors of variable cross-section, the ('let!trical relations in 
polyphase systems, performance characteristics of the trans- 
mission line, transformer and induction motor and the is-rmittanctt 
(electrostatic capacity) of transmission lines. 

In the treatment of alternating curnmts by nutans of comph'x 
quantities, particular attention is paid to the trigonometric form 
E (cos e +j sin d) of the expression for a vector. In fact, the 
transmission line, the transformer, and the induction motor to 
some extent, are treated in this trigonometric form. The author 
trusts that the reader will find this somewhat novel tnnitment 
more convenient in numerical applications than the usual fonn 
e + je'. 


Chapter 14 in the second edition. 
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Since the appearance of the first edition, the author has been 
encouragcul by some of his colleagues in his treatment of the 
electrostatic circuit in the ampere-ohm system of units, a treat- 
ment whi(*.h involves the use of permittances in farads and 
elastaiu'.es in darafs. He has extended this tn^atment to the calcu- 
lation of capae,ity of (uibles and transmission linos. The students 
grasp this mode of presentation much more readily than the old- 
fashioiKul way, based upon the law of inverse squares and elec- 
tric c.hargcvs a(‘.ting at a distance. The purpose of tlie |)res(mt 
tnuitnu'iit is to impn^ss them with tlu^ idea of a continuous action 
in the nuulium its(df and with the role of the dielectric. 

Mr. F. R. K(^ll(‘*r of the ele(;tri(;al department of Columbia 
University has rc^ad and (^ornKited the manuscript and the proofs 
of the s(H‘.ond edition, and checked the answers to the new prob- 
h'.ms. The author wishes to express sinc(‘.rc appreciation of his 
painstaking, faithful and comi)et(Uit work. The author is also 
ind(^bt(Hl to Mr. John F. H. Douglas for critically reading the 
gallery proof of thc^ second edition. 

CoHNKLL Univkuhity, Itiiaca, N. Y. 

May, 1912. 
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SUGGESTIONS TO TEACHERS 


(1) This l)()()k in iutoiidcd to be used as a text ia a course 
whic-h (U)nipriHeH l(u‘,tur(^s, recitations, computing periods and 
hornet work. Pun^Iy d(\s(‘.riptive matter has been omitted or only 
sugg(\st(ul, in ord(‘r to allow the tc^acher more freedom in Li^ 
lectures and to pc^rmit him to establish his own point of view. 
Sonu^ parts of tlu^ book are more suitable for recitations, others for 
r(^f(‘renc(^ in the (k^signing room, others again as a basis for dis- 
cussion in the lecture room, or for brief theses. 

(2) Diflennit i)arts of the book are made as mucth as possilde 
iud{‘p(uid(uiit of one anotlu^r, so that the teaclu^r c.an schedule 
tlu'iu as it suits him best. Mor(K)ver, most (diapters are written 
ac(H)rditig to tlu^ comumtric; im'sthod, so that it is not lU'cessary to 
fiuisli oru^ (diapter before^ starting on the next. Otn^ can cover the 
subj(H‘t in an abridgcul manner, omitting the last parts of some 
chapt(Ts. 

(3) The probhvrns giv(m at th(‘ end of ncnirly every arti(d(^ are 
an intc'gral part of the book, and should under no ciniumstances 
b(^ omittcMl. Then^ is no royal way of obtaining a clear under- 
standing of th(^ underlying physi(*al principles, and of ac(|uiring 
an asHuranci^ in tludr |)ra(d.i(uil api>lication, (‘X(*(‘pt l)y tlu^ solution 
of nunurical examples. 

(4) Th(^ book contains coriiparatively few sketch(\s, in order to 
giv(^ tlu^ stuchuit an opportunity to illustrates th(‘ important re- 
lations by Hkc4.(*h(‘s of his own. Making skcdclu^s, diagrams and 
drawings of c4(H‘tri(^ circuits and machines to H(*al(^ should be one 
of the important ft‘atur(*s of the course, evtm tliough it may not 
be popular with som(‘ analytically incliiUHl stuckmts. Mcadianical 
drawing <l(W(4ops pnu^ision of judgjmmt, and giv(*s the stiuhmt a 
kiiowlcslgt* tliat is taiigibh^ and conen^te. 

(5) Tlu^ author has avoided giving ckdinite numerical data, 
<’oc4h(4ents and standards, except in problems, where they are in- 
(^ispenusab'e and where no general significance is ascribed to such 
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data. His reasons are: (a) Numerical (‘cx^fficntmfs obscmrt' thc^ 
general exposition. (6) Sufficient uuin(Ti(‘al (xx^fficicnUs and (U‘- 
sign data will be found in good electrical haml-l^ooks and piH‘ket- 
books, one of which ought to be ustul in (HHijumdioii with thin 
text, (c) The student is likely to as(Tib(‘ too mindi aut hority to 
a numerical value given in a text-book, whilt^ in rcxdity many 
coefficients vary within wide limits acc^ording to tlu^ conditions of 
a practical problem, and with the progress of tlu^ art, (d) Most 
numerical coefficients arc obtained in pra(‘tic(‘ by assuming that 
the phenomenon in question occurs ac(*ording to a definitt^ law, 
and by substituting the available (^xpt'riiiuaital data int<» tlie c(ir« 
responding formula. This point of view is (xnphasized thrtmgh* 
out the book, and gives the student tlu^ cotnforting heeling t liat lu^ 
will be able to obtain the necessary nunuTi<*aI constants when 
confronted by a definite practical situation. 

(6) The treatment of the ehad-rostatic cinniit is mad(* as 
much as possible analogous to that of tlu^ <*lt‘ctrodynamic cir- 
cuit. The teacher will find it advisabk* to inakt^ his studeutH 
perfectly familiar with the use of Ohm’s law for (uxlinary cltHdrit! 
circuits before starting on the electrostatic circuit. Tlu* stinhuit 
should solve several numerical examplt^s involving V(^ltag«'H and 
voltage gradients, currents and c.urnait d<‘nsiti(*s, n‘HiHianccH, n*- 
sistivities, conductances and conductiviti(‘s. He* will then find 
very little difficulty in mastering the (dcH-trosiatit* cirtnni, and 
from these two the transition to th(^ magnetic (urcniit, trcatcti in 
the companion book, is very simple indixxl. T!u^ following table 
shows the analogous quantities in the thnn^ kintls ut <‘ircuiiH. 
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OriAPTKR I 

FUNDAMENTAL ELECTRICAL RELATIONS IN DIRECT- 
CURRENT CIRCUITS 

1. The Volt, the Ampere, the Ohm, and the Mho. The 
Htudent. in to faiiuliar with Ohm’s law, both thcorot- 

ically and from his laboraU>ry (‘xporion(‘.o. A synopsis of 
thci law, Kivou lu'low, is intouded to ndrosh tho relations in his 
mind, and to establish a ix/nkt of vi<(w whieh permits of extondmK 
theH<j rc'lations to alternatinK-eum'nt cireuits. Mon^over, the 
law is pretstmted iiv a form applie4ible to magnetic! and dielectric 
eirenits. 

When the current in a conductor is stetady and there are no 
local ehK'tromotive force's within the conductor, the value of the 
currt^nt is proiMjrtional to tht! voltage lK!tw(H!n tho ttwminals of 
tlm conductor, 'rhis is an exixsrimental fact, called Ohm’s law. 
The word “condu(!tor" is usetl here in tho w'uw! of “tho part of 
the circuit under consulcration. " It may consist of two or more 
distinct physitial conductors. Oonsidoring tho electromotivo force 
e as tin* cause of tho current i, this law merely states that ifie effect 
tit proiMrUonal to the cattm, or 

e^r-i, ( 1 ) 

where tho coefficient of pr(»iK)rtionality r is (!allcd the roaistanco 
of the conductor. Wh«*n tho cvirrent is ('xiwcsat'd in ampertsa, 
and the olmstromotivo forc<! in volts, the resistance r is measured 
in units called ohms. 

Ohm’s law is sometimes written in the form 


t - ff-e, 

1 


( 2 ) 



2 THE ELECTRIC CIRCUIT (Akt. 1 

where the coefficient of proportionality 

!/ = lA 


is called the conductance of the conductor. The reuHou for this 
name is easy to sec: The resistance' r shows how difficidt it is to 
force a unit current through a given conductor, while it.s recip- 
rocal g shows how easy it is to producer tlu' same curnmt in tine 
same conductor. Conductances an' measured in units calh'd 
mhos, one mho being the recii)rocal of one' ohm. Hi'iicei, a resist- 
ance of one ohm represents at th<' sanu' time a <‘on<luctunc(' of 
one mho; a resistance of two ohms has a conduetanee of one-half 
mho, etc. Increasing the r(\sistanc.<^ of a winding from -1 to o ohms 
reduces its conductance from 0.2.") to 0.20 mho. 

It will be seen below that in sonw problt'ms it is convenient to 
use conductances instead of rc.sist.an<’es. Hoth an* fundamental, 
and there is no reason why Ohm’s law should not have been ex- 
pressed originally by eq. (2) instead of (1). 

With our present meager knowlt'dg(' of tlu* true nature of 
electrical phenomena, it is well-nigh impo.ssiltle to give a clear 
physical meaning of the quantitii's tinder discussion without 
resorting to analogies. For instaiuu*, the flow of <*urrenl through 
a conductor may be compared to the flow of heat through a 
rod; the voltage or dilTerence of electrii*. ixitential is analogous 
to the difference of temperature 6 at the ends of the rod, anil the 
electric current to the quantity of heat Q pus.sing through a cross- 
section of the rod in unit time (thi* rate of flow of heat). 'Phe 
ratio of d to <3 is sometimes called tlu* thermal resistani’o of 
the rod.^ 

Again, the phenomenon of the flow of electricity is somewhat 
analogous to the flow of wati'r through pijies. The hydraulic 
head may be likened to the voltagi', and the rate of discharge of 
water to the current. With very low velocities, in ^•Hpillary 
tubes, the discharge is proportional to the head, so that eqs. (1) 
and (2) hold true for the flow of water. 

Whatever the reasons which have le<l originally to tin* choice 
of the magnitudes of the ampere, the ohm, and the volt, these 
units may be considered at present, for all practical and most 
theoretical purposes, as arbitrary units, like the foot, the iwmnd, or 

* It even has been proposed to measure this resistance in thermal ohm# or 
ihohms. 
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the meter. Their values have been established by an interna- 
tional agreement, whence the name, international electrical units. 
These units are represented by concrete standards with minutely 
8pecifi(Hl dimensions and properties; the ohm by a column of 
mercury, the ampere by a silver voltameter, and the volt by a 
standard cell. It is understood, of course, that only two out of 
the thre(^ units need to be standardized, the third being determined 
either as their prodiuit, or their ratio. It has been decided by 
international agreenu^nt to consider the ampere and the ohm as 
fundamental units, the volt being derived from them. Hence 
the preB(n\t system of pra(^ti(ial elec^tricjal units is properly called 
the mnpere-ohm i^ydeni. This fact does not preclude, of course, 
the us(^ of standard (‘.<^lls as sentondary standards. 

The ampc^rc^, the volt, and the ohm ar(^ connected by simple 
multipliers (powers of 10) with the absolutes (dectromagnetic units 
(the (ICbB. system of units). It is conceded at present by some 
prominent physi(nHts that the <du)i(?(^ of the units was not quite 
fortunate, a(!(‘.<)rding to our pn^semt understanding of the electro- 
magnetics relations. Sin(H\, howev(^r, it is too lat(^ to (diange these 
units, it is Ixnttc^r to (umsider them as arl)itrary, and not con- 
nected in any way with the magnitudes of the centimeter, the 
gram, and the se(*.ond. 

In a])plying Ohm’s law to ])ra(da(‘.al problems, it must be 
(dearly remembcTOtl that e nqm’isc'uts the net voltage acting be- 
tw(Hm th(^ ends of tlie c.()udu(*.tor r. This is important when the 
circuit contains Ho\ir(t(m of (H)unter-(dectromotivo force, su(di as 
electri(‘ l)ait(TieH, or motors. Let, for instance, the total resistance 
<^f a circuit, comu‘(‘t(Ml across tlu^ UTininals of a generator, be 12 
ohms, and led. th(‘* terminal voltag<^ of the gem^rator bo 120 volts. 
Then tlu^ iuirnmt is (U|ual to 10 ampen^s, providcnl that tluTO are 
no count(^r-ele<d.romotive for(u\s in the c.ircuit. Let, however, the 
circuit (U)ntain a storages battery of, miy, 24 volts, connected so 
as to 1)0 (diarging, that is, opposing the a|>plied voltage. The 
current in th(». c.ircuit is now only (120 — 24)/12 » 8 amp., the 
value 120 — 24 - 9() bedng the 7iet voltage in the external circuit. 
Hhoultl tlu) it^rminals of the battery he roversiul, bo as to help the 
generator voltage, tlu^ current would increase to (120 + 24)/12 
« 12 amp. 

Thus, when there is an external or load source of elec;tro- 
motive force, say ei, within a conductor, the terminal voltage Ci 
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between tbe ends of the conductor is add<‘d nlgt'hraically (o Ct, 
so that we have, instead of <iq. (1), 

ei-^ct=i-r, (4) 

where ei is considered positive when in the same dirisdion as c<. 
In the foregoing numerical example the countiT-iMii.f. is (herefon; 
considered negative. 

In numerical computations it is sometinu's couvenitmt to use 

multiples and submultiples of the units origituilly 1 upon, 

in order to avoid large nuitdxTS or v(‘ry small fractions. 'Phis is 
accomplished by adding to the names of tlu^ original units certain 
Greek prefixes for the multiides, and Latin pndixt's for tlu^ sub- 
multiples. These prefixes are as follows: 


deca tea 

de<‘i. . . . 

. . .oiK^ tenth 

hecto. , .one hundred 

(KUlti. . . , 

, . .oiu^ lumdnMlth 

kilo one thouBand 

milli . . . 

, . .oiu* t ImuHiindth 

mega. . .one million 

micro . . 

. . .oiu* millumth. 


For instance, instead of 10, ()()() amperes one. may nay <ir writ«t 
10 kiloamperes; instead of O.OOOli volt one may .say O.d millivolt, 
or 300 microvolts, etc. Anotlu'r way to avoid v<'ry largi* or very 
small numbers is to use 10 to tlu^ i)roiMT pow<*r as a multiplier. 
For instance, one may speak of a r<>sistance of 7 X H> ** ohtn, of a 
conductance equal to 5 X 10^ mhos, t4,e. 

Prob. 1. In order to determine the rt'sistance of the nniiature of im 
electrical machine, a direct current is wait througli it and the drop of volt- 
age is measured between the brusluis. 'Pin' following an> the readings: 


Volts 0.44 0.73 I ,(K) 133 1,73 

Amperes 8.1 12.9 18.1 24.(1 31 0 


What is the most probable value of tlui resistance? Hint; 'P.ike an 
average of the ratios, or better, plot the volts against the amjtercs ns 
abscissa) and draw a straight lino through the origin. 

Ana. (htWifitt ohtn. 

Prob. 2. The resistance of a transmission line is 1 .2 ohms. What 
voltage is necessary at the generating end in ortler Ui pnshiee a enrrent 
of 75 amp. (a) when the lino is short-eircuitol at the nnHuving t-nd; 
(b) when a pressure of 500 volts must bo maintained at the reeeiving 

Ans. IK) volts; StK) volts. 

Prob. 3. The amiaturo rosisUnce of a 2fK)-volt generaUtr is 0.025 
ohm. At what current will the voltage drop in the armature la* tx{uat 
to 4 per cent of the terminal voltage? Ana. 400 amp. 
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Prob. 4 . The conductanc(i of a bath of molten metal is 5 kilomhos; 
what voltage is required to send a current of 7 X amp. through it? 

Ans. 14 volts. 

Prob. 6. The coil of a regulating electromagnet of 50 ohms resistance 
is connected across a 110- volt line; the voltage of the lino fluctuates by 
± 10 peu (unit. In order to make the regulating mechanism more sensi- 
tive, that is, in order to accentuate the fluctuations of current in it, a 
counter-e.rn.f. storage battery of negligil)le resistance is connected in 
aeries with the coil. What must be the voltage of the battery if the cur- 
nnii in the coil at 120 volts must be twice that at 100 volts? 

Ans. 80 volts. 

2. Temperature Coefficient. The resistance of all metals and 
of pra(*.ti(‘.ally all alloys increases with the tcnii)oraturc, according 
to a rather con\pli(;ated law. Within the usual limits of tem- 
perature the increases in r(^sistan(‘.<^ is luuirly proportional to the 
teiniKuaturci rise; in other words, the relation l)etween the resist- 
ance of a (conductor and its temperature is r('i)res(uited by a straight 



Fio. 1. Th(? relation between the rcHistance and ilie U‘mp<Tatura of 

HKitalrt. 

line MN (Fig. 1). Let the resistance at 0^(h be Uq ohms; Hum 
resistarujo at some ttunperature (1 is 

Rt ^ Roil + ai)^ . (Sj 

wlu^re (X Is called the temperature coefficient of the matcTial. For 
tlie valu(*B of a for various materials mm an (dcudric^al liandbook. 
For the most important inatc^rial, copper, a = ().(KM2; in otlier 
words, r(‘aistan(^e of a copper eondin^tor iiuTcuimm by 0.42 per 
cent for each degr(*e centigrade, considering tlie resistance at 
0^ G. as 100 pc^r cent. 

The formula givcm below is sometimes more convenient in 
computatiom than formula (5). iVssume that the same straight- 
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line law (Fig. 1) holds for low t(;inp('rat-nn‘s, and ltd. tt'inpt'ratnrcs 
be measured from the point A at wliich tho straight lint- t-rossos 


the axis of abscissae. Denoting ttunperatures from this pt.int hy 
T, we have, for any two ttunpt'ratnres, 

Ei/Ji'2 = 7',/7h ilil 

With this formula it is not luus'ssary to refer eompntution.s to 
the resistance at 0° C. The ))oint .1 is found frtiin the eonilition 
Bt= 0, from which, according to etp (")), f.i —1 i«. 'I’lius, for 
any temperature, 

jf^ S5S ^ ""I” if) 


For copper, T = t + 238,1; that is, poinl .t lu‘s 238.!“ i\ 
the freezing point of water. This does not ineuii that the resist- 
ance of copper actually varit^s a(‘cor<ling to this law at sutdi 
temperatures; A is merely a tictitions ])oiiii through tin* posititm 
of which it is convenient to (‘X])r(\ss the tspiation of tin* ftill-ilrawu 
part of the straight Vnm in Fig. 1 . 

Let, for instance, the resistance of tin* winding of an elcrtric 
machine be 0.437 ohm at tlu^ room i(*itip<*rutur(* (»f 22“ i \ Aftt*r 
the machine has been run for s(W'(‘ral hours tin* n'lsistaiici* of tin* 
same winding is found to be ().*tS2 ohm, with tin* rotnu tt‘mper- 
ature unchanged. Let it be recpiinMl to calculatt* tin* final ti*iu“ 
peraturc of the winding from tln^ in(*reast* iik it.s ri'sistanre. We 
have Ti = 238.1 + 22 = 2()().l, and according to eip ihi tin* un- 
known final tcmperatim^ Ta -- 2(M).l X (182 4371 'ish.lh or 
^2 = 286.9 — 238.1 =3 48.8^ (h Two oth(*r practical formula* 
temperature rise will be found in App(*udix K t»f tin* Siamiartl- 
ization Rules of the Am<‘.ric.an InsUtute of l*;h*ctri<’al Kngiiiccrs. 
These rules are reprinted in most (*l<*(’tneul luunlhookH ami porkt*t *• 
books. See also a eouveuieut m(*thod given in prolilein 2 hetiiw. 

I>rob, 1. The resistance of a eonduc’tor incn*nHi*s hy :it firr mit frmn 
23° to 75^^ C. What is a in funnula (5)? Aiw. CIJMHHII, 

Prob. 2. The relation between the rcHi.stance and tlir !iiii|irriitur«' 
of copper conductors is easily obtained on an cjnlinary ^lidr riili% m fob 
lows: On the lower movable scale mark if i\ <iri diviiioii ‘JIIH; Hi ‘ i *, mi 
division 248, and so on. Set a known n^Hintiuice on the lowt r fixrd mnih\ 
and bring the corresponding temperature oppositt*. Tlimt tht* rrwjrUiutci* 
at any other temperature is read opposite tlu* corresponding divinion tin 
the temperature scale, (live an explanation of this nicthcMl, 

Prob. 3. Prove the formulae for and r in the almve-iiieiitioiuai 
Standardization Rules. 
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3. Resistances and Conductances in Series and in Parallel. 

When rcsistaiuHvs are cionnected in scries, the total resistance of 
the circuit is increased. This can be more easily seen by resort- 
ing to anal()gi(\s. For instance, if the length of a pipe carrying a 
fluid be incr(^as(ul, tlie frictional resistance to the flow becomes 
gr(nit(‘r; in like manru^r, a long rod offcirs a more difficult path for 
th(‘ passages of h(\n,t tlian a short one In the electric circuit, the 
equivaUait rcvsistaiuu^. of two (‘onductors in series is equal to the 
sum of their individual r(\sistances, as is shown below. This follows 
from th(^ (^xixTiuHuital facit that cle(‘tri(dty in its flow behaves like 
an incoitipressible fluid; tliat is, the same (piantity of it must pass 
in a given time interval through all the cross-se(^tions of a circuit. 

Let two conductors, ri and r2, be comuu'tcul in series across a 
sour(?e of voltage c, and hi a curnmt i flow through them. Part 
of th(^ total voltag(^ e is spent in overcoming the resistance of the 
first (a)ndu(^tor, the rc'sst in overcoming that of the second con- 
ductor. But, according to ()hm^s law, when the conditions are 
steady, the voltage across the first conductor, = the 

voltage across the second is e% — i-r2. Adding these two equa- 
tions giv(‘s the total voltage 

e - Cl + ch == i{ri -f ry). 

An (‘(luivalent r(^sistan(^(^, by definition, is one which, with 
thc^ samt^ total voltages c, allows th(^ same (uirrcmt i to pass through 
the (‘ircuit, as the coitibination of the given conductors. Hence, 

c = { • r,y. 

(Comparing tlie two foregoing (apiations gives 

r.y ^ ri + ru ( 8 ) 

TIh' law is tru(^ for any number of conductors in scenes; it may 
be proved by succcmsivt'ly (‘ombining them into groups of two. 

When H(W(»ral (U)ndu(d()rs an^ eonne(‘.ted in parallel, the voltage 
across tlaan is common to all tlu^ branches, so that we have 

e = ii • ri 
e « 1*2 • Tn 


where ij, it, . . . are the currents in the sc^parate branches. The 
total current is equal to the sum of the currents in the separate 
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branchcSj bGC&usc clGotricity bcluivt's iu lik(' hu iucoiu- 

pressible fluid. Thus, the oquivuleut msi.st.nnci', i.s dctcriiuiH'd 
by the condition 

e — (ii 4" <2 4" etc.) • Te^ (10) 

Substituting the values of u, U, etc., from (9) iiilu (10) and 
canceling e, gives 

l/r„ = l/ri4- l/rj + ete (11) 

or, in words: when two or mor<^ couductor.H are <-oimtTtod in 
parallel, the reciprocal of the e(iuival<'nt resi.staiico i.s eqtial to tlio 
sum of the reciprocals of the itulividual resistances. 

We have defined eouduetanee as the reciprocal of resistance, 
so that eq. (11) may bo written also in tlm form 

{/«« " (/i 4" t/a 4’ etc (12) 

It will thus be seen that it is convenient to use conduct anci«s in 
parallel circuits and rosistanees iiii st'ries circuits. The simph' 
rule is: Resistances are added in Hcries; nindiieUiiH'is an- mUlvd in 
parallel. This rule follows directly from the jthysical concept of 
resistance and conductance. 

Prob. 1. Provo that when two conilucUtrs, 1 lunl 2, tire in punillel 


ii/tj “ gi/ili ra,ri, (13) 

and that when they arc in series 

ci/ca « ri/rs (M) 

Prob. 2. Show that when two resistances an* in parallel the equivalent 
resistance 

r.rj/fr, I- r,) (,15) 

and that for two conductances in series 

(/.« ” 4*tri). ....... (Hi) 


Prob. 3. Two resistances, ri « f> ohms and rj — 7 oltms, nri' connecteti 
in series. Kesistanee ri is shunted hy a comparatively hish rcaistnnet 
Ri = 100 ohms; rj is shunted Ity a resistance Ut - 50 ohms, What ii 
the equivalent resistance of the whole comhinut ion? Bolution : 

Equivalent conductance of ri and is 0,2 4* O.tH -* 0 21 tidio; 

Equivalent resistance of ri and /ii is 1.0,21 -- 4.70 nhm»; 

Equivalent conductance of r> and H, is 

0.1420 1- (),«2(K1 - 0 1020 mho 

Equivalent resistance of ft and E, is 1 , <1, 1020 • 0. 1 4 ohms. 

Ana. 4.70 » 0,14 • HM.Mluhma 

Prob. 4. Pour resistances, r, - 1.2, r, « 1.7, H » 25, and r» « 
750 ohms, are connected as shown in Fig. 2. Tho generatur voltttjp 
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between the points A and B is 500 volts. Determine the current through 
the resistance R and the voltage across this resistance.^ Solution: Com- 
bine the resistances r 2 and R into one; determine the conductance 
1/iR + r 2 ), and combine it with the leakage conductance 1/ro. De- 



Fig. 2. A series-parallel combination of resistances. 


termme the equivalent resistance between the points M and N, and the 
total resistance between A and B, Having found the total current, sub- 
tract from th(' g(‘uerator voltage the voltage drop in the part AM of the 
line. This will give the voltage across MN^ and consequently the value 
of the leakage current. Afte‘.r this, 


tlie drop in n is detennined, and 
thus thc^ voltage across the resist- 
ance R is found. 

Aiis. 447.3 volts; 17.8 amps. 

Prob. 6. The armature winding 
of a dir<‘ct-current machine (Fig. 3) 
consistH of 108 coils; the conduct- 
ance of each coil is Gl mhos. The 
coils are (‘onnccitHl in series in such 
a way that the circuit is closed 
upon Two positive and two 

negative brushes are placed alter- 
nately at four ecpiidistant points of 
the winding, so as to divicle it into 
four Ijranches in parallel. The two 
positive brushes are connected to- 
gether, as are also the two negative 
brushes. What is the equivalent 
resistance of the armature between 
the terminals of the machine? 

Ans. 0.1106 ohm.^ 



^ This combination rcprcisents a transmission line the resistance of which 
kri + ft; the useful load rc^sistanccs is rt*prcsente<i by R^ and the Ieak«^e re- 
sistance by r«. The pn^blem in a generalised fonn is of great importance in 
tl'ie theory <jf alternating-current circuits (see Figs. 41 and 42). 

^ For details of armature windings see the author’s Bxp&rifmrUid Elm^ricd 
Br^inetmngf VoL 2, cliap. SO. 
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Prob. 6. Two equal rosustaneovs of r olims are i‘<aiiu*rtcHi in 

series. When one of them is shunted by uukiunvu renistiuiee H, tha 
total resistance of the combination dern^ast'.s by 10 |H‘r ernt. Mud the 
value of R. Ann. 4 r. 

4. Electric Power. The (‘h'ctrie penver (t‘iHT|i;y per tmit 

time) converted into heat in a eouduetor is futmd hy oxpori- 

ment to be proportioual to the n^sistaiua* of tlu* <’undurtnr and 
to the square of the eurnmt (Jotd<‘\s law). praetirni iniit td 

power, the watt, is so sedtsded that the etHdlieieut id pnipiuliim- 
ality is unity, or the ])()W(‘r 

( 17 ) 

Either i or r may be eliminated from tliis vxprvsHum, usin^ OlmPa 
law. This gives three mon^ expn'SHiouH fiu’ piiWi*r: 

P ^ c* i - v'^f r f'f/ ( IH) 

All these cxpreKSsious ar(‘ uscsl in praetiet*, deperniing upun whiidi 
quantities arc known in a partitndar <’aHt\ 

The expression e • i is the fumlanumtal (ua*; it is aunhigotis tii 
the expression h • q for the power lost by friet itm in a pijH* in u hirh 
a fluid is in uniform motion. In tin* pipt*, tin* eiirrgy lust iH‘r 
unit time is equal to the rate of disebargi* q titaos tlie h hwt 

in friction; in other words, it is (siual tlie qmiiiiiiy ftuinr 
times the intensity factor. In an <dedrie eiretit! ttir mirrent i 
is the quantity factor, while tlu^ voltage tirop r is Iht* iitfeunity 
factor. 

If P in eqs. (17) and (18) is (‘xpreHstnl in kilowatts, or in mega- 
watts, a numerical factor (‘(pial to HI ur HI ** respoefively is 
introduced on the right-hand sidt* of thc' fS|uiitioii, Smiietiiiirs 
the output of a motor is imwunMl in In^rHe-lHavia* ; the Hngli,Hli 
horse-power is equal to 74G waits, while Ihenitdrie liiirst‘ 4 HiwiT 
is 736 watts. It is strongly reeemnnended by the Iiiti^rnnf ioiiiil 
Electrotechnical Gommission that thi^ odd and sn|M^rfluoiis tinit 
horse-power be dropped altogcdber and tliiti ineeliiiitiiuil power 
be expressed also in watts (or kilowatts). Thm nwam that e!er« 
trie motors as well as generators should he ratml in kihiwnttH. 

Sometimes the duty of a maehim^ is expressiai in kilognuii- 
meters per second; the conversion ratio to wtitis m: 

1 kg.-m. per second « 9.806 watts. 
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In many ceases, howevcT, it is not necessary to introduce either 
kilograiti-metorB or calories, since mechanical, thermal, and electri- 
cal eiuu'gy (^an all he expressed in joules (watt-seconds) . 

If a conductor contains a local e.m.f. ei, the power commu- 
nicated to this part of the circuit, l)etween its terminals, is 
equal to Ct • f, where Ct is the terminal voltage. But the power 
ih (H)nvert(ul into luuit may be either smaller or larger than Ctij 
depending upon the polarity or direcition of Ci, Multi[)lying both 
sides of ecp (4) by f, w(^ find that the power 

P = cd + ed = ih (19) 

Let ei b(^ positives, that is, in the same dircHition as Ct (for instance, 
an extra battc^ry or g(ni<^rator cornuu^hul into the circuit to boost 
the voliag(0; the ])ow(a* Pr (ionvc^rUnl into luuit is in tliis c.ase 
larger than ed^, Ixuuiuse the power supplicul by the local source 
of e.m.f. is also conv<n’t(Hl into heat. If, how<wer, ci is m^gative, 
that is, if it acts as a (^ount('r-(^.m.f. (which is usually the (^ase in 
practicuO, tlu^ pow(^r converted into heat is smaller than ed- In 
this <;as(^ the powcT ed in communicatcHl to tlu^ local source of 
e.m.f. If this souren^ is a storages battery, tlu^ eiu^rgy is stored in 
<4iemi<^al form, and may b(^ made availabh^ at a later time; if it 
is a motor, tlu^ (uun'gy is convetrtc^d into m(H‘.hanical work on the 
motor shaft. L(‘t, for instances, the voltage at the tcnmunals of a 
eircniit be 110 volts, and l(‘4 the count(T-('..m.f. of a motor in the 
(jircuit Ix^ 100 volts; assume the curnuit through tlu^ (Circuit to 
b(^ 20 amp, Tlum tlu^ voltage drop diu^ to resistance in the 
(x)ndu(dors is only 10 volts, and the power converUxl into heat 
is 200 waits. The pow(‘r commuui(uit(xl to th(^ motor is 2000 
watts, and th(‘ total powc^r supplied to tln^ cinniit is 2200 watts. 

Th(^ unit of (‘l(X’.tri(^al energy is tlu^ watt-secotul, or joules When 
ilu^ lu'at dissipatixl in a (*onductor must b(‘ exi)ress(‘d in thermal 
units, us(^ Halation 

1 kg.-calorii' = 418(5 joules. 

Prob. 1. Tlu^ annatun^ curnsit of a 22()-volt direct-current motor at 
a certain load is (5d amp., and thet armature resistauee is 0.14 ohm. How 
mueh cdts'iric povvcT is converted into me(‘hanical form, anil what is the 
tonjue devc‘lopc‘d by the armature if the speeil is 1050 r.p.m.? 

Ann. 13.3 kw.; 12.3 m. -kg. 

Prob. 2. If the currents in the shunted re-sistanees Rx and Rt (problem 
3, Art. 3) n*pre»c*nt i>ure loss of power, what is the efheieney of the whole 
arrangement? Solution: Idii the voltage across the resistances ri and 
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Ri be e. Then the voltage amm rg ami is r • (b.M 4.T«il 1.211 r. 
Hence, the useful power is cV5 + (1.29 f)“. (K42S f" wattM. 'VUv power 

lost in the resistances Hi and 11% is e‘^ 100 +- ( 1 .29 r ) ' 50 O.O IO.'i wn its. 
The efficiency is 43.8/(43.8 + 4.33) 90 pm* miO. 

Prob. 3. The heating element of a 110-volt rlmirif* kettle imwt lic‘ 
designed so that it will heat 1.5 liters (1 litta* I eti. deeinieter) of water 
at a rate of 10° C. per minute, assuming no losses by nidiation What 
are the resistance of the element and the ratml eurrtmt t»f t!it‘ tOensil? 

Ans, 1 1 .ti olinis; 9.5 amp. 

Prob. 4. It is required to calculate the (‘xciting eurr«*n! i, tin* iiiiiiiht'r 
of turns n per polo, and the resistance r ]H'r turn of a fieltl roil of n 5fKHi4 w, 
6-pole turbo-alternator, from the following data; 'Hie rxritntioii rii|uirrd 
at the rated load is 9000 amp.-turns per pok*; at hhort tniiiondH Ti.tlOO 
amp.-turns per polo are needed. The c‘Xternal arm id the field cxiil 
280 sq. dm.; in cotitinuous service, 4 s(|. vm. id cooling iim^t l»e 

allowed per watt converted into h(*at, in order la iivoal oviaheiiting the 
coils. The exciter voltage is 125, and tluriug tin* tiverhaid iibinii III per 
cent of this voltage must he ab.sorhed in the fn4ii rheteitat, m a margin. 
Hint: Solve the following three eejuat ions; in ttlMHi; 1^71 2N;IHKh 4; 
(12,000/n)nr = 0.9 X 125/6. 

Ans. 6(K)amp.* 18 turns; 1.502 X III ^ oimm. 


CHAPTER II 


FtTNDAMENTAL ELECTRICAL RELATIONS IN DIRECT- 
CURRENT CIRCUITS — 

6. Resistivity and Conductivity. A cylindrical conductor 
may be considcTOd an a cornl)ination of unit conductors in series 
and in paralh^l. For instance, a wire 12 in. long and having a 
eroHS-Bection of 70 sq. mm. may be regarded as composed of 70 X 
12 = 840 unit conducitors, each of one square millimeter cross- 
H(M‘tiou, and one meter long. These unit conductors are first 
combined into sots of 70 in parallel, and then the 12 sets are 
(‘.onniH^ted in series. The resistance of such a unit conductor, 
mad(^ of eopix^r, and at a temperature of 0° 0., is al)out 0.016 
ohm. A set of 70 unit condiu^tors in parallel has 7^0 of the resist- 
ances of one, b(H‘auHe the (uirrent is offered 70 paths, instead of 
oncq tvvt'lve H(4 .s comuudcul in series offer twelve times the resist- 
an(!e (ff oiu^ std. Tliercvfore, the resistance of the given conduc- 
tor is (0,016/70) X 12 =« 0.002743 ohm. 

Faicli material is <‘,haracterized by the resistance of a unit con- 
diudor made out of it. The rcmistanc^e of a unit conductor at a 
spe(‘ifuHl ttanpe^rature^ is (udled the resistwity ^ of the mak^rial and 
is dcmotcnl by p. Tims, the resistance of a conductor of a longtli I 
and c^rosH-setdion A is 

fwp.i/A (20) 

The numerical value of p (U^iamds upon the units of length and 
resistanc’^^ used. A unit conductor may, for instamu^, have a 
erosB-scH^tion of one scjuare millimeter, and may Ix^ one meter, or 
one kilomtdc^r long; or it may be a centimeter culx^. In the 
English systexn it may have a crosB-seetion equal to one circnilar 
mil, and a length of one foot, one thousand feet, one mile, or any 
sucii spc*(!ifi<Hl length. Besides, the n^sistivity may be expressed in 
ohms, megolims, or microhms. In each cast?, tht^ unit of resistance 
and the units in whi(?h the dimensions of I and A are expressed in 
^ The older name is ** specific rMistanee.'^ 

IS 
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formula (20) are selected so as to suit tht‘ ronvenieuee of the 
user of the formula. For the values of /> for diOVrent materials 
see one of the varioxis handbooks and poeketlnioks for eleetrieal 
engineers. 

In some eases it is more eonviaiitait to ust^ tin* esuntuetanet* of 
the unit conductor, insb^ad of its n^sislatUM*. I'hc' eouductaiK't' 
of a unit conductor, at the s|)eci(i<‘d ttaupta'atun*. is ralltsl tlie 
electric conductivity (or sp(H*iru‘ eoudindaiHs^l of the material; tlu* 
conductivity Is the reci^irocal of the n\sistivily of the sana* mate- 
rial. Denoting this (‘ondindivity by 7 , w«* have 7 I |i. By 
reasoning similar to that giv(*n abov<\ we find that the etinduf’^ 
tance of a conductor having tlu^ dinaaisions / and A is 

il - y ' A I ( 21 ) 

Prob. 1, The resistivity ()f alunilnuiu (Hituils 2 *ir» loirroljiiei per etihit* 
centimeter; what is its conductivity per tnihfina".’ Solution: l*he re 
sistance of a conductor one foot long ami having a cncei neefifin equni ttt 
one circular mil is 2.()() X It) X IhT.HiH) x SO. Is ttiohnm; where 
197,300 == (1000/2.54)“ X 4/ff is the factor for ct averting square centi 
meters into circular mils, and 30.48 Is tlu* numlier uf eenttinefers in ime 
foot. .\n8. O.Otlia mlu» per circular luil feet, 

Prob. 2. Facli fu‘ld coil of an (4{‘cirk‘ nuielune has 720 tunen the 
average length of a turn being about 1.5 m. What si/a* wire i^s rrquired 
if the hot resistance of the coil is to Ih‘ l.M tthin>'* Aceerding tu the 
A. I. E. E, Standardization Huhss, a tianperature rise of 5o“ c 7 tn allowed 
above the air at 25® ( k Ans. Mmni 20 sq. mm, 

Prob. 3. A given curnnit / m to he tnuismittefi at a gi\rn vultitge 
between two given localitit's \vhoHt‘ distunci^ apart is i. Deiluee an 
expression for the most economical sizt* of tin* lim^ Ciimlnetor. A miiiiII 
conductor means a saving in the original investment, hut a higher uperat- 
ing cost on account of the powiT lost in tlu^ ciuidmior, and \ tvv wmi, 
The most economical conductor is om^ ft>r whieli the aimnal iiilerent and 
depreciation plus the cost of iV loss per year is a luiiiiiiiuiii Solti’ 
tion: Ijot the cost of one wutt-yinir he p eentn, and let tlie nuiituiior nw! 
q cents per cubic centimeter, instalhsl. LiU he thi^ immml mtvrvni 
and depreciation in per cimt to l>e aliowtsl on tht^ originit! ri*r4t of the laui- 
ductor. The cost of the power lost in the line m |aV/ d, find the iniiiiit 
cost of the conductor is qlA, The comlitiem of the prohlem in Ihitl 

piV/d + BqlA E K min, I . . . , . C22l 

where the constant A' repntsentH the interc'st itml depreciiititm on tlie 
poles, insulators, etc., the size of which is ementiiillv imlepeiidenl ««f the 
size of the conductor. Eciuating the first derivative* with respeei in .! to 
zero, we get -piV/A® + « 0, or 

pfV/A a . |22ii| 
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III other words, the most eeonomieal cross-section is tliat for which the 
Biiin charged to the annual interest and (h^preciation is equal to the cost 
of the wasted (uiergy. This result is independent of tlie length of the 
line and of the voltage, and is known as Kelvin’s Into of economy.^ Know- 
ing idl the data, the (Toss-section A can ho calculated from condition 
(22a) ; see also problems G and 7 in Art. G, 

Prob. 4. A transmission line from the generating station .4 to a place 
B is I kilonu'ters long. At B the line is clivided into two branches; one 
to (\ 1 1 km. long, and carrying a current n; the other to /), U km. long, 
and carrying a c.urrent u. The total permissible voltage drop from A 
to ('ither (’ or 1) is € volts (one way). Determine the sizes of the con- 
(lu(4*ors in the thriai jiarts of the line so as to make the total initial cost 
of copper a minimum. Solution: Take the unknown voltage drop x 
from A to B as the indeiiendent variable; then the three cross-sections 
are determined by the conditions ipl/A = x, iiph/-4i = ^ — x, and 
i%pk/A j jsa € — X. Tlu^ value of x itself is determined by the condition 
that LI h l\Ai + LjAa - min. Substituting the values of A, Ai and A 2 
into this (^Kpression, and (Hpiating the first derivative with respect to x 
to zero, we gt't iiyx'^ n/iV(« — *r)'^ + — •^)'L ICxtracting the 

S(iuare root of (^a<’h member of this ecpiation and solving for x, wo find that 

€ 

X sa — • 

1 + [(i./t) a./o’ + (i,/o ih/ini 

Having found .r, the thr(‘(‘ eross-.sections an; easily (calculated from the 
thr(‘(c conditions written aboves 

6. Current Density and Voltage Gradient. Wlum a current 
is distrihuied uniformly over the (^ross-section of a cylindrical 
(‘onduetor, it is (‘onvcuiicmt to Hp(^ak of the current densityj or the 
eurrimt per unit (^roh^-section of the condiuitor. Denoting this 
(hmsity by (f, we have 

U^i/A (23) 

U is mfuiHunal in amp(‘rt‘H (or kiloarnpen^B, milliatnpen^s, etc.) 
p(‘r Hciuare (‘('ntinu4.('r, or per miuare millimeU^r. Tlie curnuit 
(leimity is numerically cnpial to the current through each unit 
conductor of which the given conductor consists. 

* In practice the* H(4(‘ction of the croH8-H(H4ion of a line conductor is 
dt4ernun(Hl by many otlu*r considtTations besiiU^s that of (‘corunuy, m out- 
Jiimd above. For instance*, it may b<* desirtHl to r(Hiu(!e tlie original invest- 
rnent to a minimum whih* the load is small, ami to change the conductors 
to a largtT size aft(‘rwardH. Th<^ prohitan ahovt* is intcunkHl only to introduce 
iht* reader mto this subjiHTt, lie will find numerous contributions treating 
of more eomplicatwl ciy4(^ in various periodictils and transactions. Bm also 
A. C Ferrine, Ekclriml Votduciors^ Chapter H. 
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When the voltage drop is dLsirilnitetl uniformly ahuig a 
ductor, it is convenient to speak of voltage drop p<n* tinit length. 
This voltage drop across a unit lengtli is railed the voliatjt tjrmlient, 
and is measured in volts, kilovolts, millivolts, i*t<*., per un^tcT ur 
per centimeter. Denoting the voltag(‘ gra<li<'nt liy (/, wv liuvi^ 

G^e/l . 12D 

The value of G characteriiceH the eleetrit^al ecnniiticui at a point 
(ora cross-section) of the conductor; for tins reason it \h some- 
times called the electric iniemity at a i>oint. 

Having previously introduced the resist atuH*p ami the conduct™ 
ance 7 of a unit conductor, we can now write Ohm’s law for tlie 
unit conductor, in the form 

(7=:pr;- U/y (2a) 

Equation (25) has a definite meaning iilm withotP the eom‘f*l>i 
of the unit conductor; namely, it givt's tin* ndathm f»etwet*n tlm 
voltage gradient and the current density uf a ptnni, for a givtm 
material. The reader can easily think of a thermal annlogtif\ 
Hooke’s law for clastic materials is also Hoimnvliuf amdogous to 
eq. (25), because it expresses a straight-Um* ndutiou Ijetweim the 
cause and the effect, hkiuation (25) can he deduecd direetly 
from eq. (1) by writing the lattc‘r in tlie form (it ipl A 1 * GA 
and canceling I and A, 

Prob. 1. What is tlie voltage drop pcT kilometer of a f'fjpfHT wire 
having a cross-section of 70 aep innu, and carrying a eurrent of 150 amp,? 
Solution: 17 » 150/70 =« 2.143 amp. per S(|. mm. The coieluelivily of 
copper 7, at the tcinporatum of the line, is etpm! to 57 mhnn for 11 unit 
conductor of one square millimeter mmH*set*tion innl one nirfer long. 
Therefore, the electric intenaity or the voltage^ tlrop pi^r inetrr of Iniglh, 
according to formula (25), ia 2.143/57* 0.037«i volt per nieler. 

Atm, 37 <1 volts kill. 

Prob. 2. What ia the expreasion for power eonverletl into hent in a 
unit conductor? Ana. 

P ^ G * U » [/V ** U^/y w 7 • (P, . . . , (‘ifiii) 

Prob. 3. What is the amount of iKiwar lost in the rcifiiliietiir eon- 

eidered in problem 1? 

. Ana. (0.0376 X 2.143) X 70 X ICMMI - Mim %yum, 

Prob. 4. The ^ space available on the frame of n generntor fur a rec- 
tangular field coil ia 16^ X 12 cm. for tha hiiide diiiiaii«ioiiii, nml 2H X 
24 cm. for the outside dimensions; tha limiting htnghi m 15 rnt. Wlint 
current density can be allowed in tha coil, if 12 ncp cm. of mirnmni mirhm 
are required per watt loss, in order that the of tJir roil gliiill 
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not exceed the safe limit? The space factor of the coil is 0.55; in other 
words, 55 per cent of the gross space is occupied by copper, the rest being 
taken by the air spaces and the insulation. Solution: The exposed 
surface is 2(28 + 24) X 15 « 1560 sq. cm.; therefore, 130 watts loss 
c.an be allowed in the coil. With a space factor of 0.55 the useful cross- 
section of copper is 6 X 15 X 0.55 ~ 49.5 sq. cm.; the average length 
of one turn ccpialB 2 (22 + 18) = 80 cm. Therefore, the coil contains 
4950 X 0.8 « 3900 unit conductors, each one meter long and one square 
millimeter in cross-section. The j)crmissiblc loss per unit conductor is 
130/3960 « 0.0328 watt. Hence, according to the answer to problem 2 
al)ove, U * Vo.0328 X 57 *= 1.37 amp. per sq. mm. This result is 
independent of the size of the wire, as long as the space factor remains 
approximately the same. The maximum ampere-turns are 137 X 49.5 == 
6780, and, for a constant spacci-factor, are also independent of the size 
of the wire. 

Prob. 6. What are the size of wire and the exciting current in the pre- 
ceding liroblem if the voltage drop must not exceed 20 volts at 80° C.? 

Ans. 4.74 sq. rnin.; 6.5 amp. 

Prob. 6. Referring to problem 3 in Art. 5, what is the general cs^res- 
sion for the most economic^al current density? Ans. [/ = V tq/ipp), 

Prob. 7. Referring to tlui precc^ling i)robl(an, what is the most eco- 
nomical current density if ch)pi)(t costs 15 cents per pound, the annual 
interest and depreciation is tiiken at 12 per cent, and the estimated cost 
of wiisted power is 22 dollars per kilowatt-year? 

Ans. 0.95 amp, per sep mm., taking p at 25° C. 

7. Kirchhoff’s Laws- Consider an arl)itrary network of 
conductors (Fig. 4), with sources of e.in.f. connected in one or 
more plaices. Wlum siudi a system is left to itsedf, definite cur- 
rents will flow througli the eonduetors, and definite differences of 
potential will l)e established betwe(^n tlu^f junction points of the 
conductors. Thus, if all the resistam^es and e.m.fs. arc^ given, it 
ought to be iK)Bsil)le to (Calculate the magnitudci and direction of 
all the currents. The distribution of the eurremts is such that 
two conditions are satisfied: 

(1) As mutdi current flows toward each junction as from it, 
because electricity behaves like an incomprcBsible fluid. For any 
junction this is expresBed mathematically by the equation 

Si « 0, . (26) 

in which all the currents flowing toward the junction are taken 
with the sign plus, all thorns flowing away from it with the sign 
minus, or vice versa. Thus, for instance, at the point C let the 
currents flowing toward the junction be 20 and 30 amp. respec- 
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tively, and one of the currentH flowing away from it ho 40 amp, 
Then the fourth current must neec\sHarily ho 10 amp. flowini 
away from C, because 20 + 30 — 40 — 10 0. lupmtion (2f>; 

is called KirchhofT^s first law. 

(2) The sum of the terminal voltagt\H along any oloHod rirouii 
in the network is equal to tawOj or 

'5= 0. • (*27] 

Consider, for instance, the path ABCDKFA , imd ooiinoot a taw- 
center voltmeter first hetw(‘(‘n A and /h then l»etwe<m ii and 
and so on, every time transferring both torminalH, hu that out 


£ 



Fia. 4. A network of coiHluelorH, ilhwiratinK liiwu. 

particular terminal of the instrument always leads the iifher 
Consider the deflections to (Uio Hide of ilie y.rrti pthni ns jMisitive 
to the other side as negative. Kcpiation ( 27 ) meiniH thiii th* 
algebraic sum of these readings is cH|ual jiero* reason ii 

as follows: The reading A-H shows how muidi liiglier is tin 
potential at B than that at A ; the n^miing sliowa the fiinmiih 
by which the potential at C is higlier than itiai at It Heiiet* 
the sum of the two readings indicatc^s the dilTereiiee of polentia 
or the voltage between C and A. ConsiH|uenlt}% the mim nt at 
the readings around the elomnl circuit indicates tin* differenri 
of potential between A and A, which difTerence is t^vitirntl} 
zero, no matter by which closed path the originnl iMiiiit tins l»ria; 
reached. The reader may again resort to ariatciguiis in tirdi^r tc 
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SCO this law luoro cslearly. For instance, the potentials at the 
joints may b(^ likened to temperatures, and the voltmeter readings 
to di(T(^rene(^s of temperature. Or the potentials may be com- 
pared to absolutes pressunvs in a network of pipes, and the voltages 
Cl to the differences of pressure. Again, the potentials of the 
points A, /i, C, et(‘.., are analogo\is to the altitudes of certain 
points, say above th(‘. sea level, while the voltagc^s correspond to 
their n^lativc^ elevations. In all such cases the sum of the differ- 
ence's around a closed path is equal to zero. 

Equation (27) is usually written in a somewhat different 
fonti, b(MUUis(^ the vahu's of Ct are usually not known, so that it 
is desirabh^ to exi)r(^ss t.luan through the given electromotive 
forcH'.s and the ri^sistaiuu^s of ih(^ (conductors. The general expnes- 
sion (4) of Ohm’s law holds for ea(ch (conductor in the luctwork. 
Writ(c theese eexpn^ssions for all the (conductors along a closed 
path, and add tlucm togeilucr, term by t(Tm. Tluc sum of the 
a<’s is equal to zeero, ac(H)rding to (cq, (27), so that the result is 

(28) 

This form of (Hp (27) is known as Kinchhoff’s second law. In 
this (cquatioti a (cccrtaiti dinuction of curreents and voltagtcs nmat Ixc 
assuiiucd as positiv(\ L(ct, for instance, in the (circcuit ABC DEB’' A 
the (chxckwise dinection be takem as i^sitive; that is, all the cur- 
rents flowiiig chxckwise are to be considered positive, and -also 
all the (MU.fs. which tend to {mxluco currents in the clockwise 
dinxdlon. I.et Ci * 70 volts, and = 50 volts, and let the 
resistances of the condvudora be 2, 3, 5, 4, 8 and 6 olnns rcnspec- 
tively. Let all thc^ currents be known except tliat in i)J?, and let 
them be 10, 15, 15, 3 and 5 axnp. resix^ctively, the dircT.tions b(4ng 
tlmse shown in the figun^ D(mot(^ the unknown (nirrent in DBJ 
by X, and aHSirnu^ it to flow in the clockwise direction. Equation 
(28) then Ixicomes 

70 - 50 « 10 X 2 + 15 X 3 - 15 X 5 + 4 X + 3 X 8 + 5 X 0, 

from which x = — 0 ami). other words, the current in DBJ is 
equal to 6 amp. and is flowing counter-cloekwise. 

B'or a given network of conductors the number of equations 
of the form (26) is (xpial to the number of jumdion poitits less one, 
because the expiation for th(% last pomi can be obtained by com- 
bining the other equations. The number of equations of the 
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form (28) is equal to the number of indrpemleni (‘loned patlm ii 
the network. The total number of eciualitJUH of both kindn i; 
just equal to the number of unknown eurreiits, ho that tht'Hi 
currents can be determined by Holving tlm siinultiine«niH e((uationH 

Prob. 1. A constant e.m.f. of HO volts is iiuiiutuini’d ut tin* gonvrat 
ing station, and power is transmitted tlirough a lint* linvtng a resisfnrio 
of 0.5 ohm to two devices in parallc‘1, vix., a resi.Htor of 10 ohms, and i 
motor the internal resistance of which is 5 oinns. (‘aiculatt* the !iia 
current (a) when the motor armatun^ is hlockcil, and (Id when it rcvolvei 
at such a speed that the counter-e.mi. is 00 volts. 

Ans. 2HJfuu|). : 13.05 amp. 



Eio. 5. An unbalannsl Wlu’at.Httmr hrid««'. 


Prob. 2. Write the ecpiations for tin* six unkimwn vnrwnin in ii 
Wheatstone bridge (Fig. 5) wlu'u ii is nut hnhmcrd, 

Ans. 4 = la+h; b "= d f d: OA f | r; 

dri — UTz - igrg « 0; -» i>4 + rVv d. 

Prob. 3. Show that the preceding six (spiations imi rtaluctsl to tlirn- 
when the galvanometer circuit is opcau 



<’3 


Fio. 6. A leaky dectrio circuit ctmtaininn a ihw j* a„ 

analogue to the magnetic circuit of a IoimImI elcclrtc imu-hiitc. 


sourcoH of c, uiul (Fig. «), arc c,„„„.ct..,l to „ 

these sources are r, and rj respectively; the main extoriiiU n-ajatanei. 
2 . The insulation between the terminals of the sources of e.m.f. 
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imperfoc.t, and the leakage (ionductancea arc represented by gn and gi 2 
respectively. Write Kirehhofl’s cciuations for the unknown currents 
(a) when there is no leakage; (1)) when gi 2 = 0; (e) when gi^ = 0; and 
(d) when both leakages are present.^ 

Prob. 6. A t(degraph lino with ground return has a resistance of r' 
ohrns per kilometer, and a leakage conductance to the ground of g^ mhos 
per kilometer.^ The voltage at the receiver end of the line is the 
receiver current /g. What ar(^ the values of the voltage and of the current 
at a distance of ^ kilometer from the receiving station? Solution: Con- 
sider an infinitesimal length d.s of the line, at a distance s from the receiv- 
ing end, and hit the voltag(i to the ground at this point be c. If i is the 
line current at the same point, then the leakage current corresponding to 
the element dn of tlui lirui is di\ and we have, according to Ohm's law, 
di * ey^Hj where g'dn is tlui hiakage conductaiuie through tlie clement ds 
of the line. For the elenuitit of the line itself, Ohm's law gives de = ir^ds. 
Hubstituting the valiui of c from the first ecjuation into tlie second, gives 
(Pi/dn'^ * r'g'i, or i is siuih a function of s that its second derivative is 
proportional to the function itself. The solution of this differential 
equation is i ^ where m« ^v'g', and Ax and 

are the (‘.onstants of integration. Howcwer, in our case it is preferable 
to express the solution through hyperbolic functions, in the form i = 
Cl cosh rm + Et sinh nin, wh<‘n^ m ^ and C\ and are the con- 
stants of integration. d'h(^ reack^r can che(^k this solution by substitut- 
ing it in the differtmtial (Hpiation. The constaiRs of integration are 
deternumul from the giv(m conditions at the receivc'r end of the line. 
Namely, from di » wefuidc » (1/^') (di/da) « (ni/g') ((h sinh ws + 
(Jt cosh ma). For s » 0, e » Ag and.t » h. Conseciuently, Ci ^ h; 
(It * E^g^rn, 

Prob. 6. Ii(^f erring to the preceding problem, the resistance of a 
telegraph line is 7 ohms pc^r kilometer, and the insulation resistance to 
the ground is 1.2 megohms jK^r kilometer: the line is 4(K) kilometers 
long. A relay of 3(K) ohms njsistanee and reciuiring 0. 12 amj>er(^ to operate 
it, is coimeeted bejtween the receiver end of the line and the ground. 
C'aleulate the required current and battery voltage at tlie sending station. 

Ann. 0.195 amp.; 445 volts. 

* The electric eircuit shown in Fig. 6 m of importance because it serves 
as a gCKKl analogue to the magnetic circuit in a loaded machine. The <4t^ctro- 
motive forcsiw c* and as correspond to the magnetomotive forces of the field 
and the armature res|wctively, the reluctantM^s of the parts of the main path 
being rejiresenied by 2r, Tx mid rs, while the leakage la^rmeancc^s correspond 
to gii and See the author's Magmlic Circuiii the latter part of Art. 40, 
ami problem 13. 

^ Primed symbols are used in this book and in the Magnetic Circuit where 
quaatiti« ref fir to unit length. 
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CONDUCTORS OF VARIABLE CROSS-SECTION* 

8. Current Density and Voltage Gradient at a Point. \Vht*n 
the cross-section of a conductor vari<‘s nloni^ itn hnigtfi (Fig. 7), 
the voltage drop per unit length and t!u^ <‘urn*nt deiinit y are alntj 
variable. In places like d/V, wlu*re tlu* of ilit' 

conductor is comparatively small, the per unit Imigth 

is correspondingly large, and vict^ vc^rsa. ftmHcHpumtly, the volt- 
age gradient and the curnuit (hmsity an* also larger at MX tlian, 
for example, at PQ. Eciuatious (2H) ami (21) give in this tawe 
only an average curnmt density and an avt*rag(* vtdiagt* gradi«*nt 
over the conductor. 



ecaupeUuitial Hurfivrt’H, 

The lines traversing the diagram (Fig, 7 1 reprenent Himim 
lines and cquipoUmtial surfaces. The Hivvmn lines, marked with 
arrowheads, represcuit th(* dinstiiou the elecirie l!ow, while the 
equipoteutial Hurfa<?es are pc^rpcmdituilar to tliem, amt are Iht* luei 
of points of equal potential. Tin* diritrilnitioii is aimlogouH to that 

1 This chapter may be omittwi if hewnwtt ti m not upvt^mufy ft»i 

the understanding of the foUowitig charUcM on !ilt.eriiHlin *4 vnrrvntn, T\u 
importance of this chapter li(^ in the fact iliat tin* irmlmmt n iiimlogoni 
to that of the electrostatic circuit, ami thf^reft^rc it greally tlir 

of the latter. This chapter may, therefore, he eonveineailv tiefon 

taking up Chapter 14. l^'ho treatment is also luiiilogotw to ihni u»ed m thi 
author's Magnetic Circuit, 
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which obtains in the flow of heat; the stream lines indicate the 
direction of thc^ flow of heat, while the equipotential surfaces are 
analogous to those of equal temperature. 

In order to understand the meaning of equipotential surfaces, 
let one lead of a voltmeter be applied at one of the terminals of 
the condu(‘.tor, and let the other lead be moved about inside the 
€ondu(d.or (assuming tliis to be possible), marking the points for 
which the d(dl(‘<dion of the voltmeter remains the same. All 
the points for which the reading is, let us say, 10 volts form an 
equipotential surfac^e; while all those for which the voltmeter 
reads 1 1 volts form another equipotential surface, and so on. 
Betwenm two points on the same equipotential surface the volt- 
meter r('.ading is evid(mtly zero. The equipotential surfaces are 
perpendi(*ular to the stream lines, be(*,ause if there were a com- 
ponent of flow along an (K|uipotential surface there would be an 
ir drop b(d,w(Hm two points on the same surface, and the voltage 
between these two ])oints (u>uld not be zero. 

Rtrcuim lines and ecpiipotential Hurfa(5eB give a clear idea of 
the chara(d.er of flow of a curr(mt in a conductor of irregular shape, 
especially if tlu^y ar(^ drawn to correspond to equal inc'.rements of 
current and voltage’s. I'lns nuums that the lines of flow should 
be drawn so as to defiruj taben of current of equal strength. For 
instanct^, in Fig. 7 tlu^ current included between any two adjacent 
stream lines is supposcHl to b(^ the same— let us say, equal to one 
ampi^re. Similarly, tlu^ voltages Ix^tween any two adjacent equi- 
potential surfaces should the same; for example, one volt. If 
the lines are drawn stifflciently close tog(^tlier, they give complete 
information a!)out tlie voltages and current relations in the differ- 
ent parts of the conduettor, and also show places of high and low 
current chmsity and voltages gradient. 

Th(^ trub current density at a point is obtained l)y considering 
an infmik^simal tube of current di and dividing di by the infini- 
tesimal cross-sec’.tion dA of tlu^ tube at the point under consider- 
ation. Then, instead of e(|. (23), we have 

U^di/dA, (29) 

If, on the other hand, it is dcssired to express the total current 
through the density, the preceding relation gives 
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the integration, to bo oxt('n(l('(l ov<t the whoh* <«<!uiii(it<*ntinl mir- 
face, U being a function of tlic jH^tion (»f liA. In other words, 
current is the surface inkgral of current (Icnsily. 

The relation between the variable intensity (! along tin- conduc- 
tor, and the total voltage c at its terminals, is no long.T exiire.sse<l 
by the simple relation (21), applicable to the wliole <-onductor. 
Relation (24) must now be written for an inlinit.'simal length <li 
of a stream line, because 0 is constant only f<ir an infinit(‘siinal 
length. The definition of 0 remains the same, naimdy, (/ is tht^ 
rate of variation of voltage jier unit length of the conductor. 
Thus, denoting by de the voltage between tw(t adjacent e(|ui- 
potential surfaces at a distance dl apart , we have 

o = dc/di, or dc <;-di lai; 

The total voltage c between the tcrminalH of the conductor u 
equal to the sum of these infinitesimal tlrops, or 

<; » / (/•<// {<121 

./» 

Equation (32) is expressed in words by saying that ndluiir is tin 
line integral of electric inleimhj (or voltage graiUentt. 

A clear understanding of relations (311 ami (.321 is of para 
mount importance in the study of eUs’tntstatie and magnet it 
phenomena. This will be nidt'd by recalling to miml the thcrimi 
analogy previously used. In the ca.se of the Ihtw t»f heat, < 
corresponds to the rate of change in tcmiKTattin* per unit leiigtl 
of the rod, while e represents the total tUfTenmee of teinperaturi 
between the ends of the rod. Etiuation (311 expresses the fac 
that, by taking the rate at a certain point ami multiplying it 
a very short element of the hmgth (»f tlx* nsl, the actual dilTerenct 
of temperature between the <‘udH of this element is obtained 
Thus, for instance, let the droj) in temperature at some isnii 
of the rod be equal to 2.5° C. per meter length. I'lieii the actua 
drop in a very short element, say 0.1 mm., is 2.5 X O.tHKll »• 
0.00025° C. The element of length must Ik* sinall, lH*<’ause b} 
supposition the cross-section of the real is not constant, and tin 
rate of drop is consequently variable. For a short lengtli t he vnri 
able quantities can bo assumed constant, or, more eorreetly, aver 
age values can bo used. Equation (32) thus states that the tota 
difference of temperature between the ends of tlie rod is equal tt 
the sum (or the integral) of the drops in the very sinaU elements 
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Similarly, in a pipe of variable cross-section the rate of loss 
of Imul per unit length is variable, so that it is only possible to 
speak of this rate G at a point. The total loss of pressure, or 
head e, is obtaiiUHl by summing up the small losses of head in 
infmit(^simal ekuncmts of the pipe. The loss of prc^ssure for a 
length dl is Gdl; tlu^ total head e is the integral of this expression 
over tlu^ whol(^ kaigth of th(^ pipe. This is expressed mathemati- 
cally by ecp (32). 

llx^lation (25) lK^tw<Hm 0 and U holds true for a non-uniform 
flow as well, Ixuuuisc^ it merely gives a ndation between the cause 
G and tlu^ (vffect (/ at a pointj depending only upon the property 
of th(^ material, as ('xpr(^sH(^d by the factor y or p. This relation 
may l)e also (^onsidertHl as Ohm^s law for an infinitesimal cylindri- 
cal condiKJtor of kmgth dl and (Toss-scction dA, namely, 

Gdl « de « {pdl/dA)UdA. 

Can<‘.oling dA and di, relation (25) is obtained. 

Prob, 1. A curr(‘nt of 50 amp. is flowing along a cylindrical con- 
ductor 3 <'in. in dianu'k'r. Th(‘ resistivity of the material varies in con- 
ccuitric layers in suc^h a way that the current (kaisity is proportional to 
the cub(^ of the distantu^ from the axis. What is the current density at 
the periphery? Ans. 17.7 amp. per sq. cm. 

Prob. 2. A conductor of circular cross-sc'ction, 225 (m. long, has the 
form of a truiuuited cone, the diametc^rs of the two terminal cross-sectionB 
bcung 1.2 cm. and 3 cm. resp(H*tively, The total drop at a certain current 
is 65 volts. What is the gtmeral expression for the voltage gradient 
at a distance .r from the smaller end? 

Ans. « la/(a + x)]*, where a * 150 cm. is tlie distance from 

the smaller end to the apex of the cone, and 0.723 volt per centimeter 
is the voltage gradient at^ the smaller end. Go Ib determined from cq. 
/*as6 

(32), namely, 65 * Oo / a^dxt{a + x)\ 

Prob. 3. A noTi-linear irregular conductor, made of homogeneous ma- 
terial, has a current density U and an electric intensity G, varying from 
point to point in magnitude and direction. What is the general expr^- 
gion for the power convertcKl into heat? 

Ani. According to ecj. (25a), 

P-. I* U^dv^y J (Pdv, . . . (33) 

where dv is the element of volume to which G and U refer, and the inte- 
gration is extended over the whole volume of the conductor. The 
volume dv must be taken as a cylinder or parallelepiped, the length of 
which is in the direction of flow of the current, the cross-section being 
perpendicular to this flow. 
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9. The Radial Flow of Current. Thr Hulutiiin tif prahlmiH 
involving a non-uniform flow of ourri'ut tistmliy rein- 

mdernhio fiu’ility in tin* iiho uf highiT 
inathoinatios hnytniil ordiiniry ralt'uluH. 
An t'xreptiuu to thin Htnfinnoiit In t!io 
siinpItM'aHt' of ratlial flinv I I'lg. H| ho- 
twoon twi> <‘ouoontrio ryl». 

iu(lri<'al or nphoriral, I1i«* folknving 
oxoroisoH givo an itpiHsiiunif v ft>r jirar- 
tUH^ in tlu' Hointion uf iirnhloniH uf tliin 
kiiul. I'hoy Ht^rvr to 
(*oncoptH<if ournnil dniHity ami voltag<» 
gratlicnii, ami proparo tlm j^tmirnt'H 
iniml for tho aolufion of rtnlain proh* 
lotiiH on ronroutrio rahloHi involving 
the dielectric and magnoti('. (‘irtniita. 

Prob. 1. Calculate the r(*HiHian(*t» of a eylirttirirfit !iiy«‘r of mennjry 
MM (Fig. 8) of height h 5 era., In’tween two vunvvutnv cyiimirimt 
terminals Ti and 1\, the radii of the et^nfnet Mtnfiiei-'i hring n - Ul tun. 
and 6 « 18 cm. The resistivity of mereury in !IA mieroluitH fuT enihr i'en- 
timeter. Solution: Take an inllnittNiinal layer of the tm‘renr>\ !»etween 
the radii x and x + dx; the resistmtee of this lavor in » »/.r t2*ikK 
The resistances of all tlu' infinitesimnl etUHaun rte la vers are in wrieM; 
therefore, r is obtained by integrating the foregcang exprrwion lie! ween 
the limits a and 6, tlm result Ixnng 

r [p/(2 f/i) 1 • Lri C:i4) 

Arm. r - I .TTfi niirriihtii?4. 

Prob. 2. In the preceding probIein» wlum a eurrenl uf HMMMI fiiii|i, 
flows through the mercury, what is the amiamt of hrai gnieriilnt |aT 
second per cubic centimeter (»f mercury, at both elerir<M,Ie«:» ^nlnimu: 
The current density at the inner electrode k HhIKMl t2 » III < A| - 
31.8 amp. per stpiaro centimeter. According to etp PiAiiK the turn of 
power is (31.8)2 X 95 X 10^ » ().095H wait pt^r eiibie refitiiiiii,er. Tim 
heat loss at the outer electrode is (K91HI x OR/l^p -- ilirifiA wait iwr 
cubic centimeter. 

^ Prob. 3. What is the curve of electric Inteiisiiv d m « fiifirliiiii of x 
m the preceding two problems, and what are the liniiiing vnliiei^ of in 
Ans. An equilateral hyiH^rbola; (/* « 3.02, Ob IJI77 tax 

centimeter length. 

ftob. 4. A lead-covered cable, conmatiitR of a w.lid rir.ndur 
of A square millimeters in croHiMiection, la inHiibm-a willt n b.v.-r of 
rubber c mm. thick, between the conductor and the alu-athing, tt hat i« 



Fig. 8. Flow of current. 
tween two conccniri(^ 
trodca. 
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the inHulalion rcvsiHianc^e of I kiloinetcrH of such a cable, if the resistivity 
of rubix'r is p in(*| 2 ;ohrnH |)er (xuitinxeter cube? 

Ans. [p X lO^VC-^ ^0] • bn (I + 1.772 c/Va) megohms, according to 
eci. CM). 

Prob. 5. Show that l)y doubling the thickness of the insulation in 
the prtHHxrmg prohkxn, tlie insulation resistance is increased less than 
twice. 

Prob, 6. A (*urr(X\t is flowing through a hemispherical shell of metal 
along radial lint's. Expri'ss tht' rt^sistantie of the shell as a function of its 
radii a and l>, and tlu^ conduciiviiy y of the material. 

Ans. (h — a)/ (2 Try ah ) . 

Prob. 7, Apply iht' mt'thod of superposition and the result oixtained 
in Arts. (10 and (ki, to the caltailation of the n^sistance of an unlimited 
conducting nu'dium ht'twcHm two parallel cylindrical ttnaninals. Such a 
case obtains, for iusta,nc.e, wluni a load n'sistor consists of two vertical 
pipes in a pond, tht^ pipt's bt'ing used as the terminals, the current 
flowing through the water. 

10. The Resistance and Conductance of Irregular Paths. 

Let a. eonxluetor of irn'gular shape' (Fig. 7) bo coniuictod to a 
sour<‘(' of oouHtuui voltag(‘ e. 'PIk? ])ow(‘r conv<'rto(l into h('.at in 
th(' eoudu(‘U)r is wlu'n^ r is the n'sistanco of the. conductor. 
This r{‘HiHtan<*e d('p<mds upon the. distrilmtiou of the current in 
th(' l)ody of iht' eouduotor. Th(^ gc'iUTal law, dcuuonstrated by 
all (^xpt'rinumis, i.s that th<‘ distribution of tlie current is such as 
to iniiki) tlu^ di.ssij)at(Hl (uu'rgy a niaxinium. Sin<‘,e by supposi- 
tiem e is (‘onstant (unliiniit'd supply), th(^ n^-sistance r must be a 
iniuimunu 

L<^t now th(^ sanu^ <’(>udu(d,or b(^ conuect(‘d to a source of 
conHt 4 mt (Hirrt'ui for iusiantu', an arc-light nuudiino. The dis- 
triluition of tlu‘ (uirrctut iii tlu^ <‘oudu{‘tor is siudi as to (dLad its 
passage witlx a inininuun expenditure of (Uiergy, that is, nuninuini 
volt 4 ige at the ttnauinalH, or ininimum iV. This again nu'ans 
that the reHisianc’e r is a ininimum, Thc^ stuthmt is advistnl to 
consider similar <*aHc*H in tlu^ flow of heat or of a fluid, in order to 
maki' the' mattc'r pcndc'ctly tdcair to himstdf. 

The gi'tu'ral law of nature'— that of minimum ('ffort or mini- 
mum reHistanc(! ”ap|>ru*s in all sucdi cases, and is uscul in the (ud- 
i'ulatien cd tlic^ resistaiu’e of conductors of irregular form. Tlu^ 
conductor is tlividt'd into Hinall parts by means of strc'am liiu's 
and ecjuipcRtmtial surfmx's as shown in Fig. 7, drawing tlu'm to thc^ 
liest of onePs judgment. These small cells are nearly cylindrical 
in form, so that tlieir resistances or conductances are easily esti- 
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mated by using their moan longtius and avoragr c'nwH-Hi'rtitum. 
The resistance of the whole eonduetor is found by proiirrly eom». 
biningthe resistances of these ci^lls in st*ries, and tin* i’oinluetancH\s 
of the filaments thus obtaiiusl in parallel, dlmn tin* aHsunnHl 
shapes of the stream lines and <d tht^. (‘(piiiHRmtia! surfaens are 
somewhat modifietl, and the n^sistnin't^ is (‘ahndatrd again, and 
so on. Thus, by successive trials, the tnininnnu resist anet% (»r tin* 
maximum conduetanee, of the giv(‘n etmdtn’tor is foiiiul, and this 
is the true value of resisianet* or etniduetanee, as Ilia fane may 
be. The lines eorresponding to this tninimuin give fh<* trim distri- 
bution of currents and voltag('s within tlu* eonduetor. 

The work of the trials Is made unu'e systematie by folltnving 
a procedure suggested by Lord Rayh'iglu ami further ilevidiiped 
by Dr, Lehmann, This method is descri!»ed in detail in Art. 51 
below, in application to the (*l(‘etrostntie hehi, ami also in Art. 41 
of the author^s Magnetic Citruit^ in upprmatnm to tin* nmgneiie 
field. The student will have no (Hflieuity in applying the inetlnnl 
to an electro-conducting eireuit. The best way to make it <*haiLr 
to one's self is actually to draw a (smihiettu' of irn^gular shape 
(in two dimensions for the sake of simplirity I ami to enleulnte its 
resistance in the al)ove-mentiom*d munnerd 

11. The Law of Current Refraction. Ilte method out^ 
lined above for the mapping out u! Htream lim*H amt eifuipoten- 
tial surfaces applies only in a homogi*m*oUH n»iidm*tor. When a 
current passes from one Hulmtan(*e to antUher iFig. thi* stream 
lines suddenly change their direeiitm at t!ie dividing nurfiiet^ AH 
between the media, and in so doing they <ibey thr law of cur- 
rent refraction, which is 

tan &i/tan . , . . . . i:i5) 

Here di and are the angles of ineideiu’e find refniriittm while 
7i and 72 are the respective eondm*tivilies of the two im^diii. 
This equation shows that the Umvt the roiidiii'tivif v of n Hiib- 
stance, the more nearly do the streiim lines iipproneii the direr- 

Un two-4imonsional problems of thw kimf, the |»rt»|iitiirM i,f r*if,|iig«fr 

functions may be used when the gtHanetrie rorin» rim hr r%prrr««| 

by analytic equations. However, the purely iiittiiiriiiiitiriil iirr 

such as to make this method applieahle only m n rmiiiiiiriiiivt4y fn. .m.pl** 
cases. See J. C. Maxwell, EkclricUy ami MtapuiiMm, Vnl. I, |i, 2 h|; J J 
Thomson, Recent Remarchm in Ekclrmy and Magmimn, ehii|». if; |||,rfire 


Lamb, Uydrodynamice, chap, 4. 
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tion of tho noriiuil NiNi at the dividing surface. In this way, 
the path l)(!tw(Hni two giv(^n points is shortened in the medium 
of lower, ami is Icmgthemid in that of higher conductivity, by such 
an amount in (‘ueh vim', that the total conductance of the composite 
(iondmdor is larger with refrac.tion than without it. Hence, the 
oxiat('nc<^ of rcdraetion is a maa^ssary consequence of the general 
law of l('ast H'sistanee. 


A 



To <ledueo ecp conaidc'r a tube of current between the 
eciuipotential surface's ab and cd, and let tho width of the path in 
tho dir«‘(!tion peri)endieular to tho plane of the paper be one 
cemtimeter. Led Ui and V% bo tho current densities in the tube, 
and let (h and (/% Iks the (iorreaponding voltage gradients. Two 
conditions must Iks sjitisfied, namely, (1) the total current through 
cd is (ajual to that through 06, and (2) the voltage drop along ac 
is the same as that along M. These conditions are expressed by 
the equations 

Ui-ab — Ui’Cd 

and 

Gi'bd Gf ac. 

Dividing the first equation by the second and rearranging the 
terms gives 

£,/£, _ 

bd/ab ttcjoJ 
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But. ac^rtog to oq. ( 25 ), f/j/T/i - 71, nnd f'-,* f/2 >2. Fnuu 

Fig. 9 , bd/ab = tan ^1, and ac/cd tun ihj, Hy Huhstituting thc».s<* 
values in the preceding e(|uation, n'latinn (da) i.s (^btaiiuHi. 

Thus, in mapping out an <‘l(HvtnHron(hH’t ing rirtnui in fwu 
media, the stream lines must be so drawn us in SHfi,sfv eep (HAp 
and the conductance must 1)(‘. a maximum for tlm emnhimUion, 
and not for each part separatc'ly. A similar law applirs to vlvv 
trostatic and magnetic fluxtss (set^ Art. 55 ami Art. 4 la tsf 

the author^s Magnetic Circuit). 

Prob. 1. Make clear to yourst'If tiu’ roastni why tin* rrfrariiijn of 
light follows a sine law, while in the ease of the f‘Ieetrie etirri^nt it k a 
law of tangents. 

Prob. 2. Show that total reflection is iinpiJNsible for nit electric enr- 
rent, 

Prob. 3. Draw a H(5t of curv(‘H giving vhIucn of e, for diUVrtmt vn!u(‘« 
of 02 when the ratio of conductivities is 1, 2, 10 ami loth 


(CHAPTER IV 


REPRESENTATION OF ALTERNATING CURRENTS AND 
VOLTAGES BY SINE-WAVES AND BY VECTORS 

12. Sinusoidal Voltages and Currents. A large proportion 
of tlu‘ {*U‘t‘tric‘ pow(‘r uh(hI for lighting, iiuluHtrial ])urpos(\s, and 
traction is g(nu*rut(Hl in tlu^ form of ulU^rnuting currents. Some 
of tiic advantag(ss of tlu^ ulP'rnating currcmt ()V(^.r the direct cur- 
Ymi are: (1) Alt(*rnHting-curr(‘nt power can he easily converted 
into i)ow(‘r at a liigln'r or at. a low(‘r voltages thus making possible 
the transmission of pow<^r ovc*r long distance's; (2) the genera- 
tion ot altc'rnating (‘urremts is simpler than that of direct enirrents, 
tlu^ latteu' re'epiiring a <‘oimnutator,* whi<th ne'cnls constant atten- 
tion in ope^ration; anel (3), by combining two or three alternating- 
curnuit (‘irenuts inb> a poUjphaHe syste'm it is possible' to convert 
electric into nu'chanituU poweT, using nmtors of simple and rugged 
construction (induedion motors anel synchronenis motors). 

Automating voltage' wave's ge'nt'rated by commenual alter- 
nators areo morc^ or lt\ss irrt'gular in shape', but for most engineer- 
ing calt!ulations it is ae'curate^ t'noiigh to assumes them to vary 
with the^ time' ae'cording to the sine law (Fig. 10). This assump- 
tion simplitie'H the' theniry anel calculations greatly; moreover, 
the re'sultH obtainc'el with this assumption are comparalile with 
one antdlu'r, bt'cause^ tlic'y all rc'fe'r to a stanelard shape of the 
voltages anel curn'nt (‘urve*s, insteael of a ])arti(‘ular form in each 
specific probh'im If tlie t'urve of a voltage or current differs 
greatly from the sine^-wavc', it can lie n'solvc'd intei a se'ric'sof sine- 
waves of clifTerc'iit frcHfue'neit'H, so that even then the sine-wave 
remains the fundamental form (see Art. 15 below). Fig. 10 
shows tlu! wi'll-known construction of a sine-wave, tlu^ instan- 
taneous values of thci curn'nt or voltage Inking n'-prc^sentcal aa 

^ Tha mii.c'hini', which is a din'ct-(nirrent laatdiiae without a 

eomiauiiinir, Itiui not proven, up to thc^ pn*mmt time, to be commercially euc- 
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I ordinates, against time as ahseksie. Instead of actual tim<‘ in 

seconds, the curve is sometimes plotted against .some otlier (juan- 
tity proportional to time — for instance, fractions of a compUde 
cycle. It is sometimes conv<'nicut to use as ahscissje the angu- 
lar positions of a field pol(' of the alternator with resixs-t t(» an 
armature conductor in which tin; eUs-tromotive for<-e uiuhjr con- 
sideration is induced. 



Fia. 10. An alUTnating cumnit rrprm*nttHl hy a 


To construct the curve of an alternating <'urrent or voltagi*, 
draw a circle the radius of which eipials the mnxiiuum value of 
the wave. Divide the circlts into a certain numher of ♦•tptal or im- 
equal parts, such as nb, he, (de., and mark on the axis of nhseissje 
points a', b', c', ohn, eorreHi«)nditig to the points id divisi<in on 
the circle. That is, a'h' is either ('(pia! or proportional to nb\ 
b'c' is either equal or irroportional to be, and on. In general, 
an abscissa such as a'c' repres<>ut.s, to a certain .seleeteil senle, the 
central angle u corresponding to the are hc. Tlie lengtli n'm' 
represents to the same scale an angle of atiO degrees, or the time 
of one complete cycle of the wave*, 'rim ordinates td the sine- 
wave are equal to the corresponding ordinnt«'S td tlie ••irch-. For 
example, the point c'" on the curve is ohtained i>y transferring 
the ordinate cc" of the circle to tlie corR'Hjxmding ahseissa n'c'. 

The name “sine-wave” is ilerived from the fact that thesis 
ordinates are proportional to the sines (d the ahscisme, whi<’h 
represent to some scale the central angles of the cirede of refer- 
ence. The equation of the curve expresw's this projaTty ana- 
lytically. Let the maximum value of the current, which is also 
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equal to tho radius of the circle, l)e denoted l)y we have then 
from tlu! triaughi Occ” 

i = /„ aimi, ( 36 ) 

wiicre th<^ ordinates i = cc" = e'e"' represents the instantaneous 
value of th<» alt(^rnating current, at the moment of time corre- 
sponding to tlui angh'. u. Tlu^ variable angle u is proportional 
to the timt>, Ixaiausc^ tins radius Oc which gemeratea the sine-wave 
is assumed to r(wolv(» at a uniform 8p(ied. Lot time t be counted 
from the position Oa of this radius, and let T =a'm' bo the in- 
terval of time neci'ssary to (sompk'to one revolution of the radius, 
or the time of om^ comiileU* cycle of th<^ alternating wave. When 
t = 0, u “ 0; and wlum t = T, u 2 r. Therefore, in general. 


u = 2vt/r, ( 37 ) 

be<'auH<! this expression satisfies the fori^going conditions. Sub- 

stituting this value of it into et}. (36), we obtain 

t « /„sin (27r</T) (38) 


For the values of < = 0, | 7\ T, 2 T, etc., i = 0, as one would 
<ixpe(!t, btataust* at these moimuits the current changes from 
jHisitive t .0 negative vahu's, or vicai vi'rsa. At < »= J T, | T, J T, 
etc., we have i » ±/m; at thew* moments the current reaches 
its positive and negative maxima. Equation (36) is used when 
the sin(“-wave is plotteil against the valu(« of angle as absciss®. 
Equation (38) gives the same curve referred to time as absciss®. 

In practice, th«^ rapidity with which currents and voltages 
alternate, is not denoted by tlie fraction of a second T during 
which a eyede is completetl, but, in a more convcniimt manner, 
by the munlKir of cycles per sticond. Thus, instead of saying 
that an alternator generates current which comiiletes a cycle 
within o\, of a second, it is customary to say that the frequency 
of tlie current is 60 cycles per second. Denoting the frequency 
in cycles per secsond by /, we have 


/ - 1/T, (39) 

and consequently 

i /„ sin 2 xfl (40) 


Tliis is the usual expression for an alternating current having a 
frequency of / periods jnir second. Analogously, for an alternat- 
ing volti^e we have 


e - EmS^Ti2xJi, 


(41) 
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where En is the mnxiniuin iastautam'ous value, alnu culled the 
ampKtude, and e i« the inatautaueuus value uf tin' voltage at the 
time t 

In numerical eahndatiuns, and wIk'U ilrawing .sine-\vav('.s, lh<s 
values of the ordinates fur various values uf u or t are uhtained 
either graphically, as in Fig. 10, or from a talde uf sin.'s. F(»r 
approximate calculations, vahu's of sines can he taken fnmi u 
slide-rule. In the problems wliieh follow, the .student is advised 
to become familiar with each of the three methoils of obtaining 
values of sines. 

In some eases one has to <l<'al with two eummts or voltages 

of the same freciueney for instance, in two diiTerent parts of tlu 

same circuit. The two eorrt'sponding sine-waves ( h'ig. 1 1 1 usu- 



Fig. 11 . Two altornating <*urr(*ntH dwiihiml in by lui aniclt* # 


ally differ in amplitudi‘, aiul alsG piiHH thnnii^h at dilTerm^ 
instants. Thus, in Fig. 11, wluni i\\v eurnnit I h iit u uui\iiiiuni 
the eurrent 2 is still growing, ami pitHSt'S thnmgh itn nuixiinun 
somewhat later. In other words, the rurrent 2 hi'Iitnd tin 
current 1 , or, what is tlu^ Huim*, the current I ttmis tho entr 
rent 2. The angle <t> between the s^cto ptunfs lor hotween Ihi 
maxima) of the two wavc‘H is eallml the angli* of lihim* tiifler 
ence, or simply th(^ p/ui.se attule. If regard llie two wavei 
as being formed by the revolving radii /,,/ and I him «|i in I In 
angle between the radii at any instant . 

When the two waves are of difTiTimt frequmiieH, there h m 
constant phase angle between ilunn; but thin angle vnrieii peri 
odically, so that at some intervals of time tin* two waven ar« 
nearly in phase, and at others thc\v are nearly in tqipoHiiimi 
The familiar method of synehroniztng tw<i alternators by ineair 
of incandescent lamps is based on this iduamimaion. 
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Prob. 1. An aHi'rnating currcait fliK^UiaioH according to the sine law 
Ix'twiHni tlu' valiu's of i 75 amp., nuiking (U)()() alternations i)er minute 
(5()()() posit.iv(‘ and as many negatives ones). Draw a curve of instan- 
taiu'ouH vahu‘s of this curnmt; mark on the axis of ahscussic the time t in 
thousandths of a st'eond, the angles u in degrees, and the sanu^ angles in 
radians. 

Prob. 2. What is tlu‘ fr(‘(|nency of the current in the preceding prob- 
han, in <tveles p(T s(‘cond? Ans. 50. 

Prob. 3. Plot, on tlu^ same curve sheet with the curve obtained in 
probltau 1 tlu‘ siiu'-wuA't' of a <*urn‘nt tlu’: frecpuMicy of whic.h is three times 
as great, and t h(‘ ainplit.u(i(% 52 amp. 'Flu* curve is to be at its maximum 
when th(‘ first curv(' is at a maximuni. 

Prob, 4. Supphanent th<' pnaasling curvess by one, the frecpiency of 
which is 50 cy(*l(*s pea* st'cond, the amplitmh' 55 amp., and whicli reaches 
its posit iv(^ maxima, at th(‘ .sam<' instants in which tlu* first curve passes 
through z<u’o. Show that with tlu'.se dat.a two distinct curv(‘s can be 
drawn. 

Prob. 6. Draw on tht' sam(‘ curvi‘-sh(‘(‘t with th(‘ ])rtH‘eding tnirves a 
sin(*“Wav(‘ r(‘prcH(mting a 50-cy<*l(‘ alt(‘rnatiiig <‘urr(‘nt, tlu' amplitude of 
which is 120 amp., and whieli lags by 50 d('gr(‘(‘s with re.spect to the 
eurnmt in pn)blem I. 

Prob, 6. Tlie (’urnmt. mentiomsl in probhan 1 is generated l)y a 
l2“poh‘ ali(‘nuitor, that in problem 5 by a 14-pole tnaehine. At what 
Hp(HHiH must th<*Ht‘ muehines b<' driven in order to give the recpiired 
fre(pi<‘m‘i(‘H? Ans. 500 and 12S5 r.p.in. 

Prob. 7. Kxprt'ss ila* enrreads given in problems 1 to 5 by ecpia- 
tions of th(‘ form of eq, (.50). Ans. / 75 sin u; i — —52 sin 3 i = 

q tKieosa; i 120 sin (a - Otf*). 

Prob. 8. 'Hk* angh‘ u in tln^ unswiTH to ilu' preeeding probkun is cx- 
preH.HC‘d in degna^s; rcvvri(<' tin* (apiations so ns to hav(‘ u expressed in 
radians, and in fractions <if a cwele. Also n'prescmt tlu^ etirnaits as func- 
tioim of tin* time /. 

Prob. 9. Express i>y (aiuations similar to vi\. (41) tin* following sinus- 
oidal voltag<*H of fn*(iueiicy/: (a) Amplitinle /'A, volts, (b) Amplitude 
EJ volt.s, lagging d(*gret*H with respect U> the firsi ctirve. (c) Ampli- 
tude V(4ts, h‘a<ling tin* secoinl eurvt* by radians, (d) Amplitude 
EJ'' volts, lagging ont* nth of a cych* with respect to the curve (a). 

Prob. 10, Ida* voltages retpiireil in the pr(*eeding probhan arc* induccal 
by four idtmtic’ul alt(*rnHtors, having p poles eac*h, ami eoupkal together, 
liy what gt*onn*tricn! anglc*.H must thc^ revolving or the* stationary parts 
be displaced in cjrd(*r to give the* rtaiuircHi difTerencc*.H in pliase? 

13. Representation of a Sine-wave by a Vector. It is clear 
from th<* fore-gtHug thc*ory and prohlt‘inH that all siruMvave ciir- 
nmtH or vo!tagc*H im^ diffcTcuit from one anoth(‘.r in three respects 
only, nain<‘ly: II) in am|)litude; (2) in freciuency; and (3) in 
relative pliasc* position. In most practical cascis, all the currents 



36 


the KLEcrmic" (’iuciht 


[Ahi l: 


and voltages entering into a prol.U-ni nn- of the s^une fretiueney 
so that they differ from twh other solely m thetr amphtu.les mn 
phase positions. In such eusi^s it is not neeessury to <iru\v simv 

waves, or even to write their eciuut ions: it is sufheient to indieati 

the radii /„/ and which gtsierate these enrves i hig. I J !. in thei 
true magnitudes and rchilii'i' positions. I he oitutiug tudiiw, u 
any instant, gives hy its vertical projection to scale the inagnitud 
of the alternating eurnntt or voltage at that uistaiit. 

The almhite position of the radii is inun.nterial. Is-cans.* the; 
are revolving all the time. It is their relative position which i 
permanent, and which determines the relative position <.f th 
sine-waves. The ntomeut from which tinn' is coiiuted is arhi 
trary in most problems; hence, ont* id the radii can be drawn i 
any desired position. 'Phen, all otiier radii in the .same prohlei 
are determined hy their pha.se displacement with re.sprct to thi 
"reference” radius. 

It must be clearly understood that tlie foregoing repn-senlii 
tion hy vectors is triu' only when all the vectors are rev<tlving n 
the same speed, that is, oi>ly with alternating tpiuntities of th 
same frequeney. When eurnatts and voltages of dilTerent fri 
queneics enter into a prolihau, thi> angle between the vector 
varies all the time, and it is trr'cessary to iuti'oduee an arbitrar 
zero of time for reffTcmcr'. In generid, the grapldestl methoil i 
solution is unsuitabhr for such problems. 

In mathematics and physics, a rpiautity wlsieb ha-s not only 
magnitude, but also a definite direction in space or in a plum 
is called a vector. 'Phus, for instance, in meebanies, force is 
vector quantity, while voluttui is nut. 'Phe railit which reprr 
sent sine-waves have both magnitude ami direction in n plain 
It is proper, therefore, to call them veettrrs. Wltile tin* direetio 
of the first vector is usually arbitrary, once it is si-leeted. th 
directions of all the other radii iKTome definite, wi that wit 
this limitation, the radii in alternaling-eurrent prolileins ha\ 
definite directions and may be called vec-tors. While they mm 
be imagined as revolving when generating their r«-spm'tive stni 
waves, yet they revolve as a system, maintaining their relativ 
positions unchanged. The rrrquired relatioUH always clejMm 
upon the relative positions of the radii, so that tin* fact that fin- 
are revolving can be altogether disregarrh'd, and tin* ra«tii cotish 
ered as simple stationary vectors. 
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Prob. 1. Draw i.he vc'ctorK of tho. (nirrontn in problems 1, 4 and 5 of 
the preceding arti(d(‘ in their t.na^ magnitudes and relative positions. 

Prob. 2. A Hingl('-phas(^ alternator has a terminal voltage of which 
the maximum instantaiu'ous valu(‘ is equal to 16 kilovolts. The maxi- 
mum valu(‘ of tla^ eurnmt supplicul by the machine is 325 amp. The 
ehara(‘t('r of tlu^ load is Hindi t.hat the e.urrent wave lags behind the voltage 
wave l>y an anglc‘ of 37 degn^^s. Assuming both the voltage and the 
current to vary aiM’ording to the sine law, represent the foregoing condi- 
tions by two viM’tors. 

Ibrob. 3. I )raw a viavtor diagram Hhowing the phase (star) voltages and 
curremts of a 2r)-ey(d(' thriM^-phase system (Fig. 36), the amplitude of 
each voltagi' b(‘ing 7235 volts, and each displaced in phase by 120 degrees 
with rt‘spt‘(d. to tlu‘ otht‘r t wo voltages. The (uirrent in the first phase 
is 30 amp., and lags b(dund the corresponding phase voltage by J of a 
cyck^ Tlu‘ eurnmi in tlu‘ siH'ond pluuse is 47 amp., and leads its voltage 
by bS degrees, ''riu' eurrimt in the third phase is 72 amp., and lags behind 
th(i corresponding phase* voltagi* by ().()04 of a second. 

Note: In tlu* fon^going thrive problems the student is supposed to 
draw th(^ vectors (upial in kmgth to the amplitudes of the alternating 
waves. In practice*, it is customary t.o draw vectors eeiual in length to 
the fj[f(Tlive valut‘H of voltage's ami eurre'iits, and not to their amplitudes. 
For sine- wave's the^ (‘fTeadive^ value is (Hpial to the amplitude divided by 
V 2 (see Chapter 5). The difference is not important for our present 
purj)oH('H. I'hc^ use^ of e'fTc'ctive valuers would merely change the arbi- 
trary scale t,o which the ve'etors are* elrawn. 

14. Addition and Subtraction of Vectors. There are many 
praetieml probleuns in wliieh alternating cumuits or voltages have 
to be added, or Hubtracd»ed one from another, i'or instance, 
wluui two or inon^ alternators an^ working in parallel, the total 
eurremt delivered to the station bus-bars is equal to the sum of 
the eurremts su|)pruHl by eac'h macdiine. Or, to find the voltage 
at thc^ reecnving end of a transmission line, tho voltage drop in 
the line is sul^tractcHl from tlie generator voltage. When tiie com- 
ponent qtiantities vary according to the sine law and are all of one 
freciuency, tlic: resultant quantity is also a sim' curve of the same 
frequency. Tins curve may 1 k^ found (a) graphically, by adding 
the eomiHment curvm t»oint hy inmit; (b) analytically, by adding 
their e<|uations; or (c*) l)y adding the vectors of these curves. 

It must first be proved that the sum of two sine-waves of 
one frequency is idso a sim^-wave of the same frequency. Let 
the two currents to Im* addesi be rtq>remmted by the equations 

i * Im sin (u + 


( 42 ) 
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where u == 2rft is the variable time angle, ami 4> ami are two 
constant angles charaeterizing th<‘ nLitive f)hnse pusitiuns of the 
two waves with respect to Hom<‘ wave /„/' niu u. The 

phase displacement betweem i ami /' is c|/ - «/i. Expanding tlu* 
foregoing sines of the sum of twt» angles, and udiling the two 
equations; member for nuanlxa*, W(‘ obtain 

itq - i + i' - (/rnCtm^ 1 /«/ eoSf//l sin u 

+ (/„, sin 0 \ IJ 0' I voH a, . , , . 

where the constant <‘ 0 ('flieients of sin a and eos h are gron|H*d 
together. The subscadpt vq stamls fur “eipii valent/’ Uns 
pression is of th(‘ form //; — A sin n I li eos u, where ,1 nnii H 
are constants. No matter what vatm‘H A imd li may have, ttu‘ 
right hand side of this (‘(juation is r(*dueibh» to the form 

Lq - /.ymSiii (a f 0./ (Tl) 

Assuming this equation to be tru(\ we equate right dinnd siiles 
of eqs. (43) and (44), ami expand sin in f 0.p. Equating the 
coefficients of sin u and can a, w<‘ gtd 

H eqm COS (^t>q / m COS 0 f / ('OS 0 J ^ ^ ^ 

sin 0^^j /«jSin0 | Im sm0 . 

These are two simultaneous (a|uu(iuns with and 0 ,,^ m tlie 
unknown quantities. Hqunring and mhling the.H<* equal ioiiM, we 
obtain 

leqn? ~ (/mSin0 T /mEsill 0^)^ f ( /TOCt»H0 f 1 tHm (tfil 

Dividing the second (‘(piation hy the first gives 

tan0«g = (/mHin0 f /M^Hin0^); (/«e(m0 c-IT’) 

No matter what values and 0^ may have, the valiies 

of legm uiid 0^^^ d(‘ternuti(sl from theses ec|unfii*ns are rml. In 
other words, it is always possible to represtait tap c4:ii in the 
form of eq, (44). This provi^s the pro|Mmition, beraiiHo we st‘e 
from eq. (44) that is a simvwavc^ having the samt* u ■■■ - 2»// for 
the variable angle, hence the same fna|uency as tin* eomponeni 
waves. The amplitude and phase* |Hwttion of this reHullani 
wave are determined by eejs. (46) and (47). 

When two currents or voltages are reprewmted by veelors, 
their sum or difference is also a vector, because, as provtn! before. 
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it ia also a .siiuvwavc. of tho aaino frequency. The problem 
is to find the vector of the resultant wave, knowing the vectors 
of the (joinporuuit wave's in their magnitudes and positions. Any 
ordinat('. of th(^ n^sultant wave must be equal to the sum of the 
eorrc'sponding ordinate's of the component waves. Hence, the 
v(Hd,or of tlu^ rc^sultant wave must satisfy the condition that its 
proj(Hition upon tlu' V-axiH (Fig. 12) sliall be equal to the sum of 
the proj(H’.tions of th(^ (‘.ompoiu'nt vectors on tho same axis. This 
(H)ndition must b(' fulfilk'd at all instants of time, that is, during 
the rotation of tlu' threes vendors. To satisfy this requirement 
the r(^Hultant v<'<'.tor must bc^ the diagonal of a parallelogram of 
which the otluT two v('ctors an^ tlu^ adja(umt sides. 



Let 0.4 and OH lu' tlu' givtm vi'etors to be added together. 
From tin* vml H of the v<‘c»tor OH draw a line HC equal and paral- 
lel to fht. Connecting O and V gives the resultant vector OC, 
in magnitudi^ and ]Hwition. It will be seen from the figure that 
thc! projt'ction of OV upon tlu' F-axis is ecjual to the sum of the 
prdjtndionH of OH and HC upon th(^ same' axis. But BC is equal 
and parallt4 to OA, so that the projection of OC on the vertical 
axis is inpud to tlm sum of the projections of the given vectors 
im the Hinnt^ axis. This construction holds true for any instant 
whatcw'i'r. By drawing A(\ the parallelogram DEC A is com- 
pIet4Hl, so tliiit thet c*onstni<di(m is identical with that for finding 
the rcHultiint of two mecdianical force's. However, in practical 
applications it is rujt necessary to com|>lete the parallelogram, 
lMK!ausi! the ri'sultant is perfectly d('t(*rmined by the triangle 
OBC. The resultant of two vectors obtained in this way is called 
their gmnuirk bum. 
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If the triangle were not closed, tin* eoiuliticni of ec|uality with 
the sum of the projections of the given vectors might lie satisfied 
for one particular instant of cycle, imt wcadd not Ih^ satisfied 
for other instants. Thus, for instanec^ aHstnniiig the line 
to be the resultant vector, W(^ s(v that for flu* instant shown in 
the sketch the projection of OC' tipon the axis OY in cH|Uiil to the 
sum of the projections of OB and B(^ tipon t!ie same axis; !mt the 
condition is not fulfilled when tlu' vtsdurs rotate. 

The rule for subtraction of veavtors follows immediately from 
the preceding rule, because to subtracd a veet<ir means add a 
vector with t!u‘ op|HKsi!e sign, Tims, let it he 
required to subtrael tin* vtaior OA friitu OH 
(Fig. 13); this may iin'am for iiintarn’e, the 
subtraction of the. vtdtage wave represented 
by 0/1 froju that repr«\senteti Ity (Hi. Ffisn 
the end B of OB tlraw vector BO ta|Ual and 
opiumtc to OA. Hie rt'snltant, (H \ represents 
the diiTerenee of the two given vectors, in 
(lireetion and magnitude, and tlms determini^^ 
the sine-wave of tin' resultant voltage. If if 
were re^iuired to snhtraet (IB from OA, if 
would he necessary to tlraw A(*' et|ual am 
opposite to OB, thus tiblaining the resultani 
0('', equal and opposite to t!ie former resultani 
OC. This is in aeeord witli the general iilgi' 
Fig. 13. Subtraction braic ruh^ that A B - --AH .1 h 

of vectors. preceding remdts with reganl to tla 

addition and subtraction of vechirs are Humimsl up in tlit^ f«*lh»w 
ing rule: Relaiiom which are true algebraically for ifiAnfiinfieim 
values of sinusoidal currentH and voltages, hold trur geomctricill; 
for the vectors of these quantities. It is customary to firoviili 
vectors of currents with triangular arrows, as in Fig, V2: ve*it»r 
of voltages are usually distinguishcHl by poinltal arrows, m h 
Fig. 13. This distinction cmaldes one to mw tlimily frtmi tli 
diagram whether a vector represents a current or a with 

out reference to the text. 

Prob. 1. The currents generated hy two altiTiiiitors iii |iiirrillr| nr 
75 and 120 amp. respectively, the m*eorid current lii«iiig heliiiid flu* firt 
by 30 degrees. Determine the magnitude anil the relative pliiLm* lamitip 
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of the resultant line current by three methods: (a) point by point; 
(b) analytically; (c) l)y n\eana of vectors. 

Atm. 18H.8 amp., lagging by 18® 32' behind the first current. 

Prob. 2. Solve the j)r(‘ceding problem without the use of eqs. (46) 
and (47), simply by meaTis of the theorem proved above, that the sum 
or tlie difference of two sim^- waves is also a sine-wave. Solution: 

sin {u + » 75 sin u + 120 ain (u — 30®). 

This e<iuation is true for any instant, or for any value of ti. It contains 
two unknown (luantities, the amplitude and the phase position of the 
resultant curve*. It- is necessary, therefore, to apply this equation to two 
particular monumts of time*, in order to obtain two equations with two 
unknown (luautitic^s. It is most convenient in this particular case to 
chooses u » ?r/2 and u 0. Substituting these values, two equations 
witli two unknown (piantitii's are obtained. This method is preferable 
in the solutkm of juactical problems, because it is not necessary to 
rememlicr e(iB. (46) and (47), and also because the two values of u can 
be soh*et(Hl ho as to givc^ tlu* simph'Ht ecpiations. 

Prob. 8. Tw() altc^rnators, witli tlie same number of poles, arc coupled 
together ho an to give voltagc*H difft*ring in pluisc by 27 degrees, the voltage 
of the Hc^eoml machine h'atlinig that of the first. The first alternator 
generatc*H a voltage the amplitude of which is 2300 volts, the second 
1800 volts. The two machines an* connected electrically in series. Find 
graphically the vt‘etor of tiu* resultant voltage in its magnitude and phase 
positiom Fitul alwo tin* vf*etor of the resultant voltage when the termi- 
nals of oiu* of thc‘ machim*H are reversed. Ans. (1) 3988 volts, lead- 
ing the first liy 1 1® 49'; (2) 1074 volts, lagging behind the first by 49® 32'. 

Prob. 4. An nlternatt)r, the tenninal voltage of which is 6600, supplies 
ite load thremgh a transmission line. The conditions are such that the 
curn*nt lags hi*hin<l the generator voltage by an angle of 35 degrees. 
The voltage* drop in the* line is 540 volts, leading the current in phase by 
an angle of 67 dt*grt*es. hind the reeeiver voltage by subtracting the 
voltage* drop in the line from the generator voltage (geometrically); also 
determine the phase displacement between the receiver voltage and the 
current. Ans, 6149 volts; 32® 20'. 

18. Non-siausoldal Currents and Voltages. When a current 
or voliiige wavc^ tlifftirs eonsith^rably from the pure sine form, 
it m often convenient t4:> represimt it as the result of a superposi- 
tion of sine-waves of cliflerent frequencies (Fig. 14). No mat- 
ter how eornplieiitiHl a jKTiodic wave may it can always be 
so represented witli suffutient aeeuracy, by properly selecting the 
amplitudes and the phiwt^ relations of the component sine-waves, 
or harnmnicB, tis they are called. TlM:H)retically, an infinite num- 
ber of siiMvwaves is nt^cessary in ordem to represent any given 
irregular wave i*xiictly. In practice, however, a limited number 
of hannonics is sufficient. 
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If the frcKiiH^iKty of th(‘ giv<^n irregular wave is/, the frequencies 
of th(^ harruoiu<!H ar(‘ /, 2/, 3/, and so on. When, however, the 
given wav(‘ is Hyinnud.ri(^al, that is, when the part above the axis 
of abmnssa^ is idiaiticnd wiili that below, all even harmonics (2/, 
4/, drop out, aiul tlu^ wav(‘ consists only of the fundamental 
wave of fr(‘(iut‘ncy /, and ilu‘ odd harmonics (3/, 5/, etc.). The 
studtnit can t^isily convince^ hiinH(4f of the truth of this statement 
l)y taking a fundamental Hin(‘-wave and adding to it a second 
harmonic atal a third hannonic. In the first case the resultant 
wave will lu* unsymimdrical; in th(‘ second, symmetrical. Nearly 
all of th(‘ wav(*H (m(»omit<T(‘d in practical ar(‘ symuietrical. 

I^i't tlu‘ fundamimtal wav<‘ be n^presentcal by the equation 
Ih = (hsin {h ~ tin* tliird harmonic by tlu^ equation t/a = 
(\isin:i(a — oab (dc. The meaning of (\, etc., and of on, 
oa, etc., is (dear from Fig. 1 1 ; (> is an arbitrary origin from which 
tlu^ angle's are mt'anured. The ordinab's of the given composite 
symnudrical wavt' arc* n^prt'St'nb'd by the (aiuatiou 

1/ - (\ Hin {h — ml f rnsin.d (a — af) *+» f^sinf) (a — 0:5) 

I (dr. (48) 

This ('XprcHsicm is known as the Fourier Herienj and is of great 
importama* in math('mati('al physics. 

In pratdita', thc^ prcdihnn whitdi pn^stmts itself is usually that of 
analyHiH; that is b^say, it istdbm r(*(juir<‘d to analyze or resolve 
a given irr(*gtdar wavt» into its harmonics. In oth(»r words, know- 
ing I/, ium is asktsl to determine' the vahms of F and a for one or 
nnm* lni.rmoni(‘H. This is a pundy inatlannatical problem, and is 
not tn»ated liere, Inrause the solution will be found in numerous 
textbooks, handl«H)ks and magazim^ artieles.* TIuto are also 
nnrlianica! whv(' analyzi^rs on tla^ marked, by nunms of which 
any desired harmonie may be separated by tnudng the given 
enrve with a stylus, in a manner similar to the way in whiedi a 
plnnimt'ier is used. 

It is of impc»riance for an electrieal engineer to train his eye 
in the diHcernment of prominent harmonies, without mathematical 
amilysirt. This training is aiTordfsl by (*xereim*H in wave nyntkeMSj 
that is, in eomhining various assumc*d harmonics into irregular 

wav(*H. 

( Hei% for ifwtiaice, the iAtithiir*f4 Ektirical Etiginmringf VoL2, 

p. 222. 
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Take first a fuudameatal anti a Hurt! harinnnir of 

a reasonable magnitude, say l>etwt‘<‘U 15 aisl 50 |H*r etmt of the 
fundamental Gombiiu^ wav(‘s into one, witli ditlVivnt rela- 
tive phase positkms of the fumhunental and the tiiinl luuinonie. 
In this way a flat wave, a peaked wave and a tiiie->ith*ti ** hum|H‘d 
wave will be obtained. Then ehaug<‘ the mugnitutlt* td tlie third 
harmonic and construct similar wa\a\H, in tH‘tl<‘r tt> net* t!a* iidin- 
ence of this factor. After that, plot similar eurvt‘H for tin* fmuln- 
mental wave with a fifth harmonic, a st^venth hanmmie, and so 
on. Finally, combine the fuiidam(*ntal wavt* witli the third and 
the fifth harmonics simultaneously, ami sti on. After Home prac- 
tice, the eye will easily discern ])rominent haruionies in a givtm 
irregular wave. Numerous oscilltigrams of irregidar waves wall 
be found in many current penuilicals ami in tlie transa^iions of 
the various (dectrical soeieties. Read in this tanmeetitiu Art. 30 
of the Magnetic CirctuL 

Prob. 1. Draw two or ihrt^e sets vxirvm suggested in the preceding 
paragraph; each set must (‘omprme iihout six (’nrvt‘H anti eiudi eurve 
must have a harmonic with a ditTercnt phitsi^ posit iijn. 

Prob. 2. Devise a simple apparatus liy means of whieh hannonicH 
can be combined mechanically, and the rt‘sultant wavi’s olwerved, with- 
out actually plotting curves point by pciint. 

Prob. 3, Analyze a given irregular wav<* itilo its harmonies, using the 
method given in the reference above, or any inethoii foimtl in the 
literature on the subject. 



(^HAPTKIl V 


POWER IN ALTERNATING-CURRENT CIRCUITS 

16 . Power when Current and Voltage are in Phase. Let 

a rdHiHtanco r 1 k> comioetcHl iktohs the tenniuala of an alternator, 
the v<)U.aK(» at tlu! tt-rminalH varying a<;(!or<ling to the aine law. 
The eurnnit through tlu' roaiataiKai also variea according to the 
aiiK! law, hi*(tuuH(' Ohm’s law holds true for anj'' moment of time, 
so that the <nirv(' of tlu* (uirrent is in jthanc with that of the voltage. 
If the (filiation tif the voltage wave is c = sin u, the equation 
of th<^ <‘urri'nt. is i r) • sin u. Oraphically, the current and 

the voIt.ag(' an' n^pH'senUsl by two vectors of different lengths, but 
in the sam<» din-etion for instance, like OC and OD in Fig. 13. 

Divide? the? time? T e»f one? <?yele into a large number of small 
inte?rvals M. 'rheui the? ameeunt of eiwrgy eleliverod te) the resist* 
an(!e? r anel e?e»nve'rte?d into jemle?an he*at eluring one of such inter- 
vals varie?s with the? time? j)OHitie)n eef the? interval in the e?ycle, 
in etthe'r weereis, with tlie? instantanes>us value?s e)f the voltage and 
the' e?urre?nt. 'rhis <'ne?rg.v is jtractically eeiual to zero when the 
curre?nt anel the’ veeltage' have? value’s near zere), and it reaches a 
maximum with them. Henve've'r, the? elisHipat(?d (energy, being in 
the? nature? of a frictional loss, ne?ve<r be'cemies negative, lajcauae 
whe?th(?r the? curre’ut flows in one? dir(?(?tie)n, etr in the other, the 
h(?at lilH?ratod, c • f • Af i^r- 6.1, is always isesitivo. 

Hince? the? voltage? and the* currctit vary with the time, the rate 
of tibe?ration of e?ncrKy, or the? instantam'ous ixiwer, is also variable. 
The (?xpre?sHie>ji P » ei « Pr re?i>rem*nt8 the instantaneous power 
as with direect current. If e and i reemaineni constant for one 
flocond, the? e?ne*rgy lilsTabHl would lx? exjual to t*r. As a matter 
of fact, <3 and i may lx? cemsielercd constant only during the infini- 
tesimal clement of time? dl, so that the energy liberated during the 
time? dt is Pr • dt. Ne'vcrtheU’ss, it is proix?r to say that at the in- 
stant und(?r consideeratiem the (’neergy is lilxerated at a rate equal to 
tV per K<?ts>nd, Ixxeause* (i*r • dl)/dt ■■ iV. This is analogous to the 
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way in which wcspoakof thi'instantanfoiwHiR'cd of a body during 
a period of acceleration or ndardation. 'I'lie .siMH'd vuric.s from 
instant to instant, so that to say that the .HpeiHl i.s c at a certain 
instant merely means that, if the body <'ontiinied to move jit this 

velocity for one second, it tmuld cover a iiual to c. In tlie 

same sense, the instantaivcsms lutwi'r indicates the amount of 
energy which would be <lev('loped per second, if the current and 
the voltage suddenly he(aim(‘ constant . 

The total energy liberated in the form «»f heat (hiring one 
complete cycle is 

/'T rr 

W = / iV . (// • r / r • lit (49) 

J(i ./I) 

When no local e.m.fs. arc pn'sent, the same energy is repri*- 
sented by the expression 

ir « / ’ ri ■ dt (.'■.()) 

When there are local e.m.fs. in the part ol the circuit tmdi>r 
consideration, the total energy communicated to it during an 
interval of time is diffi'rent from that dissipated a.s heat (.Vrt. II. 
According to eq. (19), we hav<i 

/'T /'T t'T 

W= / Cit • df + I e/i'di rf i^-dt. . . {.oil 

Suppose, for example, that c/ is the counter-e.m.f. of a motor 
in the circuit, and thendore lu'arly in pha.se opismilion to c, 'riien 
the fV loss on the right.-hand side of the etiuation is the ditlerence 
between the energy supjdied to the circuit and that converted into 
mechanical work in the motor. 

The foregoing equations arct true whether the currtmt and th«' 
voltage vary according to the sine law or not. If they are sinus- 
oidal, the integration can he (‘asily iM*rforini*d, and the energy per 
cycle evaluated by the following method, bet the current be 
represented as before by i » I„ sin k. Substituting this value 
into eq. (49), we have 

fT 

W I „’‘r I sin* u dt (.’>2) 

t/{) 

This expression is easily integrated liy using tin* suhKtituluin 
8m^u == 1(1 “"C 08 2t4). Or it may Iw evidiifitrd liy obi^Tving 
that its value remains the same if a ensine is su hut i In let I fur tlm 
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siiu'. Ix'causc^ thd limits of integration are u = 0 and 

ti = 2 TT, and in summing up sines or cosines through 2 tt we take 
the same quantities, only in a different order. Hence we may 
write 

t'T 

W’ ^ IJ-r (52a) 

Adding th(i two expri'ssions tA*rm by term, and remembering that 
siid u + cos® ii 1 , w(^ get 

2 If JJr r<U - IJr^T, 

• /« 

or eiuTgy coovctUhI into h<*at during one cycle in 

\V ....... (53) 

Wlnni thor<‘ are no local (Mu.fs. anti the current is in phase 
witli th(^ voltagt\ \vv haw m that from etp (53), and by 

analtjgy to etp (IH), we have 

ir-l/.K.-T (54) 

and 

IV I (KJi r ) . r (55) 

Th<^ Htudtatt inuHt (dearly tuid(*rHtand that tht^ phase relation 
bc‘twt‘im tint inirrtmt and the voltagt^ is of no (H)nHe<iuence in eq. 
(53), \vhih» e(|H. (54) and (55) hold irut^ only wht'n the current is 
in phasti witli tht^ voltagt*. Or (dst*, in thest' lattt^r (rxpressions 
may bt^ said to rt'f(*r to that eoinpont'nt of the total tcTminal 
voltage which in uned up in Ir drop. 

Frob. 1. A iiiiie«wiiv(^ alternating earnait, which (luctuatcH between 
75 lunp., flows tlirough ii reHistnuce of 10 ohnw, Plot eurvw of instan- 
tiuHHHW vnha‘H of Uh^ voltage mid power; thefmpiency isSOcy./sec. 

Ann. ^ 750 volts; max. powcT - 55.25 kw. 
Prob, 2. l>«4eriiiinf^ the total energy liberated per cycle in the pre- 
ceding prohlt*m, by integrating graphically the eiirve of power. 

Ann. 502.5 joules (wati-Hceoiuk). 

Prob. S. Provf^ iinalytieidfy that the curve of power obtained in 
problem 1 is ii siiie-witve of double frequemy, tangent to the axis of 
time. I*roof : 31ie eipiaiton of liie curve is I* /^V • sin* u. But from 
trigonometry 

cos 2 a coa^ ii — aiiP a ^ 1 — 2 sin* u, 

Buhstitiitiiig the viihie of ain^ ii from thin (a|uation into the exproMon for 

F,, we get 

F i /m^r - i /^*r • eim2 ii. 

The fint term In eoriatfiiit, wliile the m*eond rt^pnmmts a sintvwave of 
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double frequency, beciui.se 2u - '2irV2f)t. 'I’bi' lir.st Icnn in never 
smaller than thcHCCond, ho Uiat /’ i.salways po.sitivc, niid flic whok- tuirvo 
lies above the axis of alweisHie. The hitoihI term be<Mime.s equal to the 
first and ? = 0, only when 2 it is a multiple of 2 ». At the.se points the 
curve is tangent to the axis of abscissa'. 

Prob. 4. Deduce eti- directly from (.V2h expre.Hsing .‘*in u in terms 
of the cosine of the double angle, as in the preeetliiiK problem. Hint: 
From eq. (37), dt = (7'/2 r) du, and the limits of integration are u 0 mul 

= 2 TT. 

17. The Effective Values of Current and Voltage. In prac- 
tice, it is the average rale of dolivt^ry dissipatitm of energy 
that is of interest, or, in otlu^r words, tin' nveruge value of the 
variable instantaneous powiT. T\m is aual4Jgous using in 
calculations the averag(‘ spec^d of a inatddne, wlmi tin* art mil 
speed varies within certain liinitH. 'Fhis average powm* is bmnd 
by dividing the total energy devc*lt»p(*d tluring f»ne eyede by the 
period T of the cycle, Wluai tin* curnmt varies aeetirding to 
the sine law, the total energy p<‘r cycle e(uiverted int<» luait is 
expressed by exp (53). Dividing both Huh*H t»y \kv fuiti that 
the average power 

Pn.. - I /.V (5d) 

It is convenient to use in eip (5(1) a new vidue of thv current, 

* 1 « /,„/v 2 SI 0,707 /^, (57) 

instead of Jm, because then the <*xpreHHion ftm the average powtT 
becomes identical with that in a din'ct-current circuit, namely, 

/U»/V. ....... f5H) 

Analogously, if we define 

E 11707 ..... m 

eqs. (54) and (55) become 

....... ( 00 ) 

and 

....... ( 01 ) 

which are perfectly similar to the corresponding exprcHsioiw in a 

direct-ciirrent circuit. 

E and J, as defined above, axe ealhal the fjffrrOVf values of the. 
alternating voltage and current re8jKM*.tively, We may say that 
by definition the effective value of an alternating (or variable) 
current is equal to such a constant current which, when flowing 
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through a rosistanoo, dissipatos the same average power as the 
actual variable curnuit. 

'Tliis (lefiiiitiou of an effewtivo value applies to variable cur- 
rents of any form. It is used, for instance, in determining the 
t(‘mperuture rist' of el(Hdri(; railway motors. During the run of a 
car th(' curr(mt fluctuates within wide limits, but tlie luiating of 
the motor windings is lu'aiiy tins same as would occur with a 
certain constant current, whic.h is called the effcaitive value of 
th(( act ual variable current. Tlu! condition for the. same average 
i-r loss is 

/V-7’ - r r^dt, 

Jo 

where T is the interval of time fur which it is desired to obtain 
the tiiTective value. Henc(^ 

H/T) Ti^dt (62) 

./ii 

This (i(iuati(m (‘xpresses in matlH'inatic.al language that P in the 
averagr rnlur nf P, over the period of time T. Taking the square 
root of Ixtth sides of this eciuation, we can also define, tin? (‘ffcctive 
valiH' I as the vgunrr rout of the mean equare of the imtantnneous 
volues. 'Phis definition is tru<‘ for any form of alternating or 
variable current. 'I'he efft'ctive voltage is defined by a similar 
expressittn, so that more gemTally 

JA// » (t.^r) (63) 

•fa 

where u denotes an instatrtaneous value of current or voltage. 
Alternating-eurr«‘nt amnreters and voltmeters arc always cali- 
brated sir as k) imlieate the effective value„s of current luul voltaic. 

When an irregular wave of current or voltage is given graphi- 
cally, its elTeetive value is fouiul by taking a suflicient number 
of equidistant ordinate's (Fig. 15) and rt'placing the integration 
in oq. (63) by a summation. last the half-wave l)e divided into 
k ('(jual parts, when' k is an even numlssr, and let 2 / 0 , yi> ■ • • Vk 
lx!i tin* eorreaironding ortlinatea. Then, according to Simpson’s 
Rule, 

K.// « li/(:iA-)I ((yo* -F 2/**) + 4 (y.* + • 

+ I/*, ,5) ■+ 2 (y,» + 4- • • • + yt-s®)] • • (63a) 
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The larger the number of oniiiiates, the more aecmniti' in the value 
of Ve/f determined by thin method. Thv value of may alno 
be found by plotting a curve of y" uguinst u, an ^howii in Fig. lo, 
and determining its mean ordinatt* by nu'uns of a 

When a large number of (‘OVdivt* vidues must In* tlefermined, 
— for instance, from the reeonls obtained by a graphic atmiu'ier 
during several runs of an el(^(dri<^ train, the Hipuiring <»f ordi- 
nates becomes a tedious proc(‘Hs. Somt^ praetitud inetluHiH, l^y 
means of which the lUH^essity h^r wpiaring ordinates is eliininated, 
are described in the next articlt\ 



Fig. 15. Thn ctTcctive and the avt*ragc onliiifitcH fm irn^Kuliir hHlf«wiivc. 

The effective value of a cnrrtmt or a voltagi' is alst* callctl tlm 
quadratic mean^ to distinguish it from the arittuntdinil mean value 
defined by the familiar ecpiaticm 

/»r 

y.im ^ (l,'T) I ydt, (tH) 

t/(i 

or for a periodic curve 

Vnm « (l/r) I y du. ...... (115) 

It will be noted that the ujiper limit of iiitcgrutioii im jr mid 
not 27r. It ifi evident that fora symnu'trieal wave the uvithk'' 
ordinate over a whole cycle Ih ctiual to y.cro. 'I'lio avcraii;!' value, 
therefore, always refers to a half-wave. 
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For the siiie-wav(i 

Vav. == (^mA) / siti M du ~ (2My„, 

*/0 

or 

ymjym = 2/t ^ 0.637 (66) 

The ratio of tlu^ (^ff<M^tive to the mean ordinate is called the 
form factor, it givess an id(^a of the degrees to which the 

curves is flat or peakcul as eompariMl to the sine-wave. For a 
sine-wave tlu^ form factor is 

0/„/\/2)/(2«/,„A) = 1.11 (67) 

For a perf(H*tly flat-toppinl or nn'tangular wave, the maximum 
valuer th(^ (‘fT(Md.iv(‘ vahn^ and th(‘ avc'ragc^ value are all the same, 
so tliat tlu‘ form factor is cHpial to unity. For very peaked waves, 
tlu'. influemu' thc^ higli middh* ordinates is more prominent in 
th(^ (piadratii^ nn^an, so that tin* (effective is considerably higher 
than the imam valu(% and th<* form factor is larger than l.ll. 

Am^ther ratio which ht^lps in judging alH)ut the shape of a 
curv<* is th<* Ho«-callt‘d amptltudr factor, or tlu^ ratio of the maximum 
ordinate to t.ln‘ efT(‘(‘tiv(*, valm*. Thv author is not aware that 
eithc^r tlu^ form fatdor or \ ho amplitudes factor is used to any con- 
sideral^ks t^xtc'ut in practic(\ 

Prob. 1. An <*lcctric heater was for power consumption on an 

alternating-eurrimt circuit, by having an ammeter in series with it, and 
a vedtmeter acToss its terminalH, Both instruments were calibrated to 
imlicate cfYective Viihu's. The readings wen* IH) volts and 6.7 amp. 
Assuming tlie current and the. voltage to have been in phase, which is 
n(*iirly tlie case, what was the* average power eonstimption of the heater, 
and wliat was its n*Histnnce? I)<*t4‘rnnne also the maximum instan- 
tiiiimw values of the cnirrent and tin* voltage*, under the supposition of 
the iine law. Aus. 627 watts; Hb3 ohms; 165.56 volts; 8.06 amp. 

•4 34 

t ' ' " ' 4 '■■'”1 


HVm 

I ^ 

r ■■ ■ ■> 

Fiti. 16 A stt*pp«sl eurve of current or voltage. 

Pfob. t* l)i*terintm* tin* averiige viilue, the efT(»etive value, the form 
factor and tliii tiniplitude facttir of the eurve shown in Fig. 16. 

Ans. 0.701^^; 1.055; 1.264. 
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Prob. 3. Clicck some of the values of tht* forui facior hiu! the ampli- 
tude factor given in the table in i\u^ Standard ilandinHdi Isee !ii«h*\ under 
" form factor '0. This will afTord praetiet' in ealeulnlinis <dTee!i\ <‘ valm^n 
of curves when they arc given by analytic (apiations t»f tin* form // /(/), 

using cq. (0)3). 

Prob. 4. Plot an irn^gular vvavc\ taken fnun an nvjiilabh‘ ijseilhjy:raph 
record, and calculate its av(^rag(‘ am! elba'tive valtn^H by tiu* point-by- 
point method, or by using a planinudtn*. 

18. Some Special Methods for Calculating the Effective 
Value of an Irregular Curve. As is numtionod in the pHunnling 
article, squaring a largo iiuinbor of onlinatc's in t»nlor to find 
the effective value of a ourv(‘ in a tc^dioun proersH, ami mot hods 
are available which som(diiiu‘H Icwl ttJ the omi moro ipiiokly. It 
must bo admitted, how(‘ver, that for (un* who Iuih to do this 
work only occasionally, the ])lain pointd)y-iH)int uiidhiul ilcHcrilnnl 
above is prol)al)ly the quickest and the nuwt reliable. 



(a) Fleming^ s Method The given curve (Fig. Ifd in rtqitotled 

in polar coordinates (B’ig. 17), so that otinal iH.iar nngh-H ii Ic 
respond to equal distances 7r/k upon the axis of alwcinKji-. 'I'hc 
ratio between an abscissa u in Fig. U and th.- crrcsiH.ndii.g puliir 
angle in Fig. 17 is of no confKiqucncc ; in (ithcr wdnin. if iimhcH 
no difference what total central angle O corrcHjHmiiM t<i tin* total 
distance tt in Fig. U. The area of an iufiniteHinuil triangh* mib- 
tended by a polar angle cfw is § y^dos, iHieause y is the base of the 
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trulIV(i;l(^ aiul y doi ih its altif.u(l(t. Thus, the total area of tho curve 
in Fig. 17 is 

.S' =, I j (68) 

t/() 

But, by the dt’fmiug (‘(luatioii (63), tlu; effective valiui, or the quad- 
ratic mean uniiuatc, <tf the sauu' curve in Fig. 15 is found from 
the («])r('HHion 

I/.// ® (l/«) ( !/^dw, (69) 

«/0 

iHHtauHe 0 ? in proinaiionul to t, C'oinparing tho preceding two 
ec|Uatious, wt* find that 

(70) 

is mnWy (n‘aluatt‘d, f(»r inatauee, by ineanH of a planimetor, 

th(^ (*fT(u*tiv(' value is ealcnilated from e(p (TO) without squaring 
the ordinatt*H, but simply by replutting the given e\irve in polar 
(MHirdinates.^ 

Wlien tlu^ givtii curve is a pun* sine-wave, tlie eorresponding 
eurv(* in imlar (’(uirdinati^s is a circle, j>rovith‘d that the angle O 
is selected isiual tti ir. student can easily prove this for him- 

self, eitluT graphically or aualytieally. Let i/^ be tlu^ maxiinurn 
ordinatt* {»f the sine-tnirve; then the* area of the eireh^ is S « J 7r|/mS 
and from e«p c70l \vt* fiml |/r// » This is tlie same value 

as found In^fore by a ilifliU'ent method. 

Wlnm tin* giv«*u curve is not mueh different from a pure sine- 
wave, the eorreHptmdiiig polar eurve approaches a t*irele in form 
(always iirovidin! that 11 r), In mieh cases it is |) 0 Hsible to 

dei<*rmine tlie ar«*ii of tlm polar curve without a planinuder, by 
drawing a cirt*le of tapial area as jtnlged hy the eye (Fig, 17). 
The efTiad.ive valut» is t-lieii the same for the given eurve and for 
tlve Hine«wa\m eorrt*spiinding to this circle, and is ecjual to tin* 
diiiiiieier of ilii* einde divided by v'2. Such a sine-wave is called 
tilt* tquimhHt si!ie«%vavi». It is often convenient in dealing witli 
irri'giilar current anil vtiltage waves to replace them by e(|iiivalent 
8inc*-wavt*s, so as to be able to a|>ply an analytical solution, or 
to construct vectors. 

* For II ffiitn* ilelmilwl trciilriicrit atwi numcreui practical applications, 
Ct Miiillfitix, ** fie IMterailnatkm dn (^airant (constant Pnh» 

cltii»iil li» liiiiiiP I'lcliaiifciiieril Cowrant Variable,** in the Tramac- 

timm uj ih$ CimgrmM e/ Appikmtimm of EkeiritUy^ Turin, 19H. 
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(b) The Effective Valuv in Termn of Ilurmnnivs. When an 
irregular wave Ls given in th<* form of a Fourier Heri(\^, ee|. (48), 
the effective value can be {\xim\s.s(‘(l through I lie iun|ilitu(lc\s of 
the harmonics. In order to uh(‘ tlH‘ exprc‘SHion for // in t!u* funda- 
mental formula (ihi), we have to sejuan* tlie Fourier expauHiou. 
This gives terms of two kinds, nann^ly, squaren of harniouicH, 
and products of pairs of harmonies. Led the nth anti tln^ pth 
harmonics bo represent(Hl by Un^ (*xpn*Hsions 


and 


hn CnHinniu - oj (71) 

hp (\,H\n p(n -- ap) . ..... (72) 


Then the right-hand side of (np (08) will I'ontain the following 
terms: 


(l/T) rhM « {(vrn r sin^ Hi H ajdi I (73) 

t/a ,/» 

(l/T) riiphit «((V/T) ap)dt I r V; (74) 

Jo Jo 

2 (l/T) rhjipdt « 

Jo 

X T 

sin n{ii - (Xn) sin pin - iXp) di 0 (75) 


The values of the first tw<i intc'gralH nw found in preeihely the 
same way as that of e(p (52) in Art. Ifi, that is, on tin' tiasiH id 
the fact that their values do not change^ if rtmines art* HuliHtituteti 
for the sines. The third integral is itlentieally et|unl to /.ertq m 
is shown in problem 3 below. Thus mp (tW) becomes 

= i(U/^2r + I td-e.. . . . (7fi) 

or the square of the effective value* of a (Hiinplex wave ts ei|iuil tii 
the sum of tlie squares of the effectivt* value's td its liarinonics. 

Prob. 1. Plot a complex wave ctinsiHiing of known hiirinontc‘n and 
determine its effective value (a) by the nietfnKl given in the preceding 
article; (b) by the Fleming mcthoil ; (c) from eip (7fp. 

^ob. 2. An irregular wave has a third nnd a fifth hnrmonie, the 
amplitudes of which are equal res|H5ctively to 12 |M*»r rtaii and I |w’r i’eni 
of that of the first harmonic. Bhow that tlie eflertive tirdinate ii 4 etpiid 
to 71.3 per cent of the amplitude of tlie fundamentiil wfivi% nml that ihv 
average value depends upon the phase positions of the litirinonirs. 


Chap. V] I>0WKE IN ALTERNATINGOURRENT CIRCUITS 55 


Prob. 3, Pr(>v(^ that (^xprc^Hnioa (75) in identically equal to zero. 
Proof: At'cording to tlu^ familiar formula of trigonometry, sin A sin B = 

I cos (A /U i (A 4“ /O* we have sin n(n — «„) sin p(u — ap) = 

I cos [in — p) u f r/] •»» I cos [in + p) u + 6], where a and b do not 
C()nt4iin the variable u. hit.('grating these cosines leads to terms of the 
form sin /A a 4 ol and sin [(n + p) k + /^l. Since the limits of 
integration art' 0 and 2 /r, atul n and p are integers, the values of these 
sines at tlu^ upptn' limit arc' th(^ same as at the lower limit, and conse- 
quently each of ih(‘ irdt'grals is (apial to zero. 

19. Power when Current and Voltage are out of Phase. 

In a majority of practical alU'rnatiug-current circuits there is a 
more or l(w prououiua'd phaH(» displacement Ix'tween the current 
and voIiagt\ 'Phis is diu^ to tlu^ pr(‘H(‘nc.e of local electro- 
motive^ forceps, th(» principal among theses Ixdng as followB: (a) 
The coimtc‘r-cd<a’tn)mot iv(^ forces of motors connected into the cir- 
cuit. (b) Tlui electromotive* forces induced by alte^rnating mag- 
iKitic Huxt*H in the* <nn‘uii, Tliesc^ fluxe^s may be cremated by the 
curremi itseAf, or t h(*y may bt* dm* to the influenee^ of other circuits 
(self and mutual imluction). (c) The electromotive forces dtie to 
the ^'idastivity <»f ilie <liel(*etrie medium surrounding the circuit 
(electrostatic capacity or p(*rmit lance). 

The* a<*tiial workiiigs of tht‘s(^ eaUH(*H are discussed more in 
detail in the ftdhnviug chapters. H(*re it is sufiieient to note that 
thc*rf^ am fac*torH whieh produce* loe‘al elc*etre)motive forces in 
alti^rnating-e’urremt edreuits, and that tla^v bring alxmt a phase 
displacerm*!!! be*tw<»<*n the* vedtage arul tlu^ current. L(*t OB 
(Fig. Ei) be the* gene*rate)r vedtage, auel U*t OA represent the sum 
of the various local «*le*(*tromt>tive f«»re(*H in the^ circuit. Bub- 
tract ing OA fnan OB, the ne*i voltage* OC is ol)taine{l, whieh is 
just Hufficie*iit tei supply tlie* ohmiet drop in the circuit. The 
current (B) is in |dmse* with ttiis vedtage*, anel is nume^riemlly equal 
to f)(* lUvidctl by the* teitai rt*sistiuii‘e* r of the circuit. It will be 
mam that thf*n* is a phase clisplaee*me*nt ^ hedweem the current and 
tlie generator vedtage* 0/f ; it is also e‘le*ar frean thc^ figures that this 
pliiwe flispliiee*meni is clue te> the pn*se*nt*e of the cdectromotive 
fort*i* B(\ 

We* slifill lirni cii!c*uliite the* e*ne*rgy suppUeal l)y the generator 
eluring erne <*ycle in the i4|a*c*ifie case when the pliam* displacement 
hetwt*t*ii the current anti the vedtage^ is (*xactly 90 <l<'gre*e*B. If 
the current is reprem*fitf*tl by the equation t = /« sin ii, the 
ex|)rf«iion ftir the vedtage is e » Em <*08 u. The instantaneous 
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power is equal to i • e = ImRm w cos u nin 2 u. 'I'lni.s, 

the power varies as a sine function of dauhlt' tin' gcun-rutor fre- 
quency; the energy flows now away fr<un, aiul now towunl, 
the generator. The avmige ]>owcr for one <’yclc is therefon- zero, 
for the power has as many nogativ(' values as it has jM).sitiv<' oik'h. 
Mathematically, this result is rcpresimle.l iiy the time integral 
of the instantaneous power over a <'oin]ilete <’yel('. < >initting the 

constant quantities and we hav(' 



■* 

/ m\ n v.oH U (III - i 

-- r(m2 n 

'o 



Let now the ])hase di.si)lacenn>nt between the current ainl the 
voltage bo less than 00 <legr(‘('s, and be e<iuul, .say, to </t. 'I'lie 
average power delivered by tin' alti'rnator is in this ears' smaller 
than the product El, and its value nmst be investigated. The 
vector of the voltage E can lx* resolved into a isunponent /*,’ eos (/> 
in phase with the current, and another eoinponent, L' sin in 
quadrature with the current. Aeeording to the pntof given 
above, the average power produced by the (puidrature eoni|)onent 
of the voltage is zero, so that the total av«'rage power is 

Pmt “ L7 (77) 

A more rigid proof of this expression is given in jtroblem d lielow. 

The product El is called tliv apixtrrut pinirr, and eosi/i is 
referred to as the poxvn-fador. Thus, the power-factor cun be 
defined cither a.s the cosine of the angle ol phu.se displacement 
between the current and the voltage, or us the ratio of tin* true 
power P„„, to the apparent power IE. 'I’he second definition 
is more general, because it applies also to noU'sinusoi'ial currents 
and voltagcis. 

Referring to Fig. 13, the fac'tor / cos ^ which enters itdo 
eq. (77) represents the projection of / upon the direction of the 
voltage OB, or E. Hence, eip (77) can lie interpreted by .Maying 
that the true power is equal to the product of the vidtage by 
the component of the current in phasi* with it. 'rids com}K)nen’t 
of the current, I cos^, is therefore ealhsl the t'nvrgy amiptmeut, 
while the component J sin </>, at right angles or in (piadrnture with 
the voltage, is called the vedclive cmtiponeni} 

Instead of resolving the vector of the current into two com- 
ponents, it is sometimes preferable t<» r<‘Holve the voltugi' K into 
1 The older name for this roazstive comiwnent m wiittlew ciirn'iit. 
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the (u)niiH)tieutH K eoH^ and E in phase and in quadrature 
with the etirnnd. In tfus (‘use, eq. (77) in expressed in words by 
Bayinii; that. th<‘ pow(T is ecpial to the current times the 

coinpoiH'nt of thc' volta|ij;(‘ in phas(^ with it. These components 
of th(‘ voltage^ art' also catlh'd thr energy component and the reactive 
component r(*s|H'(‘tivt*ly. Tht' two com])onents of i.)()W(t, the true 
power El e(»s (/>, and iho rt'active power W/ sin 0, stand in the 
saitie relation to iht' appart'.ni power El as the two sides of a 
right triangh' bc'ar to tht' hypottmuse; that is, 

lEIY' {El voHihY + (EIhux^Y (78) 

Lc't now tliCM’urrt'nt un<l voltage curve's be difTerent from pure 
Hiue-wavt'S» and nlm difft'rent from each other in form. The 
fundamt'utul <'t|uatu»u 



holds true in all east's, stt that if tlu' curves are given grai)hically, 
th(' t'Ut'rgy per t*yeli' is ftmnd by multiplying the corresponding 
instaniuntHms vahu's of e and i‘, and using the plunimeter on the 
resultant ettrvt'. The avi'rngt' ordinatt* of this curves gives the 
avt'ragt* p<nvc*r. Of etnirst', th<^ parts of tht* n'HuItant <*urv<^ below 
tin* axis of absciHsie must bi' t'vnluatt'd sc'parattdy from those above 
it, and tlu' iiifTerenec' of tlie twt» tak(‘u to re])res(‘nt the total 
('tuTgy. 

If the twi» waves are given in ilu' form of Fourier series, an 
exprt'Hsion for thi' avc'rage power may be obtaiiu'd in terms of 
the elTeeiive vnlues of the harnumicH. Hubs.tituting the expan- 
HiotiH for e find i into erp C7iH, two kinds of tc'rnm are obtained,— 
tlmrte fsuitaining pn»duets of t w«» Isiinmuiies of the same frequency, 
and tlmse laintainiiig products of two harnumics of different fre- 
qtieneii's. TIh' terms of the first kind, after integration, give n'- 
HultH of the same huaii as for tfie fundamental wave; that is, for 
the nth hnrmoiiie | EJ^ ec»s wht‘r«' Kn and /„ an* the amplitudes 
of the nth liiirmonieH, mid is the phitst* displaewnent between 
them. Till' ii'riiis of the st'i'oml kiiul give xero aftt^r integration, 
the prcMif of tliiH being analogous to that in problem 3 of tlie pre- 
eetling artiele. llius 

- I EJt vm #1 f I E,In cos + etc. . . (80) 

In other words, rurli fmrmtmk cmiribideB its own share of power, 

m if it were miing ulomu 
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Let E and I be the effective valne.s of mnw non-siiuiHoidal 
periodic voltage and current, nH'UHured, fc^r iiwtance, by means 
of hot-wire or dynamometer-typt' iiistruinentH. Let the 

average power a<‘.c()rding to oq, (SO), or meuHurtnl hy a dyna- 
mometer-type wattmeter. Then tin' ratio KI in i*alled the 
power-factor of the nystem, the. nanu' an with .siuuHuitlal eurvtu 
This ratio is also often (IcuoUmI hy cos meauitig hy t/i I lie pliase 
angle between the cquivalrnt sine“Wav(*.s of voltage and <mrr<‘ut, 
as defined in the preceding article^. With the mv of thin angle and 
of the equivalent sme-wav(‘s, viador diagrams may he const meted 
and the corresponding ealeulntionH ixadtirmiMl witli eurnmts and 
voltages deviating considerality from pure sine-wavi‘8, though of 
course such calculations cheek only approximately with t!ie actual 
measurements. 

Prob. 1. Asauming the line curnnit in prohlcin I. Art. I t, to l»r 452 
effective amperes, calculate the average fHjvvtn* dtdivenni hy ila^ {diernater, 
and the power received at the opposite imd of llit^ line, 

Ans. 21 H kw.; 2350 kw. 

Prob. 2. Referring to problem 1, Art. 17, a wntUneftT was ctinnt*rtcd 
into the heater circuit, and the true powiT was found to 50S watts. 
Assuming all the three iustrumemtH to in calihrution, cnlrulate the 
power-factor and the angle of di.splacemtnii between tin* eurrent and tin' 
voltage in the heater; also the energy component and the reactive com- 
ponent of the current. 

Ans. 05. 1 per c(*nt ; 5.30 nuip ; 171 amp. 

Prob. 3. Deduce expression (77) hir ptnver by direct integration. 
Solution: Let the current he expreswsl hy u: also let tlie voltagt' 

be leading ))y an angle and therefcire expreiwsl nn in f 

Substituting these, values itito t‘(|. (70), we gi't 

Pav6 = iPm^m/T) T siu « siu (u 4 

Jo 

*= ir) I siu U (.siu U COS # f COS II Stll fill, 

Jo 

* (Pm^m/^ ff) [cos I silP U du T sill 4 I sin « CHH iuiii}. 

Jo Jti 

From a table of integrals we find that tlie value t>f tlw fii>f littegnil h », 
and that of the second is zero. Hulistituting thesi* valui'H, and iiiirotlm’- 
ing the effective value.s of voltage and eurrent, fijriutila (77 1 In iihiained, 

Prob. 4. Plot a sine-wave representing an alterimting voltagr of 
500 effective volts, and a current of the same fn*t|uenr>% of 20 efloelive 
amperes, lagging behind the voltage by 30 degrees, lOot on the same 
curve sheet the sine-wave of the instimtaneouii |>ower, iind rht*ek Itie 
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average ordiiiaU* of ihw curve with the value obtained by fonmila (77). 
Explain why tlu* pow(‘.r in n(‘gativ(‘ during a part of the cycle, reineniber- 
iag that tla^n^ art^ l<K*al c^l(Hd.roinotiv(‘ forc'es in the circuit. 

Prob. 6. PHiva* that ilu! (‘urv(^ of powcT couHtstH of a sine-wave of 
double, fnapuaiey, plus a constant tcu'in, the latter n^presenting the aver- 
age pow(*r. ('onipure with i)roblenj d, Art. H>. Suggestion: ie = IniEm 
mi u sin 0/ \ 4»). Tst' th(‘ irigontumdrie transformation, 2 sin A sin B = 
cos (A - H) - ci»s (.1 I li), 

Prob. 6. A non-sinuHoidal voltage is r<‘pr(‘sented by the ecpiation 
e » 270 sin u ( 02 sin .'i (a ( 15^) f 10 sin f) (a — 25®); the correspond- 
ing line curnuit is / I H sin (a ~ 30®) -»• 7 sin 3 fa + 50®) -f 2.5 sin 
5 (a 4 Hf). Caleulatt^ thc» true avt'rage power and the power-factor of 
the systcun. 

Ann. I f'tHOO e(»s 30® 4 434 cos 75® — 40 cos 5®) 2141 watts; 

th(^ |M>\ver-facic»r is K0.3 per etmt. 


CHAPTICR VI 


INDUCTANCE, REACTANCE AND IMPEDANCE 

20. Inductance as Electromagnetic Inertia. !vx|NTiiiH‘ut 
shows that an electric currt'ui in a variaMe as if 

it possessed inertia; there is an oppnsitinn tn any rlmni^e in its 
magnitude and directitm. This n])puHitinn is inauift‘st<*<i in the 
form of an “induced'’ electromotive in Mich u tlire<’tion as 
to tend to counteract the ehaiige in (‘urnait. Huis, if an t*xtt‘rnal 
e.m.f, tends to increase the current, th<* imiuee*l e.in.f. is in a 
direction opposite to that of the (‘urrent : lad wlnan the otlier 
hand, the current for sonu^ nnison (h'crenses, the indneeil e,nnf. 
is in the same direction as the eurnnit, ami therefure tetids to 
strengthen it. These reactions of the <'urnmi are similar to those 
exerted by a moving body ; for instance, the water in a pipe, wlien 
its motion is accelerated or rcdanltsl. In pra<’tieal nppli<aitions, it 
is convenient to consider, not ilu* reactuam themselvi's, hnt the 
external forces necessary to ov<*r<uane them. Thus, in the eiiw» 
of a moving body of inass m, th(‘ <*xti*rnni hirce nwvmnry to ctan- 
municato to it an acceleration dv jit is F w dr tii, fiert* F 
is positive when the acceleration is positive, am! vii’e via‘Ha. 
Similarly, to increase a current at a rate' of di di, an extiauml eMinf, 
is necessary of the magnitudi^ 

e^Ldi/dt^ ....... («H I) 

where L is a constant which charactt'rijse'H the cirenui ami in mmh- 
gous to the mass m in the mechanical medhim Ute isiellicieut A 
is called the inductance of the circuit, and elejauidH upem its shape' 
and proportions, the presence or absence of irem, the' liiniils'r ed 
turns which the conductor makes, atid some other fiuieers, whiedi 
it is not necessary to discuss here. In most hooks the right -ham! 
side of eq. (81) is written with the sign minus, he'eatise r is umier- 
stood to mean the induced e.m.f. or the re*action of the eirenut; 
while in our case a designates the external vtdtage, t'tfual and 

60 
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o]')posito to thl.s reaction. The form of the equation used here is 
pn‘f(‘rai>lt\ l>c(‘aus(‘. in practi<‘c one dt^als with components of the 
a])phc(l v<)lta^<‘ rather than with tlu‘ induccMl (U)unter-e.m.f.; 
n\or(‘ovi‘r, tin* minus sig;n is apt to confuse a Ix'^iimer. 

'riit‘ iiuH'tia eihs't of tlu^ (‘hsdric curnHit is hroupjht about 
throuiJih tlu‘ mechanism of ih(‘ maj»;n(die licdd produced thereby. 
Wlum the current vnru*s, the flux {anl)rac<‘d by the electric, circuit 
also changes, and uceordinji; tn Faraday's law of induction this 
flux iuduees in tin* eiiMnnt an e.m.f. d'hus, posbilatinp; the exist- 
cuct‘ of (‘lectroma|^m*tie imniia, and statinp; the law of indueed 
e.m.f., an* p(*rluips but two difTt*reut ways of expr(*ssing the same 
plivsu’al pln*nomeuou, tin* tnn* natun* of which is at ])reseut un- 
known. At^v urrunixenn*nt of tin* circiut which increas(*^i the flux 
linked with it, nlsii inereasesits inductanci^ L or the iinadia effect. 
Tin* imluctanct* i»f a |i;ivt*u <‘lectri<* circuit can he caUmlated with 
mon* or h*sH accuracy.* or it c*au Ih^ nn*asur(Hl (*xp<Timentally, 
usiuK cq. iSU. For our pres<*ttt purposes we shall assumes L to 
Ih* a ciuistant t|uantity, wht<’h chara(*t<‘riz(*s the inertia of a given 
electrh* circuit, acconling eep (Kl), without any reference to 
tin* natun* tjf the magnet h- Ihix which produces it. Mechanical 
iiu^rtia is used in physies and in eugin(*eriug as a fundamental 
entity, witlnmt explaining it in any other terms, while the mystery 
as to its emise is j\ist as deep as that surrounding the electro- 
magnet ie inertia. I'^ome motlern physiemtH even believe that all 
inc*rtia is of an eleetromngnetie nature, 

d'he far! tliHt a bodv resists neceleration, togeth<‘r with the 
law of eonH<*rvation of energy, leatls to the eonelusion that a mov- 
ing IhhIv |H»ssesHes a eertait^ amount of stored energy. The 
ext<*rnal work done upuu a body whilt* it mov(*s through a dis- 
tanee fl^n is F * lis ■- mulv tiDds, or. since dn ^ r • df, we have 
F • mr • dr. d1n* tola! work ihnv upon llu* biHly while accel- 
erating it from rest Umi velocity v is therefore* 

IV ( F dn ( mv • dv ^ i mvl 

,/ii «/«» 

Accf»rding to the law of cimservation (if energy, this work is 
stored ill tin* iiioviitg body as its kintdic energy. 

Thr I*li‘ctrieal work done in increasing a vximnxi against the 
iiiciiicetl ele<*tronio!ive during the time di is dll • dt^OT 

I ^Hrr (111* Mu^ktik Fhupters It) to 12 . 
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substituting for e its valuo from (H|. (HI r/ir LuH, T\w total 
energy supplied to the eireuit from the external nmiree of p<m*er, 
while the current im^eases frtuu /.eftj to a eertnin value i, is 

W-^TLidi l!S\ , . . , . (82) 

,/tt 

This (loos not include the <m(‘rgy rec|uin*d for «u|»|dying the ih 
loss. According to Uu* law of eonservutam of energy, exprenHsiou 
(82) represents the energy stored in the eireuit ns tong ns the value 
of the eurrent remains the same. Wlien llte eireuit is ! broken, 
this energy is eouverted intt» lunit. Annlogou^^ly , wlieu a mui- 
olastic moving body is stopped, its urinnuulnteil energy is t*tuo 
verted into the heat of impact. Intluetanee ran dtdinetl from 
either eq. (81) or (82); and for nuKHt purpt»M'’*4 tlie two delinitiouH 
are identical. Himilarly, in nua*hnnies, iuunh nuiy be defined 
either as the ratio of F to d/vWh nr as a ratio of the kinetie emu'gy 
to "I el 

The unit of induetanco in the ampere olmt system is eulltnl 
the henry. According to e(p (Hit, a eiretiit has an indtietnnet* of 
one henry when (me volt is mna’SHary in order tt» inrreast' tlu*. 
current at a rate of one anqu'nt per staamd. Huh tuie volt does 
not UKilude, of eours(% tlu^ (ami. maa'ssnry for overe<mung the 
resistance of the circuit. The Inairy being rather a large* unit, 
inductance is fr(H|U(mtly meastired in millihenry s. Sul wt if tiling 
into eq. (81) the physical! dinteimiems ti the* voltage in the ampere- 
ohm system, we gc^t [IRl [LI T] ttr [bj IHll In tether 
words, the henry stands for thee 'qdim-Htaamd/' loir tliis naiscm, 
one instrument for mcaisuring iuductiuiri* has btam eidha! Ity its 
inventors “the sectohmmc'b'r/' 

All actual circuits which poasew iiulurtama% at the mmv time, 
have some resistancte, howcwc^r small it may lie. Therefon*, tlie 
total instantancKms voltage a|)plical during a variable stati* is 

e » ir »b I^di/dt, , . , , , . |HMl 

Ohmic resistance may Iw com|mn*d to meehaninil frietiom 
so that eq. (83) cm Im interpreted by refc'rmtct^ fh<» merhait 
ical analogy used above, in the following way; namtdy, the 
force necessary to accuierate a body must be iiugnit*ntt*tl in 
practice by the amount required for overcoming the imnitable 
friction. 


Chap. V II INDI'C'rANCIO, RKACTANCIK AND IMPEDANCE 63 

Prob. 1. A circuit, which pohschhch an inductance of 12 luillihcnrys 
and carri(>.s a din'ct cum-nt of 150 amp. i.4 broken within one-fifth of a 
8C(a)nd. What in tlu^ averaRt' voltaji:(i ia<lu(!(al in the circuit durinir this 
interval of thuc? An.s. 9 voL 

Prob. 2. ( 'alculate tht| electromaRnetic energy stored in the circuit of 
the [tn'ccdiug prolili'iu while t.he curnuit is steady. Aus. i:{5 joules. 

Prob. 3. 'I'he current in a coil is inad(« to vary at a uniform rate of 

2.')0 am|>. per At tin- instant wh(>n thi^ eurrent is eciual to 150 

amp., a voltmi'ler counecti'd aero.ss tlie terminals of the coil reads 295 
volts; when the in.st ant aneous current is UK) amp. the voltmeter reading 
is 2:50 volts, k'nim these data calculate th(‘ re.sistance and the induc- 
tance of the coil. An.s. 1.. 2 ohms; 0.4 henry. 

21. Reactance. It is natural to <‘xpeet tht' inductance to 
exert, a e.onsideralde inihieiiee ujam tint voltagf' and current rela- 
tions in an ulternating-tnirrtmt. circuit., hecause the current is 
varying in magnitude all tht' time. 'Phe influence of inductance 
in this ease is analogous to that of the inertia of the moving parts 
in a reciprocating engine; i.c.. energy is .ston'd during the periods 
of inert'tise in velocity tor in eurrmd ), anil is ri'turned to the source 
of ptnver dttring the intervals of time when the velocity (or the 
current ) di!erea.ses. 'Phere is no net gain or Iors of t'nergy for a 
complete cycle, although the in.st ant atieous values of current and 
voltagi' may he eonsiilerahly ufTeeted. 

('onsith'f first a part of a circuit which has inductance only, 
the resistance heiug negligihle. l,et the current vary aettording 
t(t the familiiir law i sin l2 ir/f - o). Substituting this value 
into e<i. (HI), we get 

c 2)r//./„eos(2ir/t — (»), .... (84) 

which means that the voltage necessary to force a sinusoidal 
currt'ut through an induetanee also varies according to the sine 
law, ami is in leading (piatiraturi' with the eurrent. The ampli- 
tttde of the voltage 2 »//./„, or the relation between the 

elTeetive values of voltage ami current, is 

K 2 rrfU (85) 

It will be seen from this relatiitn that, in alternating-current cal- 
culations, the tpiantities / ami L always apis'ar as a prcsluct. 
It is therefore convenient tt» introduce, for the sake of abbrevia- 
tion, a tiew composite (plant ity /, defined by the relation 

X 2wfL. 


( 86 ) 
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The quantity x is callcnl the rcactnurr t»f Ww eirruif. and alwayH 
refers to a stated frequency/. Kcitiutiou iS.jI het’om<‘H thiii 


M - j/, 


(H7) 


-AAVvVWWV*^ 


from which it follows that n^m'tunee is ineu^^nrn! in uhms, like 
resistance. This does not nu‘atu howev(S\ that the Iwa c|uauti- 
ties are similar in tlu'ir physical natnre. 

r Let mav sumt' resist atiee he ena- 

lu'cted in series with the iiuluetance 
(ImK* LHL er let tie* eeil which poH- 
Hesses induct anee have also an appr(‘» 
ciahh' reHistance, SuLstitiif iii^r 
ex])reHsiim ftu' /, 

aciancoin HoricH. etp (H!lh we p^et 


c 


X.-SSrfl 
Fio. 18. llosiHtaHCd mnl r(*- 


givra aliu\f, iniu 


e = rJ„.siii {‘2rjt - tt) 1 .r/„i-us cj nft n). . . (HH) 

Since the sum of two «im‘-wavc« in ul.-iti ji niiif svjtvc (Hcr Art. 14 ), 
the total voltage e varies aceortiing to the .Hiiie-lnw. 'I’he.se eiun- 
ponent sine-waves of voltage, their sum, nml tlie eurreut wave; 
are shown in Fig. 11). 'I'he sludent is uilvi.seii to sttnly this ligun* 



Fig. 19. The instantaneous nurrnnt anil vuUtige r«4a!i<»n, in iJic rirruit 
sliown in Fig. IS. 


very carefully, because it represiuits one of the imwt imiiortfint 
fundamental relations in the whole thwiry of altiTitutiiig nirreut.s. 
The same relations are represented veetorially in Fig. 20. ami tin* 
two figures may be conveniently examined together. One lie- 
senbes the phenomenon from instant to instant ; the otluT giv«*H 
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the saluMit fi‘aiur<‘.s In n syniholic*. form. Tim vector E consists 
of ou(‘ cotnpon(‘nt /r in phas(‘ with tlu^ currcnit, and anotluT Ix 
ill leading (puulraiuiH*, witli tht^ (‘urrent. Tlic iirst component 



Via. 20. 'Hjc ruri'Fnt und vnhaa** rrlutuum in tht‘ cimut Hhown in Fig. 18, 

vncMohivlly, 


nerves to ovenamu* the ohmic nssistunce; tlu^ H(‘eoiul, the reac- 
tunei‘ td ilH‘ circuit. Kntm the triangle of vultag(‘H we have 

Pr^ } /V, 

or \ t (89) 

For the pliast^ displncemiuh Indwc'cn t!ie current and the voltage 
W(‘ havc^ . , , s 

tun</^ Ix Ir - »r/r, ( 90 ) 


or th<' power hieti^r 

CfiHf/* r ’\ P f x^ . ( 91 ) 

Thi* liytlraulic analogue shown iti Fig. 21 may make these 
rchditms dearer. AEI>iL\ represtmts a doHtul pipts circuit in 
which watiu* is nindt* to oseillatti 
toand fro by meansof tlje piston 
H. The wati*r is aH'^unn’d to he 
devoid of iuiulia, nml the inertia 
of tin' whoh* <-ireuil is eoneen- 
trated in a lieavy mas^ /*‘. whieh 
moves freely wdlli tln^ wu!i*r. 

The fi>rce uptui the piston rod 
II is iiiiiilogims to the alferimt- 
inK ViAUm- l< iH «‘>K. IH. II..- 
velocity of tin* wafer iiniihi-’ 

goUH It) thi- nil ••null ...« i-tirri-ul, lh<- frirlt.tu tu tin- pip«‘H rnprew-nts 
tlm ohniir n-Hi'.liuin- r, nii.i tin- iiM-rtm.tf Ihi- Innivy luiuw F Ktamls 
for Ihf iii.ltx lnni-r /.. '!'«» tin- unnlttKy clwi-r, w« juwumo 

that tin- pif«f(iii iw f<» in*rf»riu a Hiiiiplt* hnrmonic motion; 
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so that the velocity of the water varic's witli f!ie titia* lu'cording 
to the sine law, and may bo ropresc'nti'd by tlu^ eurvt'. fur 1 In 
Fig. 19. 

The force upon the piston H (‘onsists of twt^ parts, that r(‘» 
quired for overcoming the friction in tlu‘ pipes, aiul that luna'SHary 
for accelerating and retarding tlu^ mass F. I'hese two compo- 
nents of the force can be repn^scmted by the (mrv(‘s for ir and ix 
in Fig. 19. The frictional r(‘actiou is at a niaximum wlum the 
piston is in the middle of its strokes be(‘atis(' there the vtdocity 
of the water is the greatest. On the other hand, the aeetdt'ration 
is zero in this position, so that th(». mass F t^xerts no r(*a<’tiou. 
At the ends of the stroke the acun^hTation or retardation is at a 
maximum, so that the force ne<*(ssHiiry for (umst raining the mass 
F to the prescribed motion is at a maximum; lunv(‘ver, tlu* fric- 
tional resistance is (H|ual to u^ro, A<lding tlu^ twt) sinusoitial com- 
ponents, we find the n^suliaut force \ipon K, eorrtsspomling to 
the curve e in Fig. 19. It will be s<sm tlmt r reaeh<\s a maximum 
before the center of the stroke; this gives a phase angh* hetW(‘('u 
the force and the velocity that is analogous to tln^ phase angle 
between the voltage and the curnuit. llie sttident can (‘asily 
deduce that the force /cads tlu^ vt^hanty in phase, and that tin*, 
displacement is greater the larger tln^ mass F, as t'ompared to 
the frictional resistance'; in otluT words, tin* greater the react aiuM' 
as compared to the n^sistaiuu^. It may In* slnnvn al.so that the* 
inertia reaction of tlu^ same mass F is greater f(»r a higla’r fre- 
quency of oscillation, hocuiuse the* acau'h'ratitm and retardafitm art* 
proportionately largt'r. 

Prob. 1. The iiiduetance of a coil is 0.2 luairy; its olimte resist unre 
hs negligible. Draw a curve giving iht' voltage nt‘et*HHury tii niuiutniu a 
current of 12 amp. through tht^ coil, at frt*(|utaicie,H ranging froin zero to 
100 cycles per second. 

Ans. A straight line tlinnigh the* origin; at / - 100, F loOS vtilts. 

Prob. 2. A reactive coil without iron draw.s a (mrrent uf 75 amp, when 
connected across a llO-volt 25-cy(de ttircuii, WImt enrremt wuuld it draw 
at 60 cycles ami at the same voltage, pnn'itltMl that tin* t€t*et its 
resistance can bo neglected? Ph)t a curve tjf current at iiiitTimHliate 
frequencies. 

Ans. 31.25 arnp.; equilateral hyperbola asymptotic to htah ax«*H. 

Prob. 3. The reactive magnetizing current of a 22(Hi-vtilt, tKK)-kilo- 
volt-ampere, 60-cyclc transformer must l)e not over 2.5 p«*r cent of the 
full-load current. What is the lower limit t)f its no-ltMui n*actiim*t* and 
inductance? Aim. «I22.5 iduus; 1.027 lienrys. 
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Prob. 4. "Pho. coil c.OH.sidon'd in problem I is connected in scries with 
a lOO-ohm n'si.stiuuu'; it is rwiuired to maiutain a current of 12 amp. 
throufth tlu\ two, at various fnunuuHiic's. Kupplomont the curve obtained 
in that. prol)l('in with curviis of voltag(^ drop across the resistance, and the 
totail voltage acro.ss t.he combinal.ion. I>lot also the corresponding values 
of pow(T fa(d.or. I)(‘termine the ordinates of the curves graphically, 
and check a f(‘W points analytically. 

Aus. A’r 1200 volts, indi'i)endent of the frequency. At / = 0, 
/''V. “•'“1 </> •• At f ^ 100, = l<)27 volts, CO.S ^ = C2.25 

per (‘(‘lit.. 

Prob. 5. Thrt'o s'nnultjuH'ous instnmu'nt. romlinKH in a power houao 
are: 7520 kw.; (iOkv.; 147 amp. p()W(T4a(*.t()r meter shovvs that 
tlu^ (‘iirnmt is lagycinfi; ht4uml ilu‘. voltage. What are the readings at the 
Ham<‘ instant at tin* nMMSvinK <‘n(l of the line, if its rc'sistamu' is 45 ohms 
and its riMictama^ s:i (>hms. Hint: Draw tlu^ veetors of the generator 
vnltngi* and eurnait in tlitnr tru(‘ rt‘lat.iv(‘ position. Suhtracd, the ohmie 
drop in phasi^ with tin* (mrrtmt, and tlu^ reaetive drop in (piadrature with 
it. 4'lu‘ ivsult will givt^ tlu‘ recidvtT voltage' in its true magnitude and 
pluis(» position. Ans. ()547 kw.; 55.4 kv. 

Prob. 6. hi ord(T to (hdermiiu' tlu' powiT input into a single-phase 
lUhvnlt motor, without the ust^ of a waitimder, the motor is connected 
in si'ri(‘S with a nondnduetivi* n‘sistane(‘ across a 22{)-volt eireuit. The 
n'sistanet' is adjusted so that the voltage' across the motor terminals is 
lit), vviu'u the* motor is ('arrying th<‘ nspiinsl load. Undm* these condi- 
tions tlu' voltage' ae’ross tlie* re'sistanes* is found U) he' 127, and the^ current 
through the* nintea* 25 amp. Krean tlu'se* elata eletiTinine^ graphically the 
powe‘r fuedof of the* motor, anel eade-ulate* its pe)W<*r input. 

,\ns. 72.5 pe*r cent; 1526 watts. 

Prob. 7. He*fe*rnug !«> the* pres’etliug prol>h*m, e*aleulate cos trigo- 
nom<*trie*ally, from the* triangle* of voltage's, inst(*ad of determining it 
graphie’idly. 

22. Impedance. Whe'U a nmet anee* is eomiected in series 
witli a resiHtuu<’t% <*(|h. (HIM and (dl) iucHcatt* that tlu* current and 
vediage' reflations an^ detennimnl, nut by the value of the reae- 
ianee alemi% but by a c’iun|Hwii(* (*xpn*HHiem 

. .. \/ r" -f .r‘ (92) 

The ciuantity z has the^ eliint'usiem of a n'sistanee, and is ealhal 
the imprthntr ed the t*ir<‘uit. It ran hardly be* eallcHl a physic.al 
quantity, but rather an abbreviation for a eertain combination 
of the pliysie'al preeprrtii's ed a edreuit; in either words, an ablire- 
viation f<»r the* raeiieal in eep HI2 k Introdueing the value of z 


into eqs. (Hi)) anel (91), we obtain 

K - z/ ........ (93) 

and r/z. ........ (94) 
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Impedance may bo dofmod from vq. (03) uh the ratio uf tin* voltage 
to the current in a circuit containing r<‘.sistancc and rca<*tau(u\ 
In a non-inductive circuit the imptnlaiua' is simply ec|ual to the 
total resistance, while in a ]mrt3y inductive* one t!ie impeilance 
is equal to the reactance. It imist he (dearly understood tluit 
(^•^) gives only the relation lHdw(*(‘n tin* niugnitudes of tho 
vectors. The phase relation is giv(*n hy Fig. 20, or hy (‘({. (<U). 

The three (juantitics r, x, and r fonii a trianglf* of whicdi ^ Ls 
the hypothenuse (Fig. 20). This trianglt* is siiiiilar to tin* tri- 
angle of voltages, but the (juantitu‘s r, .r, and ^ an* not visdtu's in 
the same sense as currents and voltag<\s are. Fnuu tin* impe- 
dance triangle we have the following useful ndalitm.s: 


and 


r cos 0 


r .sin (f). 


m) 


( 110 ) 

When two impedaina^s an* conmsdial in M‘ries (Fig. 22), tlu* 
voltage and current ndations an^ as n*pres(‘nt(*d in h‘ig. 23. Tin* 
^ total tt*rnnnal V(dtng(* A* is 1(*sh 

than tin* urithnn*lii*nl stun of 
tin* vo!tagt‘s Ah and A’- across 
tin* tw(j impedam’es, and is 
<*«iunl t(» t}n*ir giMuuetrie sum. 
Tin* n'sultant phase nngl<* (p has 
a vahn* internn*dinte het\V(*(*n 
the phase angles <j>i and tjf tin* tvv(i {’otnpom‘nt impedauc(*s, 
Itwillbc8Ccnfromth(M.riangledAfMhat (in* resultant voltage 


If 


I 

^2 *Ca 

Pig. 22. Two imjXHlamu'H in s(Ti(*8. 



is the same as that required by au iiupedaiuT wl.ieh .-ouHistH 
of a resistance n + rj and a reactance Xj + xj. In otiier words, 
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tlui rosultaiit inipodiuuio is 

V{r I + + (jci + x .... ( 97 ) 

and th(^ n^Hultarit plianc ang;l(‘. is dotermined from the equation 

tun 0 ^ (xi + :i? 2 )/(ri + fa) (98) 

Th(\s(‘ (Miuations show that two impedances are added in series 
by adding tlu^ n^sistanec^s and the rea(d,ances separately. An 
impedaiH'.e of 5 ohms in stunes with one of 7 ohms is not equal to 
an imp(Hlau(‘(* of 12 ohms, l)ut as a rule is less. The relations 
shown in Figs. 22 and 23, and eqs. (97) and (98), are easily ex- 
tended to any numlH»r of impedances in series. Dividing all the 
voltage^ v(a*.torH in Fig, 23 by tlu^ value of the current I, the dia- 
gram of voltagc‘s is conv(u1.(‘d into oru^ of impedances, as in Pig. 20, 
thc^ r(‘lations htaug n^pnwmtt'd by eqs. (97) and (98). It must be 
borne in rnind, howtwcjr, that from a ])hysical point of view the 
latter n'lations an* not V(*t‘torial in tlu^ same s(ms(* as are those 
of the voltages. 

Prob. 1 . The imptulatuu* of a coil is 7.5 ohms at GO cycles; the re- 
Histance mc'asured with dir(H*t curnnit is G ohms. What is the iutluctance? 

Ann. 11.9 millihenrys. 

Prob. 2 . Tw(» inquMlaiutc^ coils are c,()nu<*ct(Hl ia seri(‘s across a 292- 
volt linc^. Thc! v(»ltagcH acToss the coils an*. 152 and 175 respectively; 
tlu^ (Hirn'ut is 7.3 amp. Knowing that the resistance of the first coil is 
10 tihruH, dete*rniine graphituUly the? ntsistauee of the second; also the 
impedancc^H of hotli coils. 

Ann. ® 23.8; zi » 20.82; Zt ^ 23.97, all in ohms. 

Prob. 3. When a (?«?riain non-inductive resistanee is connected across 
a source of altf*rnating voltage*, a currcait / flows through it. When an 
ituhi(?tan(*e% containing n<*gligiblc! resistance, is coiniecteh acro.ss the same 
source of voltage, the current is /'. What are the current and the phase 
displacMumuit wht*n tht* nmistance and the inductance are connected in 
mrim iwiross iht* sariu* Hourc*i*? Solution: I/t?t the unknown voltage be 
E. The tniknown n*Histanc«' is r ^ E/I; the unknown reactance x = 
E/I\ Whc*n ilu* two are connected in series, the impedance z » [{E/IY 
+ ilm vAirnmih E /z^ + /'^)^; tan^« 

xir ® // 7 ^ 

23. lafluence of Inductance with Non-sinusoidal Voltage. 

(a) Let an idtc?rnating voltage e of an irregular form, such as is 
shown in Fig. 14, he applied at the tenninals of a pure remiance r 
(non-indtietive). Tlie current through the resistance is at any 
instant ecpial e/r, mid conscMiuently has the same wave form 
as the voltage. 
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(b) Let now the Bain(‘ voltw* b<‘ applii'^i at. the tc^nninals of 
a puve induciCLUc6 L (without. n^siHianotv), It luu} lu* said n priori 
that the current wave will be dilfiUH'ut from that td the voltap;e, 
and will approach inon^ nearly a sinc^-wavt*. I his follows from the 
very concept of inductaiuu^ as iht‘ iiuTtia of tin* tnreuit ; th(‘ luglh 
frequency hannonics in the voltagi^ an' unahh* to prcHhnn* curnmts 
of the same magnitiuh^ as at lowtT fnHiumunes. !)e(*HUHi^ tlu' reluct- 
ance offered to each harmonic is prop<»rtiunal io its frtHiinmcy. 
This property of an inductanct^ of c'hokin^ lii^her liaruumics is 
useful in some applications. 

Let the voltage across an induct anct‘ 1 h» given in the fortu of a 
Fourier series, 

e = /?isin { 27 rft - n,) f K^sin 3(2 wjt a-,) f tdc. 
Substituting its value in the. fundanuudal e{|. (HI ), wc‘ get 

EimiC2Trft - «i)+ L’aHin:i(2jr// - nd t etc. I.di/dL 

Multiplying both sides of this (filiation by dt and int(»grating 
gives 

— (i?i/27r/)cos(27r/^ ax) — (H^ (» ?r/)cos 3(2 wf( <rd 
— (dc. S3 IJ + const. 

The constant of integration is ecjual to ?*erO| 1 k*cuus(^ iht* eurnmt 
cannot have a unidirectional compoiumt without a connmitating 
device or electric valve of somt^ sort. Tht'rcdore 

i — — (A\/2 tt/L) cos {'Zirft ai) (Ka h ?r/L}coH3(2 wjt a^) 

-etc.,. .... (99) 

which means that each harmonic in tht' e.in.f. prtHluc't\H its mm 
current, as if this harmonic tomi acting alone. 'riu» total eum*nt 
is the sum of such harmonic currents. Tin* reactan<*e uf coil 
for the nth harmonic is n tinue-s as grcnit iw for ihe^ fuinhinamtal 
wave; therefore, the higher harmonics in ilu* current art' rt^la- 
tively smaller than those in tlu'. voltagt^ wavt'. 

(c) Let now a non-sinuHoidal altt^rnating voliagt* !h' imprtwcsl 
at the terminals of an impedamx cddl^ and let it bt' rivcpiirtHl to 
determine the wave form of the currcnit. Hie rt\HuIi to 1 h^ 
expected will be intermediate betwcum those dt*nvtnl for a purt^ 
resistance and a pure inductance; efz., the tnirreni wave will 1 h* 
more nearly of sine form than the voltagtt wave, but not to the 
same extent as in the case of a pure inductance*. 

Substituting the above given expansion for the voltage wave 
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into tlie fundamental (^q. (83), we obtain a differential equation for 
which eciuation sonu^ n^adc^rs may not be able to solve. We 
choose, tlu^ndon', tbe opposite way; that is, we assume the current 
wave to be given, insUuul of the voltage wavc^, and determine the 
corresponding voltage wav(^ from eq. (83). This procedure is 
much simphu', b(u*.ause it involves differentiation instead of inte- 
gration. th(‘ (uirnmt be givcm in the form 

6 = Ji sin (a — <vi) + Iz sin 3 (u — ^ 3 ) + etc., where u = 2 Tvft. 

Substituting this valu(‘ into (up (83) and rearranging the terms, 
gives 

c, = [/ if sin (a - (x\) + 2 wfLI 1 c^os (a — ^OJ +[fzr sin 3 {u — ^ 3 ) 

+ () irfLI 3 (*.os 3 (a — cxz)] + etc. . . . (100) 

This n^sult shows that, (an^h harmonic of the current requires a 
corn'sponding harmouit* of tlu^ voltag(‘, as if it were flowing alone. 
Th(^ total voltag(^ is (upial to tlu^ sum of the harmonic voltages. 
Th(‘r(ff(n(^ W(‘. con(*lud(‘ that, (‘.onve^rsedy, if the voltage were given, 
tlu^ (uirrent would b(^ (‘(lual to tlu^ sum of the harmonic currents 
produc(‘d by tln^ r(‘sp(*etiv(‘ harmonics in the voltage. If the 
imp(‘dane(^ to th(‘ first harmonic is Zi — Vr^ + that to the 
third harmonic is zz - + (3 j)*, and in general the impedance 

to th(‘ nth harmonic is Zn — + {nxYK The phase displace- 

numt b(dAV(H‘u tin* corr(\spon<ling harmoni(;s of current and voltage 
is (h‘t(*rmim‘d from tlu* (‘ondition, tnn^„ = nx/r^ or cos = r/zn- 
Tin* g(*n(Tul coindusion nnudnal is as follows: When the applied 
voltag(* (‘ontains hight*r harmoni<*s, tin* total (uirreut is found by 
summing tin* harmonic curnmts diu^ to each harmonic of the 
voltage acting alone'. 

Prob. 1. TIm* t'fYcciivf* value of the fundamental wave of an e.m.f. is 
110 V(»lts; it has a prouounecnl third harmonie, of 24 per cent of the fun- 
dainentul wave. Tins voltage* is applkul across a part* reactance, e<iual to 
5 ohms for the fumlaiiasdal frc*c|uc*ncy. ('alculate the (mrnmt. 

Ans. 22.07 amp. 

Prob. 2. An aUarnating voltage is n^presented by the expression 
170 sin 250 ( I 02 sin { 1250 i f 2.3h It is applied to an impedance coil 
having lui indnctafice 45 miHilumrys and a resistance of 7 ohms. Show 
that the current in ampen*H is capial to 12,82 sin (250 ^ — 1.015) + 
LOOsin (12501 + 0.H53). 

24- The Extra or Transient Current in Opening and Clos- 
ing a Circuit. Since an tdcctric current posscBSCB inertia in 
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the form of inductance, no eurnMd can 1 h» eHtahlislnMi or iiroken 
instantly, unlesH the a]>{)lie(l eh^etroinolivi' torec* ho infinitely 
large. Thus, when a large (‘lc‘etroiuagin*t is eoninniod ftj u scniree 
of continuous voltage^ the eurrimt iui’reases during an a-pprec'iahle 
interval before it reachea its final value. Again, whtui tin* (‘ireuit 
is broken, the current eontimuss in thc‘ form of an art* tlirough 
the air for an appr(‘(nable tinna In a innjc»rity of ease's these 
transient phenomena at thev opening and elosing of a eirtmil an‘ of 
no practical importance, yet tlau’c* are einauusfaat^es umler which 
they must be taken into considt'rafion; for insfanetn in switching 
on and off large amounts of energy, in higlofriHpiemev (iscullations, 
in highly inductive circuits, efe. We shall ennsidt*r !a*re two 
simple cases of such extra curnads; nann*l>\ wheti a circuit pos- 
sessing resistance and inductance is connected to a sotircc of 
(a'^ continuous voltag(‘ and (b) sinust^idal alternating vtdtage. 

(a) Direct Voltage, When v in (hj. fK.'i) is I'onslant, oih‘ value 
of i which satisfi(vs this captation is i r r, iN’causi* in litis (aise 
di (It ^ 0, Howc^ver, this is not tin* nntst general sohiticai, 
because it is possible to sc^had- an <‘XfHmential t*xpressitm in addi- 
ticn to the constant t, which will satisfy tin* taptufion. Put 

+ (H)l) 

where € is the base of natural logarithms, autl (* and r nia* certain 
constants. Substituting this value* of i intt> eep (8:11, wt* gel 

Cr€-f/r ... ^ I), 


Besides, i =» 0 when ^ « 0, so that exprcHHUtn |HH) becomes 
0 ^ e/r + C, from which 

C w —e/r, 

and Jonsequently 

i ^ ..... (102) 

In other words, when a direct-current eireuii is cdomal, tin* c*urrent 
increases at first ra-pidly, then more and more slowly; and theo- 
retically it reaches its final value of e/r only after an infinite time, 
n reality, the current becomes practic*ally couHtiint after a frac- 
tion of a second, unless the inductances is excc*c*dingly large*. The 
factor r = L/r is called tho time mmkmi of the e*irc*uit: it dete*r- 

mines the rate of the initial rise in current, and has the* dimi*nsion 

of time. 
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(b) .^inuwidal Vollage, If ih(^ voltage follows the law 6 = 
Ern Hin2 7r//, oiio solutiou of (HI (83), as W(i have seen before, is 
i =(/C/z) sin (2 wfl - <j>), \v\nm^ eo.s0 = r/z. But this is not the 
most g(uun-al solution, b(s‘ause it is possible to add to it an expo- 
nential i,{n’iu ol lh(‘ form Ct and to select the time constant r 
in sm*h a way that, this t<‘rm will cam*, el in (ap (83). Since the 
sin(‘ tt'rni oi t h(‘ curnait, aloiu^ satisfices the, equation, we will find 
as ludon^ r L r. constant (' is d(h,ennined by the condi- 

tion that, i 0 when t 0, or 


from wlii(‘h 


0 {E„^/z) sin <j> + Cj 


ilim/z) sin<3^> == EnxX/z^. 


Therc'fort' tin' cmrnnit 


/ {Fnn z) sin (2 7r// •-» <^) + {K„,x/z^)er^r/r.^ _ ^ ^^03) 

Und(‘r ordinary (‘(mditions tlu^ exponential term becomes negli- 
gil)ly small within a fraction of a sc'cond, so that it is legitimate 
to coiisid<‘r the (‘urrent to bt‘ a pur(‘ siiu'-wave, as we have done 
h('retofort\ Ilowi^vca’, th<‘ extni eurnmt may l)e of importance in 
transiemt plnmonnam, f<n* instance', at tla^ moment of closing a 
cinmit. 

The' solutions Od'2) and (103) of cmj. (83) an^ found above by 
trials, bi'catisi* it is assumetl that Iht' readcT is not familiar with 
th(‘ gcnu'ral nietluKl ft»r the solution of linear dilTerential equations; 
utherwis(% the solution could have* lunm written dinudly, Ecpia- 
tion (83) Is of tlu‘ ftirm 

dy ilx + Py --(I (104) 

wlierc' P and Q are ftmcUtms c>f .r or constants. By refevrring to 
any book (Ui dilTerential (‘quutions, th(' rcnuler will find that the 
gmuTal HOflutiim of this <s|uation is 

!l t 'I j\'Q(lx + (jj, .... (lOf)) 

when^ 

V jp(l.r (lOO) 


Prob. 1. The current in a coil due iti a constant (Mu.f. reaches 99 per 
ei»nt of its final valnt* within tmv hundredth of a second after the circuit 
is cIosihI. »8how that the time' constant oi tlie coil is ec|ual to 2.17 milli- 

sec.ouds. 
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Prob. 2. Show that the time couHtaiii may he (Ic^fuiefl an th(‘ iutcTval 
of time during which the current rt‘a(‘hi‘s (t - 1) € * OJni'i of itn final 
value. 

Prob. 3. Select the constaniH of an alternating-c'urnmi eireuii ho an 
to have a power-factor of alxnit 80 p(T ami plot curves of (a) the 

voltage, (b) the sinusoidal coinpommi of tlu' ctirnuit, (<•) the expommiial 
component of the current, and (d) the total c.urrtad, for th(‘ first fc‘w 
cycles after the circuit is (dosed. 

Prob. 4. Extend the tlmory given above* to the* ease* wlu*re* the cir- 
cuit is closed at an instant when the alternating voltage* is not e*{pial to 
zero. 

Prob. 6. Check the solutions (102) and (lOd), using formula (105). 

Prob. 6. When an impedaneu*, ce)nsisting td r ntul /#, is HU(hh‘nly sherl- 
circuited, so that e beaumu's instantly (Mpial te^ iee*ro, sliow that the* litie* 
current gradually disappe*arH aceumling to t he* <‘XptaH*nt ial law / t\,t * 
where to is the magnitude of the current at the in.*^tant of sliort^circuit. 
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25. Concept of Susceptance. concept of nuictance, as 
introduced in Art. 21, indicutcH the degr('(i of difficulty in forcing 
an alternating <-urr(‘nt Ihrough a coil, against the reaction of an 
alternating magnetic held. In this respect, reactance is analo- 
gous to resistance. We have seen, however, in (diia]>ter I, that it 
is inoH' convmuent to use conductanct's, wIk'U resistors are con- 
n(‘<‘te<l in paralhd. Similarly, when reactive coils or reactors are 
connected in parallel, it is more <-ouvenii>nt in calculations to use 
the reciprocals of their nnictances. 'i'h(> reciprocal of reactams^ is 
calhsl HUHcrpltiiicr, and is usually denot(‘d hy the symbol b. Thus, 
by (h'finition, th(“ sus<M‘ptan<‘e 

h ■ l x - 1/(2 t//.) (107) 

By analogy with <-onductance, on<' may say that the susceptance 
measures the degree of iiixr in forcing an alt('rnating current 
through a <'oil, against the reaction of a pulsating magmdic field 
Situ-e reactance is measured in ohms, su.s<'e|)tancc is measured in 
mhos. K(juati<tn (S7) beconu's 

I bK (108) 

it being imderstcHHl ns beftire that the current lags by 90 degrees 
bchiml the voltage. 'I'lie stmlcnt is reminded that the concei)t 
of susc<'ptiuice, like that of reactance, implies pure inertia rc'action, 
without any ohmic resistance; this limitation is very important 
fttr a clear nmierstaiiding of the rest of the chapter. 

When several inductive coils arc conn«'ct(‘d in parallel, their 
Husccptani’cs an* simply adiled together, or 

K, ■ In f 5a+etc (109) 

Th(‘ pmof is similar to that for the juldition of conductances (see 
Art. B). Thus, a snsceiitance of B mhos in parallel with one of 
2 mhos gives a total susiH*ptance of 5 mhoa. 
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Prob. Two reactive coils of 10 aiul 20 luilliluairys r(\H|H*rtively are 
connected, first in scries ami tluai in pnrallei, ucruss n IM^-volt 

line. The ohmic resistance of the coils is Wlunt is t hr cnuTcnt 

in each case? Ans. 2H.NAninp.; HI7,0rMiinp. 

26. Concept of Admittance. Let now a |Hirt‘ iiuiuc*tuue<‘ he 
connected in parallel with a pun' ohinie n'sistHiier, aeruss a Hourec' 
of alternating voltage K (Fig. 24), au<l ltd it 1 m‘ required to find 



Fig. 24. A su.-Ks'pUmeo in parallt*! 
with a conductance. 


t 






Far 2f». Hir vtdfnj^t* and current 
relafiuns in the eirruit slnavn 
in 1*% 21. 


the total current through the eoiuhiuatijuu dlu' iinluetatiet' eau 
be expressed as a suscepinnets ami tht' rc'Histauet' as a <niruitudune<\ 
The current through the suHet'ptanet*, atHnu*tliug to etp fUlH), is 
hE, in quadrature with the voltagt' (Fig. 2A); tlie eurrent tltnmgh 
the conduetaiice, according to tup {21, is f/A’, iti pliase with tlu‘ 
voltage. The total currtmt 

/ = V(a;{/)2 -I (/.;/, )2 E V \ h\ . . . (1 10) 

and the phase angle is dettTiuined from the rclfition 

Eh Eil fi y (HI) 

or 

» gWf f h" (112) 

In the case of a aerieH (’onuection, we have found it eimvtuiient 
to introduce the impedance z tw a symbol for v r’’ 1 .r’. 
larly, in a parallel connection it Is convenient to iiitroduee the 
abbreviation 

y » \/(/a 4- (H;i) 

The quantity y is called the (ulniitUiticc of a <‘iretul , and is nieiisured 

in mhos, the same as b and g. Kcpiation (1 10) IsM'oiiies 

I " yE, (iM) 


and eq. (112), 


COS<j!i - g/y. . 


(nf>) 



CiiAi*. vil] SllSCIOri’ANCUO AND ADMITTANCE 


77 


T1h‘ t.hr(‘(‘ (iuiuit.it u's 6iui(l // form ii triiingh; (Fig. 23), in which 
y i.s t.hc hypot.lK'uuso, luul t.h(‘ luigic luyuc.cnt to y iw the phase 
angh' 4>‘ l'’roin t his trianghv w(' ohtuiu two us((ful relations, 


and 


(/ - // cos <j> 
h - !i sin <j>. 


(116) 


Wlx'U then^ are si'veral susci'ptanees and conduetaiuK^s in parallel 
(Fig. 26), tlie reactive and the eiuTgy comixinents of the current 


O 


<*> 


.1 

,1 .1 f 

t ‘ * ' * i 

1 r 

i/.;: 1>, 

:: 

^ . ‘C 1 H 



Ft<{. 20. aiid roiuiticlanoc'H in pandlid. 


must lie addeil .separately ( Idg. 27). Therefonv tlu' ampews p<ir 
volt in phase or tlu' conduct anees, and tlu' ampen's p((r volt in 



Fki. 27. Hm* vtiltjigi’ itii 1 rnlniiniw in tlu* circuit nhown in Fig. 26. 


(juiwirntiirn tht* .MtiNnnptjUH’C'M, munt also ho adtkal soparaUdy, ho 
that tilt* t*t|uivnl<*nt lolniitlmtot* 

// V i|/t i i/y t f (/n + //s + oto.)% . (llTa) 

and 

taiM^ - ihi 'h l-otr.) h/i + + oto.). . . * (ll 7 h) 

Tht^ Httidonf slitmltl t’oiii|mro Fig. 27 with Fig. 23 in ordt*r to mo 
thtt Hiiiiiliirity of pronmiurn and tho thiTt^rtaiica in the. physical 
phtaioininia in tin* two raHes, With a Ht*nc\s connectioip it is the 
curnait tliat is t‘<iiiunon to all the parts of the circuit, while the 
partial voltagos iirr addrd geoiiietrieally. In a {larallel eotuhina- 
tion, the voltage is eoiniiion to all the branches, while* tfie com- 
{Kjnent cnirnaits are cofubiniH! in their proper phase relations. 
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The following table gives the (luantities dc^fmed in this and the 
preceding chapter, in their proper ndations. 


Friction 

Effect 

Inertia 

Effect 

C’-onnwiion 

Urwult ] 

t 'nit 

Resistance r 

Reiiotanoe j" 

Scriw 

ItnjMMlnm'c «• : 

Ohm 

Conductance o 

Suseeptanee h 

Parallel | 

1 Ailauttaacr* Iff i 

Mho 


Prob. 1. What suseeptanee inunt h(‘ eonneottni in piiridhd with a 
resistance of 0.2 ohm, in order to bring i\w ])o\vtT-f}U'ttn' of tlie eombina- 
tion down to 80 per cent? Also, what is llu‘ vahu' of the remiltant ad- 
mittance? Alls. :l.7r> ndios; 0.25 iuIioh. 

Prob. 2. Two electrical devices nn^ nmneeted in parnlhd to a line of 
voltage E, One device consumes a curnait It at a ptnver-faetor eos 
the total line current is /, lagging behind the vultngt^ by an angle 0. 
Show how to determine graphically tlu^ HUH(a‘ptaiic*e ami the cmnduetance 
of both devices. 

27 . Equivalent Series and Parallel Combinations. Ltd a 
resistance r, be connected in series with a rtuudantM^ also ltd, 
another resistance Vp be eomuad.ed in parallel with a nuudunta* 

If the values of the rosistanees and naitdanetis art* st) .st‘lmdt*ti that 
the series combination, when conne(dt*tl tti the .saint* .snurtM* tif 
supply, will let through the same (*urrt*nt at the saint* powt*r- 
factor as the parallel combinatitm, thtm tin* two eoinbinatitmH are 
called equivalenL It is s(ant*timt*H t*(mvt*nit‘nt to rt*|daet* a givt‘n 
series combination by an e(|uivalent pandit*! t*ombinati<»n, anti 
vice versa. For instance, when some parts of a tdreui! art* in 
parallel and others in st'ries, it is etmvi‘ni(*nt ftir niiiut*rit‘id cal- 
culations to replace them all by an t*t|uivalt*nt paralltd t»r Ht*rit*H 
combination. 

The problem is to find the r(*lation b(*twt*i*n tht* four 
ties n, fp, Xg and Xp, if these (piantities form iwti tHpiivalt*nt com- 
binations. According to the abovt*-given tlefinitituu the anglt* ^ 
is the same for both, and besidcH, according to etis. (fh’l) ami (1 14), 

!/*1A, ....... (IIH) 

where y refers to the parallel combination imtl z ttj tht* t*(|uiva- 
lent series combination. Combining now ec|H. (URL (ih5) and (96), 
we have 

1/r^ = ^ = yooH<^ » (l/«) (r„ z'^; 

1/xp ^ b ^ ^ (1/z) (.r. 'z) x. 2 ^; 
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or 

r;r„ = ^ 1/^2; ( 119 ) 

- \/y^ ( 120 ) 


By moann of oqB. (119) au<I (120) a Hcries combmation can be 
n^placcul by an (Hiuivaknit parall(a combination, and vice versa. 
IiLstcuul of Tp and Xp, thc'ir nnuprocals, g and 6, maybe used. In 
practice, g and b art‘ usually spokcm of as the conductance and the 
HUHCcq)tancc^ of (‘itlu*r ilu^ wtic's or tlie parallel combination; but 
it nuLst be (9(‘arly un(l(‘rstood that tlu^y are the reciprocals of Vp 
and x,„ and not of t\ and x,. If r, and x, are given, it is first 
u(‘c(‘ssary t(^ (h^bxmine and x,, from eqs. (119) and (120), and 
them to take theur re‘(‘ipro<»alH. In other words, for a series circuit 
tlie (H|uivah‘nt conductance and susemptance are 


i) ( 121 ) 

and h xj^ (122) 

On tlu^ othex hand, if g and b ar<^ given, 

r. - g 'lf^] (123) 

X. b f (124) 


Th<‘ HHUprocals of r, and x, ar<‘ of no practical importance, and 
art' m»t ustsl in this \vt»rk, 

Prob. h An iiupt^tlaiict* coil has a reactance of 7,5 ohms; the rcsist- 
aiH't' c»f ilw winding is 2 cdmm. What are tht‘ suHct'ptanct^ and the eon- 
tiuctancc of iht' t'cpn valent parnlhd coinhinaiion? 

Ann. 124.3 and 33.2 inillimhoa. 

Frob. 2, C'hcck the anmver to iht' ftjrcgoing prt^dt'ui by actually cal- 
culating ihc» ctjrrcni and the powtx-fnetor of the st'rics and the parallel 
conibinatioiw at soinc iiMmuncti voltage. 

Prob. 3, Slunv that r,, and x,, are always largtx than and x„ re- 
spectively, Hint: In eejs. Cl IP) ami (120) replace by r/ + x,^ and 
solve fijr rp and x,,. 

Prob. 4. An apparatUH takes 25 amp. and 2000 watts at 110 volts, 
the current being a lagging out*. What an' the efiuivalc*nt conductance 
and mwci'ptiint'c of tin* devi(*e? What art* the resistance and reactance 
in series fH|Uivalf*iit to this apparaitis? 

Alls. 0, 105ntho: 0.150 inht); 3.2 tOuns; 3.04 ohms. 

Prob. ft. In adjusting a nn^asuring instrument, a non-inductive re- 
sktanct* of 120 tihitis was used in parallel with a t!hokc (soil. The imped- 
ance tjf the coil was 75 tdiius, its rc'sktance HI ohms. In the regular 
mimufiicturtt of the instrument it is dc^sinnl to use a resistance! and a re- 
aetance in series. Determine their values, either graphically or analytv 
tolly. Ans. r, liSA) ohms; x, » 44.3 ohms. 
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28. Impedances in Parallel and Admittances in Series. In 
the preceding chapter we have leanunl huw td add iuipedaiua^H 
in series, and in this chaph^r how to add admit tunees in paralk‘1. 
Let now two or more iin{)(uhine(‘s lu^ conneetiHl in parallel, and lc‘t 
it be required to find the ecpiivahmi iinpedane<‘. Tins is donc^ 
by replacing (^ach of the given impedanees liy an etpavnli^nt 
parallel combination, and tlum adding their admit tamu^s in par- 
allel, according to the rule d<W(‘lop(‘d alnna^. ( \mvi*rsv\\\ l<q si»v- 
eral admittances bo conneettMl in s(‘nes, and ltd it he napun'd t{» 
find the equivalent adinittiuuu^ Tt> solvt' this prohltnn, eat‘h 
parallel combination is r('plac(*.d by an et|uivaltmt staaes (‘tnnhina- 
tion, and then the impedaneeH an' atlded in Ht*ries. Tlu' stutknit 
understands, of course, that the additittn in httlh eases is gt*o« 
metric, and that only like eomptmenis can 1 h' adtltsl algtdjraically. 
Problems of this kind occur, for instnncts in tlu' tlitsuw of trans- 
mission lines, transformers, and hulutdion motors; hn* this reason 
it is important that the student imdcrstaud tlu* ecpavalent t*om» 
binations, and that he acaiuin* facility in (‘hanging from a s(*ri(‘s 
to a parallel coml)ination, and vitu' versa, as is exp!aim*d in tla* 
preceding article'.. 

Prob. 1. The load of a single-plauits htMHgvolt g«*n(*rator is estimated 
to consist of 1200 kw. of lamps, practh'ully ium-in(lne!iv(*, and of S{H) k\v, 
of motors, working at an av(‘.rage po\v<*r-faet<ir (d 7a per etmt. \\‘hnt 
will be the expected generator output, in amperes, and the puwerdm'tor? 
Solution: The energy component of the motor enrrc’Ut is siH) ti.O 121,2 
amp.; the reactiv(i component is 121.2 tan 0 l(M>.s amin The lain}) 
current is 1200/6.0 » IHl.Hamp. The total tmergy eomponent of the 
generator current is 121.2 + 18I.H ^ :|{)3mup. t oiwet|ueiitly, the total 
generator current is (30.f + « 321.3 amp.; tlu* powerdaetor 

is 303/321.3 - 94.3 pt^r cent, 

Prob. 2, Check the solution of tlm prec’ed’mg problem graphically. 

Prob. 3. Three n^siHiancc'-H of 2, 5 and 10 ohms, and two reac’tnnees of 
4 and 2.5 ohms, arc all comKH’ted in parallel aeross a 250»volt nlterimting- 
current line. What an^ the total current and the |Kiw(*r-faetor of tlu* com- 
bination? Ann. 25Kamp.; 77.5 per cent. 

Prob. 4. Three impedan(*.e coila, having uhtntv n*siHiimei*s of 2, 3 and 
4 ohms respectively, and inductancc^a of 13, 10 and 22 iniilihenrys, art* 
connected in parallel across a source of 22(Pv(jlt, 6tPeyt*lt‘ altt*rniding 
voltage. Calculate the total current ami the powt‘rdfu*tor. (1u*(‘k tlu* 
solution graphically. Ann. I lO amp.; eos # tl4P5. 

Prob. 6. Solve the preceding problem for a frtsiuency of 25 eyelt's |H*r 
second. Construct the vector diagrams of the eurr(*ntH hi Imth problems 
to the same scale, so as to see the influence of tlia fretiueney. 
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Prob. 6. In prohlt^in 4, 1(4- t.lu^ total c.urront he given in magnitude, 
but not in it-s |)has(‘ pomt.ion; ansume the induetance oi the third coil to 
be unknown. Show bow t,o det<Tmine analytically and graphically the 
vector of th(‘ cnirrent. in t.lu^ third coil, and the poaition of the vector of 
the total euriHUit. 

Prob. 7. Tb(‘ adinittaiUH^ of a winding Is 0.2 mho; the current through 
tlu^ winding lags by 34 <l(‘gr(‘(‘s with rc^sptnd. to the voltage at its terminals. 
Deiermiiu' tlu* re.si.stanc(‘ and tlu‘ reacd.anee of the winding. 

Aus. 4.145 ohms; 2.796 ohms. 

Prob, 8. A coil having a ri'Hi.st.anc.(^ of 2.3 ohms and a reactance of 
5 ohniH is cotnu‘cttsl in parall(4 with another coil, for which r = 3 ohms 
and X 4 ohms. ( 'altnilate tlu! rtssistaiua; and the rcac.tance of the 
e(iuivalei)it H<‘ri(*H circniit, Ans, 1.36 ohms; 2.255 ohms. 

Prob. 9. Tlu‘ coils giv(*n in th(‘. prectsling prohhsn are connected in 
paralh'l a<’ros.s 55 volts. C'alculatc* tlu' tohtl current, its energy and reac- 
tive comptaumlH, and tht^ power-factor of the combination. 

Atm. 20.S5ainp.; 10.78 amp.; 17.88 amp,; cos <^ = 0.5165. 
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29. Addition and Subtraction of Projections of Vectors. 

With the explanation given in the preceding four chapti^rH, the .stu- 
dent is enabled to handle, by means of vts'tor diagrams, probhmu 
involving resistances and reactance's in alt(*rnating-(‘urr('nt cir- 
cuits. A number of problems in transmissiuu-lim' t‘alcuIations 
and in the theory of alternating-curn'ut machiiu'ry may be. solvt'd 
by the use of such vector diagrams. Tlu' disadvantagi's of tlu' 
graphical method are: (1) Results an' usually ohtain<‘d whi<‘h 
hold for one specific case only; an analysis of tlu' (dlVet of various 
factors is often difficult. (2) Some vectors may Ih» many tiuu's 
smaller than others; for instance, tlu' voltagi' tlrt)p in a transmis- 
sion line, as compared to the line voHag(* itself. Tlu'refori', tlu' 
diagram must be drawn to a vt'iy lurg(' or the n'sults 

are not sufficiently accurate. In addition to thes<‘ drawbac'ks, 
some engineers object to graphical nu'tluMls in giuuTal, as involv- 
ing the use of drawing instruments, whi(*h may lud (‘onvtmitmi. 
On the other hand, vector diagrams arc' (juit(' (smveniiuit in 
some practical cases; moreover, tluy an* ludpful for tlu* uudc'r- 
standing of general relations in a circniit, witlamt to 

particular numerical values. Again, in sonu' proldcnns, tlu' un- 
known vectors <*an be calcu- 
lat(‘d from the veeb^r diagram 
trigcniometrically, without the 
nec(‘HHity of actually drawing 
it to scale. 

It is poHsilde to treat 
vectors analyti<*ally, using 
^ their projcM'tions on two axt^s, 
Fig. 28 . A vector and its projections. analytic* gi'onudry (Fig. 

28). A veeb^r, suc’h as FJ, 
can be defined either by its magnitude and phase' angh' or 
by its projections e and e' upon the axes of cx>f>rdinate8. 

82 
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If E and 0 arc giv(in, the projections arc calculated from the 
expressions 

e = E cos 6; 
e' = E sin 0. 

If tlui proj('e,tionH arci giviui, the v(H!tor itself is determined in 
magnitude and position from tlu; ('(luations 

/4> = + (126) 

tail 0 - v//e (127) 

In nuinoric^al (‘.oinput^ations it is num^ (‘.ouvenient first to calculate 
tan ^ from (127) and tlu^n to d(‘t(Tmine E from one of the 
eqs. (125), using trigononu'tric tablets. ThivS does away with the 
necessity for sejuaring the projections and extracting a square 
root. 

Tlu' fa<d. that e and e/ an^ comi>onents of the vector E along 
two perp(mdi(*ular ax(‘s is (‘.xpn^ssed i^ymhoUcally thus: 

i^ = e+j(/ (128) 

II(^r(‘. jf is a symbol whi(‘.h indi(^at(^s that the projection e/ refers 

to tli<^ viTtical axis. This symbol must not have any real value; 
for the tinn^ Ixsng, it may lx* (‘onsidered mendy as an abbrevia- 
tion of tlu* words along ttu^ vertical axis.^^ Tlu^ sign plus in 

(H\. (12H) d(‘not(‘s th(' gixmu'tric addition. The dot under E sig- 
nifu's that by E is nn^ant not only the magnitude of the vector, 
but its dinx’tion as widl, the latter Ixnng defined by the projec- 
tions. WIhui tin* magnitud(^ only is meant, the dot is omitted. 

TIh^ fori'going notation has been introduced l)y Dr. ('harles 
P. St(‘innud.J5, and is now universally usixl in this country. Much 
cnxlit is also dm* to Dr. SUnnmeU for developing the analytic 
nu‘thod, UH(*d l)elow, of (lending with alternating currents and 
voltages by means of thc*ir proj<'ctions. 

The addition and subtraction of vectors are reduc(*d simply to 
the addition and subtraction of projiud-ions. According to Fig. 12, 
tlu^ Iirojection of a V(*(*tor on any axis is equal to the sum of the 
corresponding projend-ions of its component vectors on the same 
axis. Thus, if a (‘urnmt is repn^sented as a vector by its projec- 
tions 50 + j 7i) amp., and another current liy 100 + j 40 amp., 
the vector sum of tlu^se currents is ISO+j lIO amp. Or, the 
resultant of two voltages, Ei = ei + jei and E 2 = et + je 2 % is 

Etq ^ El + E% ^ {$1 + e%) + j {ei + 
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As an illustration, lot us solve probh^in 3, Art. 14, by the method 
of projections. Take the voltage^ vt'otor of ihe first alternator 
in the horizontal direction, this being the^ siniplt'st assumption. 
This vector is therefore (^xi)r(‘ss(‘d as Ah - 2300 f J 0. hor- 

izontal projection of the s(‘eond vendor is 18(10 (‘os 27^' = 1(K)3.8 
volts, and its vertical projen’.tion is 1800 sin 27"^ - 817. 2 volts. 
Both of these projeeRioies eire^ positive*, l)(*e‘ause‘ the* s<‘(*ond ve^etor 
leads the first, and is there'fore* in the*, first ejuadrant. Tims, An » 

1603.8 + j 817.2 volts. The* r(‘sultunt vedtage*, /Cy - A'n =* 

3903.8 +^817.2 volts. For se)nie* purposes, it is suflicie'nt to 
leave the answer in this fe)nn; if, howe*v(*r, the* magnitude* and 
phase position are reHiuire*el, the*y are* found as e*xplaine*d above*: 
tan 6 = 817.2/3903.8 - 0.2092; ^0 ^ 1 r 4<1'; eH)H f) 0.9786; A.^ 
= 3903.8/0.9786 - 3988 volts. 

If the terminals of the se*eu)nd mae’lune* be* re*v<*rst*d, the*n Ahy » 
Ai — A 2 = 696.2 — j 817.2. dlus v(‘(’tor has a pewit ive* horizon- 
tal projection and a negatives ve*rtieal proje*e*tion. ( 'ons<'epH‘ntly, 
it lies in the fourth quaelraut, and lags be*hiiHl the* r(*fe*re*nee‘ ve*(v 
tor by less than 90 d(*gree*s. Proce'e'ding as above*, we* find 0 =* 
-49° 32'; = 1074 volts. 

Prob. 1. Solve prohkmi 1, Art. 14, by the* inethoei of proje*<*tions, 
assuming the v('.(d.or of the first (uirr(*nt to he* horizontal. 

Prob. 2. Check the aolution of prol>leni 4, Art. 14, by the* method d 
projections. 

30. Rotation of Vectors by Ninety Degrees, In prohk*mB 
involving reactance, it is ne(a*Hsary to multiply the* ve‘ete)r <d the^ 
current by the reactance of the* eiremit anel th(*n turn it l^y 90 
degrees, in order to determine the reactive* drejp in voltage*. "tIic^ 
simple multiplication of the vector of e’imr(*nt hy the rmvUmee 
converts it into a vector of voltage^ and thus me*re*Iy ehangew tiu! 
scale. But turning the vector modifier the* re*lative* magtiitudew 
of its projections; it is, therefore, ne(*f*HHary to find a re*lation 
between the magnitudes of the original and tin* nc*w projee’tions. 

In the simplest case let a vector A^ be drawn along tin* n*fe*r- 
ence axis, or axis of abscissa, and k^t its length he* a. In the sym- 
bolic notation it is represented as Aj » a, the oth(*r proje*(*tion 
being zero. After having been turned by 90 degrenw eounte*r-eloc*k- 
wise, the vector is directed along the positive axis of orelinatew, 
and is symbolically represented as Ag » ja, tlie horizontal pro- 
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jectiori Ix'ing zero. Thus, in this particular ease, a rotation by 
90 C(|uivalent to a multiplication by j. 

It is convenient to define j in such a matmer that multiplication 
of any vector by j will turn the vector by 90 degrees in the positive 
direction (<^ount(U'-(!lo(^kwis(0, while dimsion by j will turn the vec- 
tor by 90 degrees in the negative direction ((dockwise). In order to 
find a valium of j which satisfi(\s theses requirements, let the vector 
E 2 he tunuMl again by 90 d(^gr(‘(^s (iourtU^r-clockwise, being now 
dir<‘et(‘d alotig th(^ m^gativc^ -V-axis. Its expression is now = 
—a. On tlie otlu^r hand, th(‘ same expression must be obtained 
by multiplying hi* by j, ThcTefon^, w(^ have —a = j‘% or f = 
— 1; comiHiumily, J =\/— 1. If the original vector is to be 
turncHl by i)() di'gnnss <‘lo(9<wise, W(‘ must, actcordiiig to our assump- 
tion, divide^ it hy j\ Vie them hav(^ Ah (i/j, or, multiplying the 
numerator and tlu^ (Umominator by J, /ph = ja/f. If f = — 1, as 
it appe^ars to be aboves tlum hfi — — Ja. This checks with the 
preceding r(‘HuIt, bec^ausc^ /ph ^^—/ph. It will thus be seen that 
the value of / = I Hatisfass tlu^ reciuinanents set abov(^, when 
the original V(‘etor is dircH‘t(‘d along onc^ of the axes of coordinates. 

Lc‘t now thc‘ original v(M‘tor Ah (Fig. 29) havt^ an arbitrary 
dircK'tion in the first (juadrant, or Ah — a + jb. Multiplying Ei 
l)y j we must gc*t tlu^ V(‘(»t(^r A'a, of the 
sanu^ magnitud(\ but in thc^ second 
(piadrant and pcTpcmdicnilar to A\, 

/ph has a vc‘rtic‘al proj(*<*tion ecjual to 
th(‘ liorizontal projection a of the 
original vcH’tor /ph; thc^ hon5^.ontHl pro- 
jcH’tion of Ah is m^gative, and is ecpial 
in its absolub^ valu(‘ to tin* vertical 
proj(*etiou b (d tlu* vendor Ah. Thus, 
tlu^ n(*w vector is expn*Hsed as 
Ag -f ja. On the other hand, 

multiplying Ah by j we have jAh + fb = ja — b, wliich is 
the same* iw above*. Thc*refor(*, in this case also tlu* assump- 
tion f * - 1 is eorre*ct, and leads to rotation by 90 degrees. 
It is lc*ft tc^ the Htmhmt verUy the <uisc*h in whi(di the vector lies 
in somc^ otluT (piadrant, and wfien* Ah is divided by j, for rotation 
by 90 d(*gnn‘s in tlie n(*gative direction. 

B)xprc*HHions of the form a + jb, where a and b are real quan- 
tities and j * x/--! , are called in algebra complex quantities. 



Fkl 20. The relation betwer^n 
theprojcKtlions of two vectors, 
pcTpendicular to (^acth other. 
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The student need not be diseouruRc^d by ilu^ nanu% becaunc^ for 
our purposes j is Ksimply a (luantity winch sc^parattss tln^ two pro- 
jections of a vector, obeys the law of nudiiplicatiou and division, 
and is of such a nature that / Morc'oviT, solutions by 

means of complex (piantitiivs ar(‘ <pute as siinpU^ as by otlier 
methods. 

Prob. 1. A current of SO + j 43 amp. flows ihrougli a n^Histance of 
2 ohms in series with a reactance of 3 ohms. Fiml t ht‘ voitnR<‘ <irop acrosa 
the impedance. Solution: Th<‘ vector (»f tiu‘ voltaRt* consists of two 
components, repreaentiiiK the ohmic and tlu‘ r(‘a<‘tivc drop r(‘sp(*(*iively. 
The ohmic drop, Ah, is ccpial to 2 (SO 1/13) - 100 ( j Sti volts. To 
find the inductive drop, E% the vector t-lu^ (mrrtmt nuist he multiplied 
by X = 3, and then turned by 90 degnuss, in otli(*r words, inultiplicnl by j. 
Thus, ^2 = 3i(80-hi43) -~129 f i21() volts. The total volikge 
E - El + E .2 - 31 + j 320 volts. 

Prob. 2. {Solve the preecsling prohh'in vvhtm the vt^ltuRt* is givtm and 
the current is unknown. First Solution: b(‘t the unknown enmmi he. 
represented by its projections as i i ji\ Wh* havi\ as in tlu‘ pnaHaling 
problem, 

2 (^i + ji^) + lij {i -j- ji*) III J . , . (129) 

or, colleeting the terms containing j\ 

(2 i — 3 i') + j (2 /*' + 3 /) !i I \ j 320. . . . (130) 

This equation can he siitisfied only if the terms with and witht)ut J 
are equal to each other respectively, hetnmse a real (puudity eannot hv 
equal to an imaginary one. Or, from a geomedrie point (»f view, tin* hTt- 
hand side and the right-hand side of e<p { 130) (♦acfi n'prestmt a vt'eior by 
its projections. But two vectors are itlt^ntieal only wlnm their etuTc'- 
sponding projections are ecpial. Thus, w(^ hav(^ 

2r + 3f 320. 

Solving these cciuations for i ami we find i HO, T 43, as in the* pn*»- 
ceding problem. Second Foltd Ion: E(|uation (129) can la* vvritten In the* 
form (2 + 3i) {i + ji') « 31 + j320; or, /+ JF-Oll f j:i20) {2 4 3/. 
Considering here j as an ordinary alge'braie (juantity, w<* <*nu g(*t rid of 
it in the denominator by multiplying both the nunu'rnitu* ami the* eleununi- 
nator by 2 — 3 j. The rt‘sult is 

0 4. +i320) (2 - 3/ ^ 1040 ^ .55!! 

- (3j)* 13 ^ 13 

or i + ji' = 30 -p j 43^ before. 

Prob. 3. A voltage of 2> +J 120 volts applied to the* teTininals of a 
coil produces in it a current eepial to 4 + J 1.5 amp. Detca'inim* the* 
resistance and the reactance of the coil. 

Ans. r » 16 ohms; x ^ 24 oluns. 
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Prob. Verify th(^ aUHWCT to problem 4, Art. 28, by the method of 
projcHitioiis, aHHumiiig tlu; v<!etor of the voltage to be horizontal. 


31. Impedance and Admittance Expressed as Complex Quan- 
tities or Operators. Lest it be required to find the voltage neces- 
sary to inaiiituin a curnmt i ■+• ji' through a resistance r and react- 
ance X in s(Ti(^s. Tlui voltage drop in the resistance is r {i 
that in the; rcnietane.ti is jx {% + ji'). Hence, the total voltage is 
E = r (i -I- ji') + jx (j + ji'), or 

E = c+jc' = (r+jx) {i +ji'). . . . (131) 

It is l<'git.iniat(^ to factor out th(> (ixprcssion (i + ji'), and to treat 
j as any otlmr alg(d>raie (juantity, because j is now assigned a 
d(!finiti<i valu<^, \/— 1. Moniover, eq. (131) represeirts simply the 
g(‘om<dri<i a(l<lition of four component vectors, two of them 
direct«Hl along tlui A'-axis and the otlu^r two along the F-axis. 
As long as this interpretation is kept in mind, the terms may bo 
arranged in any <lesir('d onh'r. 

E(luation (131) shows that, in order to obtain the expression 
of tlu^ voltag<‘ drop through an impedance, the current must be 
multipli('d by tlni complex (luantity r+jx. The expression 
r + jx is not a vector, Ix'cause it does not stand for a siiui-wave, 
but an opmdor upon tiu' vector of the current. The operation 
consists, first, in mult iplying the V(ictor of tlas current by r, then 
in multiplying th(> same' vector by x and turning it by 90 degrees 
in th<‘ positives direction, and finally, in adding the two vectors 
g(>ometri(5ally. All tlu-scs op(>ration8 are imsiuded in the expression 
r + jx, which is (salletl t.h(> wtimlancc ojurator. 

In onh'r to get th(' jirojections c and c' of E from eq. (131), 
tins terms on the right-hand side must b(s actually multii)lied and 
the rc'sults repres('ntt*d in tins form of a complex quantity. We 
g(‘t tlusn, separating tin' real and tins imaginary jjarts, 

E = (' -f jf' -- (ri - xi') + j (ri' -f xi). 


Th(' H'al ainl t in' imaginary parts on s'ach side of this equation are 
('(pial to <‘ach otlu'r r('.sp«'ctively, because tlu'y repn'.sent the pro- 
jhsetions of tins sanns vt'ctor E upon tlu' two ax('8. Consequently 


<• = ri - xi'; 
(:' = ri' ■+■ xi. 


(132) 


In probh'ins thi'se stx'ps ar<s besst left until the numerical values 
have IxHsn substituti'd, in order to avoid complicated expressions. 
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If the voltage and the iiui)edanc(' an* givc'ii, and it in n'quired 
to find the current, we got from ('(i. (UU ) th(> relation 
i+ji' = O' 4-y)/(r + ;>). 

In order to reduce the right-hand sid(! of thin ('(luation to the 
form of a complex quantity, w(> multiply tlu' numerator and de- 
nominator by the expression r — jx. 'riiis gives 


i -I- ji' 


_(c +jc') {r — jx) _ re + xr' . re' - xr 
r“ - (i-r)“ r" + .r= ' ^ r'-* + ‘ 


(Id3) 


(i:i4) 


Equating the real and the imaginary parts r(‘.spc‘ciiv(‘jy, w<‘. 
obtain 

i = {re + xe^) 

'i' = (re' — O'r) 

Equation (131) expresses th(^ fact that tlu^ voltag<‘ is caiual 
to the product of the eurnmt by impiHlaMc‘(\ if tlu‘ opcTator 
(r + jx) be considered as the imptM lance of t!n^ circuit in th(^ com- 
plex notation. Denote tlu‘. imp(Hlan(*(‘ Ijy tlum 

^ = f jx (1 35) 


Here capital Z is used to indicate that it is a com|)h'x (puintity, 
as distinguished from the numerical value* z of t lu* same* impc‘d- 
ance. The letter is not provided witli a dot» because* Z is not a 
vector, but an operator. 

In the abbreviated notation, e*(p (131) bee’omt's 

E^IZ. . (13B) 

In this expression each letter stands for a (‘omple*x ejuantity, so 
that when actual numerical or aigt'braie re*Iat ieynH an* ne*<*e*sHary, 
the expression must again be (*xpandeHl into (13 1 ) and the* multi- 
plication of the two comple^x epiantities ac*tually peirformtal. 

Instead of dividing tlu^ voltages by thct opt^raie^r (r + Jx) and 
then eliminating j from the denomiiiator, it is more* (*emveun(*nt 
to introduce another operator by whiedi the^ voltages must be* multi- 
plied in order to obtain the curremt. It will l>e r(*mcun!K*re*d from 
Art. 26, that a voltage must be multiplied by an inlmittanca* in 
order to get the current. Consequently the ope*rator in (|ue*Htion 
must be expected to have the (*lementH and the diinensions of an 
admittance. Replacing the given series eomlnnation by an (a|uiv- 
alent parallel combination (Art. 27), the unknown current is split 
into a component Eg through a pure conductance, and a com|K>- 
nent -jEb through a pure susceptance^ in paralk*! with the con- 
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ductancio. The latter component is provided with the prefix —j, 
because it lags by 1)0 degrees behind the voltage. Thus, the total 
current 


/=.©((•/ -j6) (137) 

The oxpnission 

Y ==g-jb (138) 


is calkid tlu^ admiilancfi operator. The symbol Y, like the symbol 
Z abov(i, is not provithnl with a dot because it is not a vector. 
Combining tlu'. two prccauling equations gives 


I = YE (139) 

Equations (130) and (139) n^present generalized forms of Ohm’s 
law for alt(^rnating (uirr(‘nts, corresponding to the simple expres- 
sions (1) and (2) for dir<*ct current. Equation (139) is an abbre- 
viated form of the relation 


i -b ji' » (e -f- je') (g — jh) (140) 


Multiplying out and (Hiuating the real and the imaginary parts 
on both aides of this cKiuation, we g<it 


t (^e -b he'; 
i' SB -b ge'. 


(141) 


The relations betwet'u r, j- and z on oiu^ hand, and g, b and y on 
the other, an* deduced in Art. 27; it being understood, of course, 
that in the present treatment the two ciombinations are equivalent. 
Equations (130) and (139) imply that 

YZ I (142) 

or 

(r + jx) (g - jb) » 1. 

Substituting into this last e<iuation the values of g and b from 
eqs. (121) and (122) and performing the multiplication, it will be 
found that the (equation is mlucod to the identity 1 = 1, this 
being a check on eq. (142). 

With tint abl)reviated notation of complex quantities, using the 
83 ntnlK>la A', I, Z and Y, alternating-current problems are solved 
almost as ejisily as direet-tmrrent problems. Either the impedance 
operator or the admittance o{)erator is used, depending upon the 
relative connection of the parts of the circuit, whether parallel 
or serit®. In many caww the abbreviated notation may be pre- 
served until the solution has been obtained, the projections of 
the vectors, e + je' and t + ji', and the expanded forms of the 
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operators, r + jx and g — jb, only then Ixung substituted in a 
numerical form to get the final answer. 

Prob. 1. Find, by means of complex (iiiantiti(‘s, the voltage napured 
in problem 5, Art. 21. Solution: Assunu' tlu* vcH't.or of th(‘ current to 
be the reference vector. At the powerhouse cos 7520/ (bh X 147)== 
0.775; m\<k == 0.632. The generator voltag(‘ is 66 X 0.775 + J i)i\ X 
0.632 = 51.15 +i 41.71 kilovolts. The voltage drop in th(‘ line is 
147(45 + y 83) « 6615 + i 12,200 volts. H(‘ne(^ tin* load voltage* is 
(51.15 - 6.61) +i(41.71 - 12.2) - 44.54 +./ 20.51 kilovolts. The nu- 
merical value of tlie load voltage is (41.54^ + 20.51^)^ 53.43 kilo- 

volts. 

Prob. 2. Determine analytically the resistamu* rt rcapunsl in problem 
2, Art. 22. 

Prob. 3. A voltage equal to ISO +i75 proiluees a eurnmt of 7 + 
j 1.5 amp. What is the impedance of ilu* (4reuit? 

Ans. 26.7S bj4.i)7 ohms. 

Prob. 4. Power is transmitted from a single-phast* alt(*rnator to a 
lv)ad consisting of a resistance of 1.17 ohms in s(*rieH with a r(*actance of 
0.67 ohm. The generator voltage Is 2300, and tin* impetlanec* of the 
transmission line is 0.085 +i 0.013 ohm. I)et(*rmiin* (a) the line eur- 
rent; (b) the voltage drop in the line; (c) the receivt'r voltage*. Take^ 
the generator voltage as the reference ve'ctor. 

Ans. (a) 1413.6 — i 769.6 amp.; (h) 130.1 —J 47 ve)ltH; (c) 2169.9 + 
j 47 volts. Use the aelmittanee ope*raior ley olytain the curn‘nt, and t lu^ 
impedance operator to calenlate the line dreyp. 

Prob. 6. A voltage, e + je\ is impreH,H(Hl aereyss tin* impt*ehun*t*s 
Ti + jXi and Ti+jxt in parallel. Find the tcyial currt*nt. Seylutieyn: 
The total conductance is ^ » ri/zi^ + and the* total Hiwct'ptatiee* is 
h = Xi/zi^ + Xi/Z 2 ^. lienee, the current i +yr « (c + jv*) {g - jh) - 
{eg + c'b) +■ j {e'g - eh). 

Prob. 6. Extend the solution of the prec'cditig pr(ybh*m t(y tin* case 
in which more than two impedances are in paralh*!. 

Ans. i + jT « leMrM + c':t:(x/zni + j Wx(r/z^) - r xUfzni 

Prob. 7. Two impedances, ri-+jxi and n + in parallel, are 
connected in series with a third itnpedanee r + ji. Slnyw luyw to (iet.i*r- 
mino the total voltage, knowing the total eurr(*nt i f ji'; <yr, Inyw to find 
the expression for the total current when tlie Uytal v<yltag(* c + Je/ is 
given. 

Prob. 8. Show how to solve the preceding problc*m wht*n lyoth tlu* 
current and the voltage arc given, hut either tlie impedance Vx + jxx or 
the impedance r + jx is unknown. 
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32. Power and Phase Displacement Expressed by Projec- 
tions of Vectors. L<‘t an alt(‘rnator supply a current / = i + ji' 
at a v<)liag(^ - e + Je\ and l(‘t it he recpiired to calculate the 
pow(T output of tlH‘ g(‘nt‘rHt.or. The (‘xpnvssion for the average 
pow(vr is P - /s7 eon wIut(‘ 0 Ls tlu^ phases displacenieut between 
E and /. Tht^ augl(^ <f> is thc^ dilh^naiee between the angles 0^ and 
Oi wliieh th(‘ vt‘(*tors E a!id / r(‘Hi)(Hdiv(ily form with the reference 
axis. Iltaic'e, wt‘ havt^ 

P El vi)H4> El eoH (0^ — di) 

* E (‘OS 0^ • / cos Oi *+- E sin • I sin di. 

RemeTulxu'ing that E (*oh E sin (d.e,, repn^sent the projec- 
tions of th(‘ giv(‘n ve<‘torH on tlu^ ax(‘s of coordinates, we have 
simply 

P - el + e'l' (143) 

AnotluT way of (l(‘dueing (‘xpnsssion (143) is to resolve the given 
V(‘etors of eurr<‘ut and voltag(‘ into th(‘ir eompements along the 
ax(‘H of (‘o<)rdinnt(‘H, and to eonsid(‘r the (amtrilnition of each pro- 
j(Hd 4 on to tli(‘ tidal powiT. Tlu‘ proje(‘tions e and £, being in 
phast*., givt‘ tlu* pow<‘r e/. Similarly, the projeidions e' and P give 
tlu^ powiT Th(‘ priijiudion P (d tlie current givers zero average 
power with tin* proj(*(‘tion e of thc^ voltage, the two b(nng in phase 
(|uadraturc\ For tlu‘ smm' n^ason the av(Tag(‘ power resulting 
from P and i is to 7,(‘ro. Thus, ei + PP repnvscnts the 

total av(‘ragi‘ powiT. 

To find th(‘ plmsi* displacement, or the power-factor of the 
outj)ut, W(^ writer 

„ . tan 0^ — tan Oi 

tun tan ^ ^ - 


or 


tan 4* 


liie'.vhli'/i) 


(144) 


Knowing tun 4 ,, itK rosinn i.s fomnl from trigonometric tables.* 

* Or else tlie power eon 4 * ^ nont^itf “^i)» be found from the 

K'ktioiw $0 « taic”* P/ey and » tair“ * i7n 
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Power-factor can also bo detormiuod dir(‘(;tly from f,h(? ('xprcs- 
sion 

cos 0 = P/£J = id + eM')/[{c- + (•'■) (/- + (145) 

but the calculations are more iuvolveul than wluni fornmlu (144) 
is used. 

The power calculated by meauH of formula (143) souud/imeH 
comes out negative, if some of the proj(H‘tious of M and I are 
negative. The interpretation is that tla^ phase' thsphuH'numt 
between the current and the voltage* is ovtu 90 d(*gn*(‘H, so that 
power is being supplied to the machin(% insO'ad of Ix'ing dt'Iivered 
by it. In other words, the machine acts as a motor and not as a 
generator. Tm<j) in formula (144) may also he* n(‘gativ<', whi(4i 
means either that the current is Ituidiug, or that it is lagging by 
an angle larger than 90 degrees. Tlu^ (juestiou is d(*eid(‘d l)y 
reference to the sign of the pow(*r. 

For the reactive power (Art. 19) wcs hav(* 

Pr = El sin (j) — El sin {6„ — ^x) — E sin OJ cos Oi ~ E vm BJ sin Qi^ 

or (140) 

The apparent power is 

I\ = (P -f + ('''9^ (147) 

However, it is sometimes more convenient to d(4,<*rmiu(* the* appar- 
ent power from the relation 

P.x = iVeoH<^>, (148) 

where P is calculated from eq. (143), and etw0 is found from 
trigonometric tables, knowing tan from <‘(j. (144). 

I>rob. 1. The tenninal voltage of an altc*rnator is 5370 f J73r>; thc^ 
line current is 173 — j 47 amp. C -uleulatc* the output of maehiiu* and 
the power-factor of the load. Ann. 894.5 kiknvaitH; 92 pc»r etmt. 

Prob. 2. In the preceding problem, what nuist he tlu^ |)r<deetion of the 
current upon the F-axis in order that the power shall heroine 7 ,t'ro? 

Ann. — I2ti4iiinp. 

Prob. 3. Let the line current in jirohlem 1 la^ — 5K f j 12 amp. 
Explain the negative sign of the power and the plus sign of tan 4^, Draw 
the vectors of the current and voltage. 

Prob. 4. A synchronous machine generates a voltages lapial to 23(K) - 
j 50 volts, and supplies a current, tlirough an impetlanca! of 5 + j 50 
ohms, to another synchronous machine generating a counkT-cMn.f. of 
2300 + j 50 volts. What is the power output of tlie first mac4um‘? Is 
the current leading or lagging? Make clear to yourm4f tiu' physical 
meaning of the answer. Ans. -4.55 kw.; ^ - 173® laggilig. 
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Prob. 5. A ciirn^nt of 350 — jTf) amp. ia maintained through an im- 
pedaiuH', th(‘ power output h(‘iug 052 kw. at a power-factor of 86 per cent 
lagging. Kind t.he voltage^ ac-nma the impedance. Hint: Solve eqs. (143) 
and (l-l'l) togc'tlau* for the unknown projeetiouH e and e'. 

Ana. 2030 + j 987 volts. 

Prob. 6. Holv<‘ probkan 5 by culc.ulating the value of the impedance, 
and multiplying tlu*. impedaiu'e by the current. Hint: power = I^r; 
X - r tan 

Prob. 7. Solvt' proi)l('m 5, using the expression for the reactive power. 

33. Vectors and Operators in Polar Coordinates. Instead of 
r('])r(\s(mting a v(‘ctor by its ortliogonal projections, as in eq. (128), 
it is sornetinu'H more* eoniv<uii<uit to express the same vector as a 
compk‘X (fuantity in tcTrus of its magnitude and direction. Sub- 
stituting th<‘ valinss of e and c' from <hjh. (125) into eq. (128), we 
obtain 

K — li (cos 0 + jsin d) (149) 

Similarly, a (‘urnmt in phase* with this voltage is expressed as 

/ K / ((‘OH a + jsin 6>), (150) 

whik* a eurnmt lagging by an angk^ behind the voltage E is 
rcprcHcmicd by tin* (spiati{)n 

/-«/ |(S)H +i«hi (^ --- </>)]. . . . (151) 

Wlum the vc'ctors of (nirnmts and voltag(*s are expressed in the 
trigonometric* form shown above*, it is convenkmt to use the 
o|)(‘rators Z and V in a similar form. Substituting the values of 


r and x from chih. (05) and (00) into ecp (135), we get 

Z z (<*oH ^ +• j sin (t>) (152) 

In a similar maimer, using <h|h. (1 10) in (sp (138), gives 

1' //(eoS(^ — Jsin</>). ..... (153) 


When eiilc*ulating the* voltage* drop IZ or the current E/Z it 
is neec^ssary to find tlie |>rodu(*t or thc^ ratio of two complex 
expre^HHions of the form t*oH B sin B, By actually performing 
tlie multi|)lif*ation and separating the real from the imaginary 
t<*rm we find t luit 

(eoH J sin B) (cum ^4" j sin »coh +* J sin (^+< 3 {>). (154) 

This givcm a simpler rulc^ for the multiplication of two or more 
complex (|uantities in the trigonometric form. In order to deduce 
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a similar rule for division, wc ol,)serve that 
l/(cos<^ sm<j£>) = 

COS0 “ism<A = (u)s(-0) . . (155) 

This relation is easily verified by inultiplyitif*: numc^rator and 

the denominator of the left-hand sid(' of the (‘cjuatiou by coh ^ — 
j sin <^), so as to get rid of the complex (juantity in tlu^ dc^nomi- 
nator. Equation (155) leads to tlu^ following rul(‘ for the division 
of complex quantities in trigononu'tric form: 

(cos d+j sin d)/{cos (j>+jm\ 0) -cos — + J sin (150) 

Thus, for instance, if the current given l)y e(p (150) flows through 
an impedance expressed by (mj. (152), tlu‘ rtMiuinvI terminal volt- 
age is 

E — IZ {0 + 0) + Jsin {0 b 0)1, . (157) 

which result simply means that tlu^ voltage is (apial to Iz and 
leads the current by the angle 0. 

The operator given by e<i. (152) multiplie.s a vtador by z and 
turns it by the angle 0 in the positive^ dinavtion. IIen(*(% the 
operator (cos <j> + j sin 0) simply turns a V(‘ctor by th(‘ angh^ 0, 
without changing its length. Thus, if it be reepured to turn a 
vector a +jV by an anghi a in th(‘ positive* dinadion, tlu*. 
projections of the new vector are found from tin*, following c^xpn^s- 
sion: 

(a + ja') (cos a+ j sin a) » (a cos a a' sin a) 

+ j (a' cos a + a sin a) (1 58) 

Of course, the same result (H)uld bc^ obtain(*d by first calculatitig 
the angle d which the vector A forms with the* r(*fi*rcmc*e axis, from 
the relation tan f? = a'/a, and then determining the nc*w proj(*c- 
tions A cos ($ +• a) and A sin (d + a). 

VoUctge Rcguldtion of a TTutiH^rYvimioti Litiv} As an example of 
the use of complex quantiti(*s in the trigonom(d.rie form, k*t us 
consider the voltage regulation of a single-phiwc* transmission 
line. Let the resistance and reactances of tlu^ lin(% and tin* gen- 
erator voltage Elf be given; and lot it be* re'cinireal to dedermine 
the receiver voltage E% for a given curremt / anel a give*n power- 

The electrostatic capacity of the line is (liHre^Kardetl n, ccanpicte 

treatment of the regulation of a transmission line*, taking into iwaanmt the 
capacity and leakage, is given in Arts. 68 and 69 at tha end of the book. 
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factor of tho load <^oh In the symbolic notation we have 

Ei=^E2 + IZ, (159) 

when^ th(‘ imjXHlance Z of th(^ line is known^ and is expressed by 
oq. (152). The phas(‘ anglc^ 0 n^fers to the line, the angle <t>' to 
the load. 

Wluai actually solving an e(iuation such as (159), it is highly 
important to s(‘l(‘ci tlu^ axis in the most advantageous 

way, so as to simplify tlu^ cahnilations as much as possible. In 
tlu‘ cas(^ und(T (‘onsidt'ration, it is convenient to select the refer- 
ences axis in tlu^ (linnet, ion of li., Inx^ause then is determined 
by its magnitud(‘ alom^ th(‘ din'(‘ti()u augh^ Ixnng equal to zero. 
The generator voItug(‘ is (^xpn'sstul by Ex (cos 0 + jsiu 6), where 
th(‘. inagnitudt^ of Ex is givem, but th(‘ angle B is unknown. The 
curnmt lags by th(‘ angle* Ix'hind /? 2 , and therefore is expressed 
by th(* formula / ((‘os - j sin ^')- Thus (xp (159) becomes 


Ex (cos 0 Tisin 0) - E>x + h [cos (0 - 0') +isiii (0 — 0')]. (160) 
^(luating tlu* nxd and tin* imaginary {)arts giv(\s 

E\ cos 0 ^ E’l I z (‘OS (0 0^) ; . . . (161) 

Ex sin 0 - /zsin (0 - 0') (162) 

From (xp (162) 

sin (} " (Iz:Ei) sin (0 — 0') (163) 

Knowing w(^ find from (xp (H>1) 

A'g El (‘OS 0 — Iz (* 0 H (0 — 0'). . . . (164) 


In practi(’<% om* is usually nxiuinxl to d(*termine the voltage 
regulation of the* lim*. Ac(*ording to tin* d(‘fmition adopt(xl by 
th(^ Am<*ri<‘an Institute* of Kle(‘Trieal Kngimx^rs (Etandanh^ see 
the lat(\Ht (»diti(m)» 

pc*r (xmt n*gulation - 100 {E'/ — /^ 2 )//^ 2 , • . (165) 

whcTi* Et is tin* valm* of A’a at no load. But h(*re /?•/ = Exj Ix*- 
cause the (‘lex’trosiatit* capac’ity of the line is neghxdxxl. It is pos- 
sible to detiTinim* tin* dilTtwmx* Ei -- Et directly from eq. (161), 
by substituting for t‘oH B the (*xpn‘ssion 1 2 sin^ | $. We obtain 

then 

AE - Ex - /s*a - IzvoH (0 — 0') +• 2 Ahsin^i (166) 
Equation (165) lxx‘onn\H 

p(*r ecmt regulation ^ l00AE/{Ei — AE), . (167) 
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When it is required to calculate the voltage^ rc^gulation for scleral 
loads, the computations are conveni(uitly arrang(Ml in a table 
of the following form: 


T.oad 

current 

/ 

Line 

drop 

Iz 

Load 
power- 
factor 
008 0' 

Anjrle 

0 — 0' 

am(0— 0 ') 

atm(0-»0') 

ain & 

Antfle 

0 

Min® i (f 

A A' 

Per cent 
rc^ulu. 





i 

j 

i 

1 





1 

1 



In practice, the voltage n'gulation is usually ret|uir(ul for a 
certain load of P 2 watts, so that, strictly spt^aking, <nirn‘nt I 
is not known. Rut, since is not much difR^nuit from Ah, it 
is an easy matter to estimate thecurnmt with sufheuemt aeeurac^y. 
Or else a curve of voltages regulation is plott(‘d agaiiist th(^ load 
as abscissae, so that the regulation may 1)(‘ nuui ofT at any d<*Hir(*(l 
load. It is possible to solve the probhnn ('xa(‘tly, by using for 
I its expression /VCIi ' 2 cos 0 ') in e(is. (Ibl) and (Hi2), In this 
case the equations are scpiared and addtul, so as to tdiminatc^* 0, 
This gives a biquadratic equation for Ah, from whitdi tln^ TvxHnvnr 
voltage can be computed. 

This problem can also be vsolved wlnm ihn ('omph'X cjuantities 
are expressed in the orthogonal form, instt^ad of tln^ trigononudxic 
form here used. The student is urgtHi to work out the (h'tails, in 
order to become thoroughly familiar with complex (luantiticis in 
both forms. 

Prob. 1. A vector 72 + j 53 must l)e turimd by 25 dcgrc»cH in tlu^ nega- 
tive direction. What are its new projections? Aim. 87.55 + j 17,5. 

Prob. 2. A single-phase aluminum line is to he Iniilt from a power 
house, at which a voltage of 11,500 is maintained at a freciutmey of 50 
cycles, to a point 25 km. distant. When a (Uirrmit of fK) amp. at HO per 
cent lagging power-factor is delivered at the rtu*('iv(^r end, th(‘ power loss 
in the line must not exceed 10 per cent of the usc^ful power. What must 
be the size of the conductor, and what will be the cent voliagt^ rc*gula- 
tion at this load? The spacing between the wires is to l>e 51 cm. 

Ans. No. mm B. & H,; 11. 4 per cent 

Prob. 3. Check the answer to the preceding problem gra|>hically. 



Chap. IX] 


THE USE OF COMPLEX QUANTITIES 


97 


Prob. 4. blxplain the theory of Mershon^s diagram found in various 
electrical handbooks and pocketbooks, and check by means of it the 
answer to problem 2. 

Prob. 6. Show Ixow to determine the voltage regulation of a trans- 
mission line when the receiver voltage is given. 

Prob. 6, Show how to calcuilate the receiver voltage Ei from eq. (159), 
using the orthogonal proj(i(5tions of the vectors and operators. Discuss 
the relative advantages and disadvantages of the rectangular and polar 
coordinates in this case. 


34. Vectors and Operators Expressed as Exponential Func- 
tions.^ ExproHsioiiH (149) to (153) are sometimes written in the 
exponential form, using the identity 

cos 0 +j sin ^ (168) 

where € is th(^ base of natural logarithms. This important equa- 
tion follows from the wcdl-known expansions for sin cos 6 and 
obtained hy Maclaurin’s Tlnxorem in calculus; namely, 


1 - 2 ! + 4 !' 


e 

‘ + l+2i+3l + 4i + 


The IttKt HiirieH, wlien j 6 i.s 8ul)Htitut(id for 6, becomes 




I +je 


^ ^ 4 . 

2 ! ■^ 3 !''’ 4 !'*’ 


Substituting tliese values into eq. (168), it is found to be an iden- 
tity. Tims, we have 

K « E (cos B + j sin B) = (169) 

Similarly, the impedance operator becomes 

if “ 2 (eos -j- J sin <^) = z«'*, .... (170) 

and the admittance operator 

F » y (cos - J sin <A) =« . . . (171) 

If, for instance, a current is given as / = /«'* and if it flows through 
an impedance Z - ««'♦, the required voltage is found by multi- 
plying these two expressions, or 

E ^ IZ ^ (172) 

' 'Oim article may be omitted if desired, without impairing tbe conti- 
nuity of the treatment In the rKit of the book. 
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This shows that the absolute value of the voltage i.s Iz and that 
it leads the current by the angle 4>. Eciuation (172) ciorn'-sponds 
to eq. (157) in trigonometric notation. Th(i projc‘(d,iou.s of th(' 
current vector are I cos $ and I sin d] whiles th(> projections of 
the voltage vector arc Iz co.s {0 + </>) and Iz sin (0 -f" <!>)■ Thus, 
it is always possible to chang(i from tlu» expommtial form to tlu! 
trigonometric form, and finally to the orthogonal proj(‘(;tious, or 
vice versa. The exponential form is more <!on<;is(‘, and pos.s<i.ss('s 
marked advantages in the solution of soim^ advanced i)roblcms 
relating to alternating currents and oscnllations.' However, for 
the simple problems treated in this book, tlu' plain alg<‘braic. nuta- 
tion a -f- ja' and the trigonoim'tric notation .d (cos <x -f J sin «) 
are amply sufficient. It i-! dccuiu'd advisable', to t!Xi)lain tin- expo- 
nential notation here in onler tocnablt^ the st.uilent to ri'ad books 
and magazine article.s in whi(di it is cmployt'd. 

1 Roo for instance J. J. Thomson, Itmmt HeHcart'hrH in EUrtrieity and 
MagnciianL. 


CHAPTER X 
POLYPHASE SYSTEMS 


36. Two-phase System. The student knows from his ele- 
mentary work that the induction motor operates on the principle 
of the revolving magnetic field, and that such a field is produced 
by a combination of two or more alternating currents differing 
in phase. An electric circuit upon which are impressed two or 
more waves of e.m.f. having definite phase displacements is called 
a polyphase systtun. A large majority of the alternating-current 
circuits used in practice in the generation and transmission of 
electrical energy are polyphase systems; it is therefore essential 
that the studeirt become familiar with the current and voltage 
relations in such circuits. 

Theoretically, the simplest polyphase system is a four-wire 
two-phase system (Fig. 30), although it is not the most econom- 
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Fia. 30. A four-wire tW()-phtiH(‘ with two indeporulent circuits. 

ical one in praeticic*. Th(‘ two generator windings are independ- 
ent, and ar(j ndativedy displaced by ninety electrical degrees. 
The two alternating voltages induced in these windings are there- 
fore displaced in time phase by a quarter of a cycle. Each phase 
may be U8(k1 separately, for instance for lighting, or both phases 
may be combined in the windings of a synchronous or induction 
motor, for the produedion of a revolving magnetic field. Each 
phase can bci trciated separately, as if it belonged to an independ- 
ent single-phase system. 
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Some economy in line conductors and insulators is achiov('d by 
combining two conductors belonging to diffenuit phasc-s into one 
return conductor (Fig. 31). Such a system is calhul a three-wire 
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Fia. 31. A three-wire two-phiuK\ system. 


two-phase system. The curnmt and voltag(^ ndations for a balanc(Hl 
load and a lagging current are shown in Fig. ;12. 'I'lu* V('cdors Ki 

and /t’s r('pr(‘S(‘nt the voltages 
induc('<l in the two g<'nerator 
or transfornxT windings from 
the point () to tin* ])oints A 
and li re.si)(‘ctively: in other 
words, they an* the voltages 
betwet'n each phas(‘ win^ and 
the ndurn wi^(^ 'Hk' vector 
Eli* is th(‘ gc'oinetrie differenre 
of tlw! two, and represemts tin* 
voltages between the two phius<» 
wires. That En is tlu' dilT('r- 
enee and not tlwi sum of Ei 
and Ei is proved by the 
following reasoning; Let the 
wire (XKr'O' be p(>rman(>ntly 
grounded, so that its potential is zero. Ijot the potential of the 
wire AA' at a certain instant bo for exami)le 100 volts above 
the ground, and that of the wire BE' 60 volts above the ground. 
Then the difference of potential, or the voltage l>etween A A' and 
BB', is 40 volts. The same reasoning applies to every instant, 
so that the vector of the voltage between A A' and BB' is the 
geometric difference between Ei and Ei, which are the vectors 
of the voltages between the points A and 0, and B and 0 re- 

* Pronounced E — one — two, and not E sub twelve. 



Fia. 32. A vector ditigrarn of currentH 
and voltages for the two-phase system 
shown in Fig. 31. 
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spectively. That is, the voltage l)etweeii A and B is represented 
in phase and magnitude by the vector connecting the ends of the 
vectors Ei and 7^2. Numerically, 

En = Et V2 = E 2 V 2 (173) 

The currents in the conductors A A' and are represented 
by the vectors Ii and Iz, lagging by an angle 4> with respect to the 
corresponding voltages. The current in the return conductor is 
tlie geometric sum of the two phase currents, and is represented 
by the diagonal v(u;tor / 12 . It will thus be seen that the common 
return curnmt is V 2 timcns as large as each component current, 
or 

In = Ji V2 = J 2 V 2 (174) 

If it is desired to havc^ the same current density in each of the 
three condu(;tors, the cross-section of the return wire must be 
V 2 timers that of (uich of the other two wires. 

The two phases in Big, 30 are sometimes electrically inter- 
connected at their middle points, as shown in Fig. 33 at the left. 



Pia. 33. A itar-connact«Hl quartar-phasa system to the left, a mesh-connected 

system to the right. 

This is done in order to fix tlie difference of potential between the 
two phases. If the voltage between A and B is J?, then the volt- 
age l>etween the common point 0 and each wire is | and the 
voltage between the two phases is equal to I E V2 = E/ V2. B"or 
example, the voltage between D and A equals Ea — E^, These 
relations are shown vectorially in Fig. 34. This circuit is some- 
times called the ator-connected quarter-phase system. 

The four windinp of a generator or motor are sometimes con- 
nected in wmshi m indicated in Fig. 33 to the right. With the 
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star connection, the star voltages OA, OB, etc., an^ induced 
directly, while the mesh voltages AD, DB, (^t(;., art; (;stal)Iishod by 
the combination of the star voltages. With tlu; mesli eonuection 
of the windings, however, the mesh or line voltage's are induced 
directly. The mesh and star volbiges an; shown in Fig. 34. 
Electrically the two arrangements an; (;<iuival('nt., i)rovid(;d that 
the proper numbers of turns art; usetl in tlu; windings. 

The line and mesh currents art; intlit;att;tl in Fig. 34. The line 
currents and those in the star-connectctl windings art; represented 



Fia. 34. A vector diagram of currontH anti voltagoB in the quarler-pham; 
system shown in Fig. 33. 

by the sides of the square, each current lagging by the anglt; 4> 
with respect to the correspontling star voltage; tht; angle t)f lag 
depends upon the character of the load. In Figs. 311 tmtl 34 tho 
voltages are taken in the cyclic ortler AC, CB, HI), DA) htuux;, it 
is natural to take the positive direction of the; (‘urr(;nt in the sanu; 
way. With the arrows in Fig. 33 showing the positive; <lireetiorw 
of the currents, each line current is the differ(;nce l«;tween two 
adjacent mesh currents. Hence, in the vector diagram the mesh 
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currents arc represented by the radii from the center to the vertices 
of the current square. It will be seen that the angle between the 
mesh currents and the mesh voltages is also equal to (j>. While 
the mesh voltages are \/2 times as large as the star voltages, the 
mesh currents are 1/^2 times the star currents. This condition 
is necessary in order to have the same power per phase in the 
mesh and star-connected systems. 

36. Three-phase Y-connected System. This system is 
shown in Fig. 35 ; the current and voltage relations are repre- 



Fkj. 35. A ihro(^ph.’iM(‘ Y- or st.ar-coniiocUHl system. 


sented in Fifi;. 3(). OA^ OH, and 0(7 reprosent throe generator 
wimiingn; O'A'^ 0'B\ and O'CV are the windings of a receiving 

apparatus - for iustan(‘{‘, an in- 

diK^tion motor, Tlu^ thr(‘(‘ g(mer- 
ator windings are j)Iac(Hl on the 
armatun^ eon^ at angh^s of 120 
el(Hd.ri(ail dtignu^s with n'spect to 
each oth(a% so tiuit th(‘ alternating 
voltag(‘H induccul in th(‘se windinp 
an^ disf)lac<'d in phase by one- 
third of a cycle, the jiositive di- 
re(‘tion in the windings being 
outward. Tlu'y are rc^pn^sented 
by tlie vendors i7«, and Ee in 
Fig. 36. The motor windings are 
similarly displaced, so that the 
whole systeun is Hymm(d,rieal with respect to the three phases. 
The currents lag Ixdund the voltages by an angle <l> depending 
uiK)nL the relative amounts of resistance, reactance, and counter- 
e.m.f. in the circuit. 



Fki. 36. Tine line and star voltages, 
and the line currents in the Y- 
connected system shown in Fig. 35. 
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The diagram of connectiona shown in Fig. 35 is also (jalknl the 
star connection, and the points 0 and O' arc (uill(‘d tlu^ neutral 
points of the system. The voltages iK^twetm the liiu^ (^mductors 
and the neutral points are calhul the star or phas(^ voltag(\s, as 
distinguished from the line voltages, or voltag(\s b(^tw(Hui any 
two line conductors. A line voltages, for instauua^ Ix^twcnm tlui 
points A and B, is equal to the g(U)m('.tric dUTcu'ema^ l)(‘twe(ui the 
voltages OA and OBj as has been shown abovt' in tln^ (uise of a 
two-phase line. Consequently, the liiu^ voltag{‘s an' rc‘pn\sent(Hl 
in Fig. 36 by the throe vectors Bhr. and wffu'h eonru'ct 
the ends of the vectors of the phase voltage's. It will Ix' st'c'u that 
the line voltages arc V 3 times as larger as t.lu' i)has(' voltage's. 

When the three phases are jK'rhxd.ly balaiu'c'd and t lu^ ('urrents 
are nearly sinusoidal, the two neutral points () and O' may be 
connected by a wire, as shown by th(^ dottc'd liru', or ground'd, 
and very little current will flow through this ('onn(‘(*tion. The 
reason is that the algebraic sum of th(' thr('(' eurrt'nts flowing 
towards or from the neutral points is ('(jual to i^t'ro at all instants, 
because 

sinu + sin (a + | tt) + sin (a — | tt) (). (175) 

This identity is easily proved by expanding tlu^ h^ft-hand nu'udx'r, 
using the expression for the sine of the sum of two angh's. It 
will also be seen from Fig. 36 that t he geonu'trie, sum of th<‘. thrt‘(^ 
current vectors is equal to ssero, l)ecaus('. ilxmh vc'ctors wlu'u a<ld('d 
form a closed triangle. In practice, tluTC are transmission liiu's 
on which one or both neutrals an', grounded, although in some 
installations both neutrals are insulated from tin’s ground. To 
prevent large currents with unbalan(s(sd loads or during sliort- 
circuits, the neutrals are often grounded througli protc'c’tive 
resistances. The question of groundtul as. ungroundt'd lU'utrals is 
still in a somewhat controversial stage. 

The power developed in the gemerator windings and available 
at the generator terminals is 3 IyBy cos whc^rc^ Ey is tlu^ phase 
voltage. Since the line voltage Ea « Ey v^3, w(' hav(^ 

P = 3 lyEy cos (t> » IyEa v^3 cos . . (176) 

In practical calculations of three-phase transtnisHioii Ymm and 
electrical machinery, only one phase is considered ; that is, the 
three-phase circuit is reduced to an equivalcmt singh^-phase cir- 
cuit. Let it be required, for example, to ealculato the cross-sec- 
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tion and per cent voltage regulation of a three-phase 66,000-volt 
line, to transmit 50,000 kw. at 80 per cent power-factor, and at 
a loss of 10 per cent of the useful power; the spacing to be 1.8 m. 
First of all we find that the voltage between each wire and the 
neutral is 66,000/^/3 = 38,100 volts, and that the power per 
phase is 50,000/3 = 16,700 kw. Hence, the problem is reduced 
to the following one: Determine the cross-section and per cent 
voltages rc^gulation of a single-phase 38,100-volt line, having a 
spacing of 1.8 m., the ih loss in one conductor being 1670 kw., 
and the resistaru^e of the return conductor being negligible. The 
solution of this prol)lem is given in Art. 33 above. A drop of say 
5 pc^r cent in the |)liaso or star voltage means also a drop of 
5 per cent in the line voltage, because of the fixed ratio I/'n/S 
between the two. 

Prob. 1. AsHuruing the reference axis in Fig. 36 to be horizontal, the 
line voltage equal to 44 kv., the current per phase 73 amp., and the angle 
equal to 15 degrees, write down the complex expressions for all the cur- 
rents and voltages. 

Ans, Eh * — j 12.7 kv.; E,^ « 22 — i 38.1 kv.; = 18.9 +j 70.5 

amp. 

Prob. 2, A tliree-phase OO-cycle line is 16 km. long; the spacing be- 
tween the wires is symmetrical and is equal to 61 cm., the conductors con- 
sisting of copper wire of 14 mm. diameter. It is required to maintain 
a voltage of 6700 between the conductors at the receiver end of the line. 
What is the generator voltage when the load is equal to 1000 kw. at unity 
power-factor? Ans. 7040. 

Prob. 3. Hhow that a three-phase transmission line may be treated 
as a singhv-phase line whi<’.h trarismits one-half the power at the same 
voltage. The thr<K^-i)hase line reejuireB three conductors of the same size 
as the singk^phase line, with the saitic spacing (25 per cent saving in 
material). Per cent power loss is the same in both. 

Prob. 4* When the phase currents have higher harmonics, multiple 
of three, show that equalization currents must flow through the neutral 
connection, even though the phases are perfectly balanced. What 
happens when the neutrals are insulated from each other? 

Prob. 5. Show that the line voltage cannot have the third, the ninth, 
the fifteenth, etc., harmonics, even if these harmonics are present in the 
phfise voltages. 

37. Three-phase Delta-connected System. This method of 
three-phase connection is shown in Fig. 37, one end of the line 
being connected, for instance, to an alternator, the other end to a 
motor or to three transformers. Fig. 38 represents the current 
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and voltage relations. The currents in the vviiuliugH are diffcir- 
ent from those in the line. With the positive directions of the 



Fig. 37. A three-phase dcltiv- or mesh-fionnwied system. 


currents indicated in Fig. 37, each linti current i.s (hiuuI to the 
difference between the two adjacent eurnuits in tlu! “ <i(dta.” 



Fig. 38. The valtimes and eurri'uts in (he d(dta-0()nn<Hited system 
shown in Fin. 37. 

Hence, in the vector diagram the lino or “ star ” (;urr(m(.H tire 
represented by a triangle, and the delta currents by the rttys from 
the center to the vertices of the triangle. It will l)c seen that tlie 
delta currents are equal to 1/V;i of the line currents, and ans 
displaced in phase by 30 degrees with respect to them. This also 
follows from the identity 

/ sin w - / sin (u + 120°) = V3 J sin (u - 30°). . (177) 
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While there are no neutral points with a delta system, one or more 
of them may be artificially created by connecting three resistances 
or reactances in star as shown in Pig. 37 by dotted lines. The 
Y-voltages between this neutral and the line conductors are 
shown in Fig. 38 by the vectors Eb and Ee. The delta volt- 
ages are V3 timers as larger as the star voltages, while the star or 
line curn^nts Ix^ar th(^ same ratio to the delta currents. This is 
necessary in view of the power relation 

P = 3 EaIa cos <!> = 3 EyIy cos <^. . . . (178) 

In <l(\sigri and performamje calculations one phase only is 
considered, tlui three phascis being identical when the load is 
balancHul. As far as tlu^ liiu^ is concerned, the delta-connected 
gem^rator and load may l)e rc^placed by equivalent star-connected 
windings to give tlu^ sam(^ line (uirrents and voltages. Then the 
liiu^ is (Unsigned and its pcirformance calculated the same as in the 
pnuiediug artiede. As a matter of fact, for line calculations it is 
only ne(;(\ssary to know th(^ powcT, the voltage, and the power- 
factor of tlu^ load. Tlu^ fa(d/ that the generator or the load is 
d(dta- or Y-(^onne(;t(aI has no bearing upon the line performance 
with a balaiKHul load. 

Prob. 1. A 2()()()~kw. (KiOO-volt induction motor is fed from a 66, 000- 
volt thr<u*."phasc line through thn^^ st(ip-down transformers, the high- 
tension windings of wiiich an^ <u)nn(H:t(^d in Y, the low-tension windings 
in dedta. What are the curnaits in these windings when the motor is 
carrying a 25 p(»r (aunt ovi^rload? It is estimated that at this overload 
th(', powcir-factor is 90 i)er cent and the efficiency 92 per cent. The mag- 
lu^ti^/mg current of the transformers is negligible. 

Ans. 26.4 and 153 amp. 

Prob. 2. Show that, while the instantaneous clectri(uil output of a 
singUyplaiHt^ alternator varies at (hnihle the frequency of the. current, 
the (Hitput (d a liolypliase macdiine is practically constant as long as the 
load remains constant. Show that the same is true for motors. 

NoUu For tlu^ (deetrieal ndations in two- and threevphase systems 
witli unbalanecsl loads, and also for the theory of tiie V and T connections, 

tlic author’s Ex}>vn'fiivfii(tl FAvviricnl Engineering^ Vol. 2, (Uiapter 25. 
A mon^ exhaustive* tr(*atnH*nt will also he fouml in his investigation 
entitl(‘d Ueher mvhrphn'^ige EtromHUHtemv hei ungUnehmiiHHiger Belastung 
(publisluHl hy ICnke*, U)00). Sch* ids.) the* ehapttTs on polyphase systems 
in Dr. Stcinmetis’s AUermting-current Phmomma. 


CHAPTER XI 

VOLTAGE REGULATION OF THE TRANSFORMER 


38. Imperfections in a Transformer Replaced by Equivalent 
Resistances and Reactances. The rcnulor in familiar in 
with the construction and opc^ratiou of the con.stant-potc'iitial 
transformer (Fig. 39). It consists of an iron con', upon whicih 
two windings are placed as closely as possible to ('aeh otlu'r. 
When one winding is connected to a eonstant-pot(mf.ial alb'rnat- 
ing-current source of power, an alternating magnetic flux is excited 
in the iron core and an alternating voltag<^ is indma'd in tlu' other 
winding. If this latter winding is conn(Hd('d to an eh'ctrical load, 
an alternating current flows through it, and causi's a corn'spond- 
ing flow of current through the first winding, in onh'r that power 
may be transmitted from the primary into th(^ starondary circuit. 

The constant-potential transformer is oiu^ of f.he most p('rf(a!t 
pieces of electrical apparatus, in that its efficiency (in imalium and 
large sizes) is nearly one hundnal j)er ccait, and its voltag(' regula- 
tion with varying load is (piitc (dosca On the oth(*r hand, the 
requirements for voltage regulation are (piiU' t'xact ing, tht>n‘ b(*ing 
no provision in the apparatus itself for a<ijusting tlx* voKagt', lik(i 
the field rheostat in a generator. Therefore, l,lu^ pr('-dt'ti'rmina- 
tion of the voltage regulation of a transformiT is of considc'rable 
practical importance. 

Numerically, the regulation of a transformer is expresscul in 
a manner similar to that given in Art. 33 abov(> for tlu^ trans- 
mission line. Let, for example, the rated seoontlary voltagt^ of a 
ten-to-one transformer be 220 volts, and let us supposes that a 
primary e.m.f. of 2280 volts is necessary in ortU^r to luivo the 
rated secondary voltage at the rated load. Let now tim stHumd- 
ary circuit be opened; the secondary voltage will ris(i to prac- 
tically 228 volts, provided that the primary voltages is kept con- 
stant. Then, by definition, the regulation of the transfornu'r at 
this load is 100 (228 — 220) /220 = 3.64 per cent. Ijct, in general, 
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the secondary terminal voltage at a certain load be Ei, that at no 
load Edi. Then, by definition, 

per cent regulation = 100 (jEo 2 — E^/E^. . . (179) 

The difference between th() no-load voltage and that at full load 
is due to slight imperfections in the transformer itself. There- 
fore, in order to be abk^ to (ialculate; the voltage regulation at a 
given load, it is ne(!(issary to learn the nature of these imperfec- 
tions; for purposes of computation, it is convenient to replace 
thcise imp(!rf(H!tions by certain resistances and reactances, as shown 
in Mg. 39. 

In an id(ud transformer the ratio of the primary to the second- 
ary voltages is e<iuul to tlu^ ratio of the numbers of turns in the 
corr(^si)onding windings. Tlu^ same relation is very nearly true in 
any good transfornur at no load. This follows from the fact that 
the two windings an^ linkcnl with the same magnetic flux, and 
hence the voltagis induced per turn is the same in both. Hence, 
denoting tlui primary and H(^condary induced voltages by En and 
Ei%, and th(‘ corres[)onding numbers of turns in series by and n%, 


we hav(i 

Ei,/En = niM (180) 

Furthermore^, in an ideal transformer 

hui = hnt, (181) 


that is, th(^ currents are inversely as the numbers of turns, or the 
primary ampenvturns are equal and opposite to the secondary 
ami)ere-turns. This is because an ideal transformer is supposed 
to have no nductanco in its magnetic circuit, so that no ampere- 
turns are rcKiuin^l to maintain a magnetic flux in it. Consequently, 
any secondary curremt required by the load automatically draws 
a compemsating primary (mrrent from the source of power, of such 
value that eq. (181) is satisfied. In a real transformer the primary 
ampere-turns are slightly different from the secondary ampere- 
turns, and the difference between the two is just sufficient to main- 
tain the alternating flux through the reluctance of the core, and to 
supply the core loss. Multiplying eqa. (180) and (181) term by 
term, and canceling ni and nj, we find that 

Enh - EiiU. 

This simply means that an ideal transformer transmits power 
from the primary into the secondary circuit without loss. 
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(a) The Ohmic Drop. Ono of tlio (^iiuhcss of (.Ih' intornal volt- 
age drop in a transformer is the ohmie r(‘sistiiue(' of its windings. 
Because of the resistance of the primary winding, the primary 
terminal voltage Ei (Pig. 39) is slightly larg(T than tlu', induced 



Fig. 39. Imperfections in a tran,sfornuT repri'.scul.ed by rc'Hisl.uruu'n and 

r('aciaiic(‘H. 

counter-e.m.f. En which balances it. The s(H‘()n(lary n'sistaiu^o 
causes a voltage drop, so that tlie stM^ondary b'rininal V()ltag(‘. Ez 
is smaller than the secondary indiKUHl (‘.m.f. AVi- Thus, th(‘. 
effect of the internal resistaiuu^s ui)ou tlu^ t.('nninal voltages is 
such as to make the ratio Ez/Ei smalku' than th(‘ ratio fh/uu 
The windings themselves may be thought of as (h'void of r<\sist- 
ance, but corresponding resistances ri and may b(^ phunul out- 
side the transformer, as shown in Fig. 31).^ 

(b) The Reactive Drop, Auoth(*r irnpc'rfcH'tiou or eaus(^ of 
internal voltage drop is the so-ealh'd h^akagt' ri'acdaiUH* of tluj 
windings. The total magzietic; flux izi a loadtal transfornuT may 
be considered as consisting of thre(‘ (components; viz.^ the* useful 
flux linking with both the primary and th(‘ s(a‘ondary windings, 
the primary kakage flux linking with the prinuiry winding only, 
and the secondary leakage flux linkcul with tlu^ sinamdary winding 
only. In an ideal transfornuT thc‘ two last-namcal fluxz^s are 
absent because the two windings an^ supposcHl to b(* perhadly 
interwoven, so as to leave no room for tlu^ l(‘akag(^ flux. The 
primary leakage flux, Ixung producxul by tlie primary eummt, is 
in phase with it, and inducxis an e.m.f. in lagging (iuadratun^ with 

^ The equivalent resistances ri and rt must nqilace not only th(‘ true 
ohmic resistances of the windings, but should also acu'ount for th(‘ (nhly- 
current loss in the conductors. In low-ttmsion windings iniwlc^ of h(*avy 
conductors, this latter loss may be at least iis great jw iht^ thctorcdieal loss. 
In new transformers the eddy-current loss can only Ix^ (wiimatwl; in actu- 
ally built transformers it is calculated from the wattmeter reading on short 
circuit. 
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this current. This e.in.f. must be balanced by part of the applied 
primary voltages, so that either this voltage or the induced e.m.f. 
Eii must be different from that in an ideal transformer. The 
effect of the secondary Leakage reactance is similar, in that it 
al)sorl)s part of tlu^ scuiondary induced voltage and makes 
the secondary t(Ti!iinal voltag('. different from that in an 
ideal transformer. It is shown below that, with a load of lag- 
ging power“fa(d>or, th(^ r(^activ(i drop in both windings lowers the 
scHJondary t(Tminal voltages With a leading secondary current, 
the reactive^ drop is in sindi a phase position as to raise the sec- 
ondary voltage'.. For purposes of computation, the transformer 
windings an^ assumtul to ])rodu({(^ no magnetic leakage fluxes, but 
imaginary nuKitaiuu^ (u>ils are (connected in series with the wind- 
ings (Fig. 39). Th(^ r('a(;tan<‘,es Xi and X 2 of these coils are such as 
to (uius(^ tlu' sam(^ n^aetive voltage drop as that due to the actual 
leakages fluxess in the transformer.^ 

(<0 The Exciting Admittance, Having thus made the winding; 
of th(^ transfornu'r pe'rfeuit by placing their impedances outside, 
w(^ still have' i.he^ })re)bl(nn of making the magnetic circuit ieleal 
also. As statenl before, the^ primary and secondary ampere-turns 
are^ ne)t (pnie^ ('ejual, l)e'euiuse e)f a (pertain number of ampere^-turns 
neee^ssary te) magne'iizie^ the ire)n. This memns that a curremt 
must fle)W threnigh the', primary wineling even when the seconelary 
circuit is ope'.n. This currenit is e^alleMl the nenbad e)r magnetizing 
curre'ut of the' transfernu'r. It.s ame)unt depends upon the^ reluct- 
ane'e^ e)f the^ magne'tie^ e*ire‘uit and upon the core le)ss (hysteresis 
anel enlely e'urre'nts). For puri)e)H(\s e)f eu>mputation the iron core 
may be assume'el te) bc' of ze‘re> reluctancic, anel to have no core 
le)ss; l)ut we^ may imagine' a fictitie)us or (H|uivalent susejcptance 
Ih anel a ce)ndu(*.taiu't' (/« (Fig. 39) (je)nneH;teHl acre)ss the primary 
wineling te> elraw a e'urrc'nt ('(|ual in phase and magnitude to tlie^ 
exciting emrrcvnt of the transfe)nner. Ibth {/o and 60 are shown 
connended actrejss the' indueunl voltage Eiu btrause both the mag- 
netizing enirre'ut and the^ ce)re loss depenel upon the value of the 
flux and conseeiuemtly upe)n the^ value of En, which is proportional 
to the flux. Lc't tlie^ ealemlateel or measured core loss be equal to 
Po watts; them {/« is el(t.ennin(Hl from the equation 

P« = P\x'(/o (182) 

^ For furtheT de^tailH in rt^gard to the bakago reactance of transformers, 
see the author’s Magnetic Circuity Art. 04. 
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The pure magnetizing current, without tluv c(>r<‘-Io.ss ciumponent, 
is in phase with the flux which it ijroduces, and therefore is in 
quadrature with the induced voltages 7i’o- For this rt^ason, it is 
represented as flowing through a pure suscu'ptaiuie. Knowing 
the pure magnetizing current U', the susceptancci ba is d(‘t(‘rmin<Hl 
from the equation ^ 

bo^h^En (183) 

Neither the core-loss component nor the pun^ magne^tizing cuirrent 
are proportional to the flux or to the voltage En, m that strictly 
speaking both bo and go arc functions of tlu'i eouiitcT-t^nui. En. 
However, in practice, En varies so little with the load tliat it is 
admissible to assume go and bo to b(^ constant (pnintitit^s. Mon^- 
over, the influence of the magnetizing curnmt upon tlu^ voltage 
regulation is negligible in most cases. Tlu^ magiuduzing curremt 
is mentioned here only for the sake of cot]n|)l(‘t<*n(\ss, so as to make 
the transformer core absolutely perfect. W(^ shall stn^ in the next 
chapter that bo and go are of considc^rabh^ imi)ortanee in the per- 
formance of the induction motor. 

Thus, by the foregoing reasoning, both the con^ and tlu^ wind- 
ings of the transformer are mad(^ id(uil, and all th<^ imp('rf(K‘-tions 
are replaced by external resistances and nuictanctss. Having done; 
this, the performance of a transformer can b(^ rcnidily tnuited eitlu^r 
graphically or analytically, im explained below. 

Prob. 1, Draw a diagram similar to t'ig. 39 for a transformcT with 
several secondary windings supplying independent load (^ireuiiH, 

Prob. 2. Draw a diagram similar to Fig. 39 for an auto-transformer. 

39. The Vector Diagram of a Transformer. Having re- 
duced the transformer to an equivalent electric curtniit (with a 
perfect magnetic link), the current and voltage rtdations at a 
certain load may be represented by a vector diagrani (Fig. 40). 
In order to make the relations clearer, the voltages drop and tin* 
losses are greatly exaggerated. For this retwon, tlu^ graphitud 
treatment is more suitable for purposes of explanation than for 
numerical computations. For actual calculations tlie analytical 
method given in the next article is preferable. 

^ The calculation of the core loss and of thc^ magnetizing currant belongs 
properly to the theory of magnetic phenomena, and m treateti in detail in the 
author^s Magnetic Circuit, Arts. 19, S3, and 34, Here the Vfduw of Po and 
/o' are supposed to be known. 


Chap. XI] REGULATION OF THE TRANSFORMER 


113 


Let the secondary terminal voltage and the load be given, so 
ihat the vectors and 1 2 can be drawn in magnitude and rela- 
tive phase position. The secondary induced e.m.f. Ei^ is found 



Fici. 40. The vector diagram of a transforms. 

by adding to Et the ohmic drop I%Tt in phase with J2, and the 
reactive drop in leading quadrature with J2. 

The primary induced voltage En is in phase with Ei2, because 
both are induced by the same magnetic flux. The magnitudes 
of the two voltages are as the respective numbers of turns; see 
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eq. (180). The vector marked En in Fig. 40 is in reality equal and 
opposite to Eii, and represents the part of th(i i)rirnary terminal 
voltage that balances En. Without tlu^ primary drop, the total 
applied primary voltage would be (Kpial to En. But, on account 
of the primary drop in the transformcT, tlu’; applied voltage is 
obtained by adding to En the rc'sistamu'- drop / ifi in phase* with 
the primary current h and the nuudive drop hxi in leading 
quadrature with h. 

In order to be able to construct th(^ vectors IiVi and IiXi it 
is necessary to know the V(*ctor of tlu^ |)rimary (nzrn^nt Ii in 
magnitude and phase position. In an id{*al transformt*r, the 
primary current is in exa(^t phas(^ op])osition to t.lu* s(*(‘.oudary 
current, and the ratio of tlu^ two (nirnmts is inv(vrs(*Iy as tlu* ratio 
of the respective numbers of turns; s(*(^ (*((. (ISl). In tlu^ a(^tual 
transformer, the primary curnmt, in addition to this (*omponent 
h (nti/ui) transmittcul into the s(*condary/’ has a magn(‘tizing 
component Jo, which serves to maintain the alt(*ruatiug flux in 
the core, and which is not transmitUnl into tlu^ s(*eondary circuit. 
The total primary current is th(^ g(H)m(4.ri(‘. sum of tlu* two com- 
ponents, and can be constru(^t(ul if the magu(‘ti/nug curnmt Jo is 
known. 

The magnetizing current itself consists of two (‘omizoiuvuts, as 
explained in the preceding article, uiuler (c). Om* (‘ompoiumt, 
Jo', is in phase with the useful magmatic flux ami wouhl Ix^ the 
only magnetizing compoiumt if the*, iron had no hystenvsis and no 
eddy currents. This component is in (juadratun^ with tlui indu(!(Ml 
voltage Eiij and is, with respeudi to it, the nxicd.ivi* (*ompon(‘nt of 
the magnetizing current. The othcT componc*nt, /(/', in phasz^ 
with Eiij represents a loss of powcT, and is tlu^ndorc* c*alli*d the 
energy or loss component of the magrudlzing (‘urnait. Knowing 
Jo' and Jo", the vector Jo is easily obtaimuL 

The vector of flux, is drawn in hxuliiig (juadratun*, with th(^ 
induced e.m.f, J^i2, in accordance with Faraday’s law of indiud ion. 
If the flux varies according to the law 

0t ^ 0mmx2Tft, (184) 

the induced e.m.f. varies according to thc^ law 

Ci2 = '-n^d^t/di « -’27rfPmth cos2t/^, . . (IHo) 

the second sine-wave lagging by 90 degret^s b(*hind tint first. 
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It is assumed in the construction of Fig. 40 that the primary and 
secondary inductive drops can be calculated separately. Such is, 
however, not the case with our present state of knowledge; both 
theory and experiment enable us to determine only the total re- 
active drop, including primary and secondary. Therefore, when 
it is desired to use the vector diagram for actual computations, it 
is customary to as(‘,rib(i one lialf of the Ix drop to the primary and 
the other half to th(^ s(K;ondary circuit. 

Usually, the magnetising component of the primary current 
can be neglected; tluni it does not make any difference how the 
inductive drop is distributed. It will be shown in the next article 
that in sineh (easce thee voltage regulation depends only upon the 
total impcedanc.ce drop, (either calculatced or determined from a 
short-circuiit t(est. Wluen the internal voltage drop is given in 
per c(ent, it is understood to reefer to the no-load voltage of each 
particular ceirceuit. For instance, if the reactive voltage drop in 
a 2()/l-kv. transfornuer is said to be 5 peer ceent, this means that 
the seceondary drop is 2.5 per cecent of 1000 volts, or is equal to 25 
volts, and that tlue primary drop is 2.5 per cent of 20,000 volts, or 
is (equal to 500 volts. 

Prob. 1. What is the n^gulatiou of a OOO-kva., 2200/220- volt, 25-cycle 
transforrucer at tlue raUul (eurrent and at 80 p(er (ecait power-factor (lag- 
ging)? Tlue total neacetive droi) is 10 per ceent, the primary ohmic drop 
is 2.2 per cent, and tlue scueondary ohmic drop 2.8 p(er c(ent. The mag' 
n(dJ7/mg curnmt may h(^ neghu^tcul.^ Ans. 10.1 per cent. 

Prob. 2. I)(d4^nnine tlu^ per ctmt voltage n^gulation of the trans- 
former spcuufuHl in th(^ prtuuuling problem at the rated load and at 80 per 
cent power-fa<‘t(H', leading, 

Ann. — 1 .4 p(^r cent. Thc^ lu^gativo sign indi(5ate8 a rise in secondary 
voltage, inst(‘ad of a drop. 

Prob. 3. ('orrcu'.t tlu^ veud-or diagram of problem I for the magnetiz- 
ing currtmi, knowing iliat tlu.^ eorti loss amounts to 20 kw., and that 8500 
eff(u;tiv{i atiipere-turrm arc^ ntHU'ssary to maintain the flux, without the iron 
loss. Tim numb(‘r of turns in the s(HU)ndary winding is 04. 

Prob. 4. Adapt tlu^ diagram shown in Fig. 40 to an auto-transformer, 

40. Analytical Determination of Voltage Regulation. -Apr- 
proximate Solution. As (^xplaineul abovc^, it is preferable to 
calculate the voltage rc^gulation of a transformer analytically, 

^ An excursive internal drop is scdectcKl purposely to enal>le the student 
to (U)nHtruc’t an actmrate vector diagram to a conveniemt strait!;. The losses 
and the magiudizing current in problem 3 also are too high for a standard 
transformer. 
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because the vectors of voltage drop arc^ v(^ry sinail us (U)mpurcd 
with those of the primary and secondary voltagc^s. ndatiotis 

shown in Figs. 39 and 40 are expn^sscMl analyti(‘ally by the 
equations 

(IHG) 

and 

El = Eii + I iZi (bS7) 

Since our purpose is to find the relation bc^twecui Ei and Ab, it 
is necessary to eliminate from these e(|uati()ns Mu and AVi. The 
relation between En and Ei 2 is giv(‘n by ('cp (180); th(U'(‘for(^ wo 
multiply eq. (186) by Ui/u: and subtract it from (187). The 
result is 

El - (niMJh - + ini/7h)L2Z2^ . . (188) 

The correct relation between 1 1 and 1 2 is (Fig. 39) 

/i = ^2 (^aAh) + io / L + f 0 , • - . (1^9) 

where 

Iz, = I 2 (na/nO (190) 

is the primary load current, or that part of tlu^ primary (uirnmt 
which is transmitted into the secondary (urcuit. In a grtnit 
majority of practical cases the magneti^iing (!urnmt is only a few 
per cent of the total primary current at tlu^ raUnl load. The 
voltage drop in the primary winding is also but a tvw p<T (*(mt of 
the line voltage Ei, For these reavsons, it is p(‘rmisHil)l<^ in Fig. 39 
to transfer the exciting admittaruu) Yo from the placa^ h'IN t»o the 
primary terminals AB. The voltages drop in tlu^ t.ransformc^r is 
then caused only by the load curnmt, so that for t.h(^ purposes of 
calculating regulation wo may use th(^ approximate Halation 

h ^ I L ^ h Mui) (191) 

Substituting for Ii and 1 2 their values from (Hp (191) in t(^nns of 
I L, we finally obtain 

Fn - Et^ IxXZx + {riifn^YZ^] (192) 

In this equation, the quantity 

EL^(ni/n2)E% ...... (193) 

is called the primary load voltage, or the secondary terminal volt- 
age reduced to the primary circuit. The expression (ni/n^YZ^ is 
called the secondary impedance reduced to, or transferred into, 
the primary circuit. The quantity 

Z ^ Zi + (ui/n^^Zt 


. . ( 194 ) 
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is called the total or equivalent impedance of the transformer 
reduced to the primary circuit. 

Using in eq. (192) the abbreviated notation introduced in 
eq. (194), we g(^t 

(195) 


Equation (195) (corresponds to the simplified equivalent diagram 
of th(c transformevr shown in Fig. 41. This diagram differs from 
Fig. 39 in two respcHcts: (1) The magnetic link is omitted, the 
primary circuit Ixcing conncccted directly to the modified second- 
ary circuit; (2) tluc exciting admittance is connected across the 
primary terminal voltag(i instead of across the induced voltage. 
The latt(cr (change mak(\s the e(iuivalent diagram only approxi- 
mately corrcccct, but simplifucs computations greatly. 

Equation (195) is identical in form with eq. (159), Art. 33, 
for the voltage drop in a transmission line; both are solved, and 
tlie per cent voltag(c drop determined, in the same way. In fact, 
without tluc (exciting aditnttance Fo, the equivalent diagram shown 
in Fig. 41 ncduc.ccs tlie jx^rformance of a transformer to that of a 
transmission line. 

F]xpr(cssion (194) for the equivalent impedance shows that 
r(iHistan(!(CH and reacctancics can be transterred from the secondary 


A 


Lltm 
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Tl C 


r«n+ra 


El Xjoud 


Fun 41. Tlu' approxiniaU'Iy <Hiui valent, diagnim of a transformer or an 
iiulu(5lion motor. 


circuit iato thes primary, and vice versa, by multiplying them by 
the aejuaro of tht. ratio of the numbera of turns. For instance, in 
a 10,{)()0/l()00-volt tranaformtsr, a 1-ohm rcsiatanco in the low- 
tension circuit cauacH tins game per cent voltage drop as a 100- 
ohm realatanco in tho high-tenaion circuit. This is easily verified 
as follows; Let tho cummt in tho low-tension circuit be 20 amp.; 
then in the high-teiision circuit the current will bo 2 amp. The 
drop in tho 1-ohm nssistance is 20 volts, or 2 per cent of the 
secondary voltage. Tho drop in tho 100-ohm resistance is 200 
volts, whie.h is 2 per cent of tho primary voltage. In other words, 
the same reduction in tho load voltage will be produced by using 
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either a resistance of one ohm in the secondary circuit or 100 ohms 
in the primary circuit. 

The secondary resistance transferred into the |)rimary cir- 
cuit is denoted in Fig. 41 by where 


Correspondingly 


r-/ - ^2 {ni/ntY (196) 

x^' = Xh. (ni/n 2 )*^ (196a) 

The equivalent impedance Z consists of ilu'. (|uadrature sum 


of the equivalent resistances 

r= n + ra' = ri + {rii/n^yn, 


(197) 


and the equivalent reactance 

a; = a:i + = a:i + (ni/ns)^^^ .... (197a) 

The equivalent resistance is easily calculatcHl, knowing the 
sistances of the two windings and tlu‘ voltagt‘ ratio of tlu^ trans- 
former. Or else it is calculated din'ctly from ihi^ Pr loss nuuisured 
by a wattmeter in a short circuit t(‘st. Th(‘ ('(luivakmt r(‘a(d-ance 
is calculated from the t(^rminal voltage in th(‘ short-circuit ti^st, 
making a proper allowance for the known n^sistancu^ drop. To 
illustrate, when the secondary circuit is short-circuited, ecp (195) 
becomes 

li!i = • (H)8) 

El and II arc measured dina^tly, so that Z (um be (^aleulatcul. 
Knowing the equivalent nisistance^ r = tins r(MU*tanc(» is 

calculated from the expre^ssiou — r^. F<)r a n(‘W t.rans- 

former, the total equivalent kuikagc' indu(d4UH‘(^ is (\stimat(Hl with 
sufl&cient accuracy by means of various mauMunpirical fornmhe;^ 
or else the total impedance drop IiZ is takcui m a c(^rtain pc^r- 
centage of the rated voltage, from pnwious cixpt^rience with similar 
transformers. 


Prob. 1. Check analytically the answers to problems I ami 2 in the 
preceding article. 

Prob. 2. The high-tension winding of a 2(KK)-kva., 23/U-kv. trans- 
former was short-circuited, and the voltage on th(‘. kw-tt^nsion Hi<ie ad- 
justed so as to circulate the rated current through the windings. Th<* 
instrument readings were 470 volts and 30 kw. ( -alculate thc^ p(‘r c(mt 
ohmic and reactive drops in the transformer. Ans. 1.5 and 4 per cent. 

Prob. 8 . Deduce a formula similar to (192), hut n^ftTring to the 
secondary circuit. 

1 See for instance the author's Magrwik (Hreuii, Art. 64. 
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Prob. 4. Show how the voltage regulation of a transformer can be 
estimated, using Mershords diagram given in various electrical handbooks 
and pocketbooks. 

Prob. 6. The primary voltage of a given transformer is kept constant 
at a known value. Determine the percentage internal drop (A\ ~ El) / Ei 
for a given impedance of tlie load.^ Solution: Let the load impedance, 
reduced to the primary circuit, be Zl] then the load current is 

J[L=^Ei/(ZL + Z), 

where Z is the eciuivahmt impodaiuje of the transformer itself, supposed 
to be known. Tlu^. load voltage is 

El ^ E,-- Z I l^ l^}JnJ{ZL + -2^) == ^h/[l + {ZIZl)\ 

Having (ixpresHCMl all thes known and unknown quantities in the complex 
form, in either ('artc'siau or polar codrdinatos, the magnitude and direc- 
tion of Eh can be (h^.termined, by using the general method, Le., equating 
the real and the imaginary parts on both .sides of the equation. 

Prob. 6. The e(iuatioii for El given in the preceding problem leads 
to involved tuimerie.al computations. Moreover, the dilTerence Ex — El 
cannot be accurately d(‘t(Tmin(‘d in this way when El differs but little 
from El, Show how to simplify the numerical work, by taking advan- 
tages of the fact that Z is small (totnpared with Zl^ Solution: When a 
quantity a is small companMl to unity, we have by division 1/(1 •+■ a) ==» 
I — 4“ — et(*. Wo have ac^eordingly 

Eh (Z/Zl)] approximately, 

or 

(A) 

Let Eh be tlu^ vector of r(‘fcren(‘e; consequently E\ = Ei (cos B + j sin e). 
Let also Zl - b’os 4>l + j Hin 4*l) and Z z (cos 4> + j win <f>). Then 
according to eejs. (154) and (156), 

E iZ/Zl EizIzl [cos (0 + ^ — H,) +iHin {$ + (f^ (I,l)]j 

or, denoting EiZ/Zi by a Ah and ^ — 4»h by we have 
^El « A/t/j [cos {0 + + Jsin [0 -b ^)], 

Equation (A) may now Ik* written in the form 

El (cos B 4 j sin El 4" aEi [cos (^ 4" 4* J sin {$ 4- /5)], 

wherc^ 

A/j)t ss Etz/zh 

is a known quantity, as wcdl as the angle ^ 4> — Separating the 
real and the imaginary parts, wc^ g(^t 

1^1 CO.S ^ 4” A/s’j COB (^ 4” (B) 

El sin B ^ aEi sin {() 4’ 0) ® AAh sin $ cos 0 + aEi cos 0 sin 0, (C) 

^ The conditions in this probh*m differ from those in the text above in 
two re8j:)c»ctH: (1) Hu* |)riinary voltage is given instead of the secondary; 
(2) the loiul is givc*n l>y its irnpcHlance instead of the current and power- 
factor. 
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From eq. (C), dividing both sides by cos Oj we find 

tan^ = A7tJiHin/3/(Ah — aA'i cos^), .... (])) 

from which 6 can be calculated. Using in cut. (H) tlu' (ransfonnation 
cos ^ = 1 — 2 sin^ i the same as in .\rt. 33, w(‘ g(‘t, aft(‘r division by 

(El-EL)/Ei-^{A}^h/K^)ci)^{0 + ^^)+ . . (K) 

While the derivation of forinuhe (D) and (!<]) may s(H‘m sonu‘whal tedi- 
ous, the results arc in the fonu most convenient for numeri(‘al work. 


41. Analytical Determination of Voltage Regulation. ™Exact 

Solution.^ The approximation nuuh^ in tlu^ pi^uuMling artide 
consists in shifting the exciting admittama^ Vo so that it is (con- 
nected across the primary terminal voltage'. Eu inst(‘ad of acu’oss 
the primary induced voltage 7^n (e,(>m])ar(^ Figs. 39 and 41). 
Retaining the exciting admittaiuu^ in its corn'ct placa', \vi\ obtain 
the equivalent diagram shown in Fig. 42. Tlu^ stn'ondary im- 
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Fig. 42. The correct equivalent diagram of a (ransfornuT or an 
indinaion motor. 


pedance is reduced to the primary circuit as Ix'fon^, by lx.iiig 
multiplied by the square of tlu; ratio of tunis (ny/th)-. 'rius pro- 
cedure is strictly correct, the magu(d.ic. link Ixsag by asHumptiou 
perfect. 

Equations (186) and (187) hold Iuto as before, l)ut iusbuid 
of using the approximate oq. (191) we nhall u.s(^ the eorr(s>t nda- 
tion (189). The magirotizing e>irr(sit is 

|o = /4’iiFo (199) 

so that the total primary current is 

= n + A’aFo (200) 

Expressing and /j in eqs. (186) and (187) through tlu; load 
current II, and eliminating En and Ea iw before, we obtain 

(Si - Zxh)/(i + ZiY,) - Ih + hi>h/n,r-Z,. (201) 

This equation takes the place of the approximate eep (192). The 
two equations become identical when Fo » 0. 

1 This article may bo omitted if desired. 
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The eon>pl(‘x (luantity 1 + ZiYo which enters into eq. (201) 
may be called a corr(x;tioti factor, and may be represented in the 
form 

K = 1 + ZiYo = h (cos a+jsina). . . . (202) 

Since tlu^ ratio of two com-[)lex quantities is also a complex quan- 
tity, (Hj. (201) may ))e ex])resse(l in the form 

Kl+ hZc, (203) 

where the c.ornu'.ted primary voltage 

/pVi - /6’,//\ = (/i/i//v‘) [cos (0 - a) +jsm (S ~ a)], (204) 

and the c.orr(‘c,ted (‘(|uivalent inpHulancc 

Zc. =• Z\/ K + {n \/ th'^“Z* 2 . = Zp (cos^ sini/'). . (205) 

h](luation (203) is of tlu^ same standard form as cqs. (195) and 
(159), and (‘an 1)(^ solvcul l)y tlui method given in Art. 33.^ 

This ])rol)l(‘m (‘an l)e s()lv(ul also by ke(^ping the complex quan- 
i,ii,i(‘s in the orthogonal form. The student will profit by working 
out tb(^ d(‘.tails for lfims(‘lf. 

Som(‘tim<\s it is dtssinul to know the voltage regulation of a trans- 
fonm^r ov(‘r a c(‘rtain rang(^ of loads, the results iK^ing represented 
in th(^ form of a (Uirv(‘.. In such a case, it makes no difference 
for whic.h particular loads tlu^ regulation is actually calculated, 
])rovid('d tbat. thi^se loads arc: sebeted within certain limits. 
If th(^ primary v(dt.age is givcm and is constant, it may be more 
conveni(nit to jaTform th(‘. (‘alculations (ac(‘.(.)rding to Fig. 42), 
not for an assununl (‘urr(‘nt / «, but for an assumed load imped- 
an(‘(‘ Zi. C'ombining th(‘ imp(Hlan(‘.es in stories and the admit- 
tanc(‘s in parall(‘l, tlu‘ whol(‘ circuit (^onnec^ted at the primary 
t(‘rminals is linally r(‘du(‘(‘d to one impedan(‘.e. Dividing the 
primary volt.ag(‘ by this imixHlamte giv(\H the primary current, and 
c‘ons(H|U(‘ntly tlu' drop in tlu* primary impcHlance Zi, Thus, th(\ 
voltag(‘ Ku ])(‘(’om(‘s known, and th(‘ curnmt h can be calculated. 
Aftc‘r this, t h<‘ current. //, and tlu^ drop I i^Z^aro calculated. This 
drop, b(‘ing Hid)tra(‘t(‘d from A\i, giv(‘s the desired secondary 
voltagi!^ reduced to Urn primary circuit. 

^ Nanu'ly, wlum / » 0, ® Ecu that per cent regulation is e(iual to 

m)AE/(En A/5,’), wlwnt aE « Eel - Ex, (alg(‘hraieaUy, not geometrically). 
( 'onHec|ueritly, cHp (IfHI) and the tal>le on page 96 an^ directly applicable^ 


CHAPTER XII 


PERFORMANCE CHARACTERISTICS OF THE 
INDUCTION MOTOR 

42, The Equivalent Electrical Diagram of an Induction Mo-^ 
tor. The student is suppos(Hl to be familiar with the gcuu^ral (quali- 
tative) explanation of the performance of a polyphase^ induction 
motor, and with the general Hhai)e of tlu^ load (;hara<5tc^ristics.^ 
It will be shown here how to pn^hd^ermiiui the perforrnanc^e char- 
acteristics of a given induction motor by nuliunug it to an equiva- 
lent electric circuit, similar to that of a transfornuT. 

The following experiment shows th(^ possibility of such an 
equivalent diagram. A brake test is pcTfornuMl on th(^ motor, 
and the primary current and the pow(^r-fa(‘.tor an^ plottcnl against 
the output as abscissio. Then the rotor is l)lock(Hl, and variables 
non-inductive resistances are insc^rted into its phases windings. 
If the rotor has a squirrel-cag(^ sec.ondary, r(‘sistan(*<‘H must be 
inserted in series with each bar, or into eat^li scu^tion of tlu^ (md- 
rings between consecutive bars. Thc^ motor is thus nulucuHl to a 
polyphase transformer, the inserted scu^ondary n^sistanet^s repn^- 
senting the load. A load test is performcHl on this transfornuT, 
and the curves of primary current and pow(^r-fa(d,or arc^ plott<Hl 
against the total iV loss in the external n^sistances. Tlu^st^ curvets 
are found to coincide very closely with the curves obtained from 
the brake test, provided that the brake powc^r and thc^ i?r pow(‘r 
are plotted to the same scale, one representing tlu^ nn^dumic^al, 
the other the corresponding electrical output. Hornet diff(^rence 
in the curves is duo to the fact that th(^ stationary transformc^r 
has no friction loss; this is, however, partly or wholly compen- 
sated by a greatly increased secondary core loss. 

The theoretical reasons for this equivalence of an imluction 
motor to a polyphase transfonner will become ck^ar by considc^r- 

^ See, for instance, the author’s Experimental EkctncMl Engimering^ Vol, 1, 

chap. 17. 
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ing the electrical relations in the rotor under the following three 
headings: 

(a) The Relationship between the External Resistance and the 
Slip. Let th(^ input into tlu^ rotor be P watts per phase of the 
secondary winding, and let the motor lie running at a slip s. For 
instancH^, <s‘ = O.Of) UKuins that the sjieed of the rotor is 5 per cent 
lower than tlu^ sytu'hronous speed, or the sp<^ed of the revolving 
field. T\m\, sP wat.ts aro. (‘.onverted into heat in each phase of 
the scH'.ondary winding, and (1 — s)P watts are available on the 
shaft as tlu^. outiiut (including friction and windage). This is 
bcHiause tlu^ tangiuitial (diud.romagtudai*, effort is the same on the 
surfa(‘.(^. of th(^ stat-or as it is on the surfaiic of the rotor. But 
whiles th('. gliding magn(^ti(‘. (lux travels ai; synchronous speed, the 
rotor trav(‘Is at (I s) timers the sym^hronous speed. The elec- 
tromagiudh*. coupling betwcnni tlu^ stator and tlu^ rotor is simi- 
lar to a friction (‘oupling l>(d.W(H‘.n two shafts, having a certain 
amount of slip. If the spi^csd of the driven shaft is say 5 per cent 
below that of tlu^ driving shaft, on account of the slip in the 
coupling, 95 pen* (‘(Uii of t.lu' jiower is transmitted and 5 per cent 
is lost in h(‘at. in the (‘oupling. 

With ih(^ rotor blocke^d, l(‘t H ho. th(^ external resistance per 
j)hasi^ of tlu^ s(H‘ondary, and k^t ho the secondary current per 
phases For a slip s v/o must hav(^ tln^ condition 

« (R + 

or 

.V -= r^/iR + ^ 2 ) (206) 

If the slip is givini, th(‘ n‘(pnr<‘d (^xhmal resistance is 

R - r,{\ - s)/s (207) 

(b) Equal Secondary (Uirreni and Phase Displacement with the 
Rotor Running or Hlocked, L(‘t the nuictance of the secondary 
winding pot phano h(^ % ohms, at the primary or synchronous 
freciiumcy. Witli tlu^ rotor running at a slip s, tlu^ freciuency of 
the H(HH)ndary curnmts is only (Hpial to .s‘ times tlu^ primary fre- 
qmmey, so that tlu* r(nu‘tanc(‘ per phase is sx^. Therefore, the 
phasic disphuMmumt ^2 hoiwoon the induced siuiondary voltage 
and th(^ (uirnmt is d(‘t(n*min(ul by tlu^ relation 

tan <^2 = sxz/r^ (208) 

With th(^ rotor bkx’kcMl and provided with external resistances 
satisfying (‘ondition (206), the total resistance of the secondary 
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circuit per phase is 22 + ra = r^/s, llio s(HH)n(lary frequency 
is equal to that in the primary circuit, so that 

tan<j^2 = rra/CraAs') = 

thus the phase displacement is the sain(‘ as that f>:iv(m by cHp (208). 
With the same revolving magn(^ti(‘. flux in l)oth eas(\s, t.lu‘ c.urreiits 
are also equal. While with the stationary rotor th(‘ induced 
secondary e.m.f. is larger in the ratio of 1: s, l)(‘caus(^ of a higlu^r 
speed of cutting the secondary condue-tors, y(‘t. th(‘ total s(*eondary 
resistance 22 + r 2 is also larger in tlu^ saiu(‘ rat io of I : ,s, ae(*ording 
to eq. (206). The secondary reaetan(*e. is also largin' in tlu^ samii 
ratio on account of the higher freipunu'y. Thus, with t.hi^ rotor 
blocked, both the e.m.f. and the iinpiMlaiuH^ of tlu^ stH’ondary 
circuit are larger in the ratio of 1: .s‘ than wlum it. is running at a 
slip s. Hence, the current, which is eijual to t lu^ ratio of th(‘ (nin.f. 
to the impedance, is the same in both (uisivs. 

(c) The Reaction of the Sccondari/ upofh the Primarij Circidt 
is the Same with the Rotor Running or Blocked. Tlu^ niagtu'tn- 
motive force of the revolving rotor is tlu‘. sanu^ us that of ih<^ 
stationary rotor with the resistance R in hctiiss, providinl that in 
both cases the magnetomotivii force is c.onsidin'ed tciik rcKpvct to 
the stationary prmary circuit. In the latdin* emu tht* fnapunu'y 
of the secondary currents Is eipial to that of th(‘ supply, so that 
the resultant magnetomotive forci^ du(^ l.o all the sia-ondary phns(\s 
travels in the air-gap at synchronous sptHMl, thi^ sanu' as thc^ 
resultant magnetomotive force of tlu^ priuiary (nirrcmts. Tlu^ 
two magnetomotive forces form one rt\sult.ant inagni'toinotive 
force which produces the revolving flux. With thi^ rt'volving 
rotor, the frequency of the secondary (uirnmts is s ptT cimt of that 
of the supply, so that the secondary magnt^.omoiivi^ foren^ glide's 
relatively to the body of the rotor at a spi'cnl (n|ual to ,s‘ por cvnt 
of the synchronous speed. But the spcnul of tlu^ rotcu itsc^lf is 
the (1 — s) part of the synchronous Hpi'cul, IIcuuh', tlu^ v(*lo(‘ity 
of the secondary magnetomotive forcu^ idth rcMped to the dator is 
^ + (1 — 5 ) == 1, or is equal to the synchronouH spcH'd, and is 
the same as the velocity of the primary magni'toinotive forci'. 
We have seen above that the secondary eurnuits and tluur phases 
relation are the same in the two cases, so that the siH'ondary 
magnetomotive force is also the same in pliasc^ and magnitudes. 
Consequently, with the same flux, dotcmiinod by the applied volt- 
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age, the primary magnetomotive force is also the same in both 
cases. This nauins that the primary current and power-factor 
are the sumo, witli tlu^ stationary rotor loaded electrically as with 
the n^volving rotor loaded mechanically. 

We hav(^ thus provcul theoretically, as well as experimentally, 
that the pcTformancje of an induction motor may be reduced to 
that of a stationary transformer. But we know from the pre- 
ceding chapter that a transformer can in turn be replaced by an 
equivalent ekuitrio (urcuit, (nther approximately (Fig. 41) or accu- 
rately (Fig. 42). Thus, th(‘ same (Kiuivalent diagrams can be used 
in the pnHlcdxu'mination of tlu^ pc^.rformanco of an induction motor. 
All the (|uantiti(^.s whi(4i (niter into these diagrams are understood 
to be pen' phases of tlu^ primary circuit (usually per phase of Y 
in a thnn^-phase motor). When the number of the secondary 
phases and the nu'thod of connections are different from those 
in tlie primary (urcuit, tlu^ scunmdary winding is replaced by an 
(X|uival(mt om^ of thc^ sarin* number of phases, and with the same 
kind of coniKHvtiouH as in tin* primary circuit; see Art. 45 below.^ 

Prob. 1. I^lxplain tlu*! prirnspk^ of the speed control of an induction 
motor by nuuum of adjustubk* t^xtonal resistances in the secondary cir- 
cuit. 

Prob. 2. Explain tin* prirunple of tlie dirc^ct and differential cascade 
connec.iion of two induc’tion motors. 

I^b. 3. Show how an iirduction generator can bo reduced to an 
e(juival(*nt t*Ic*c.tric. circuit. 

43. The Analytical Determination of Performance. — Ap- 
proximate Solution. T\w. prohhun is to calculate the perform- 
ances charactcTiHticH of a givcm induction motor— in other words, 
against tlu^ output as abscuHsm, to plot the following curves; viz., 
primary ampcuc's, kilowatts input, primary power-factor, slip, 
torejue, and (drudcuu'y. Idie n^Histancc^s and the leakage reactances 
of both windings, nnluced to the primary circuit, arc supposed to 
be known, so that csacdi primary phase of the motor can be replaced 
by eitht^r the apfiroximaU* or the exact diagram (Figs. 41 and 42). 
The approximates diagram only is considered hero, because it is 
sufficiently acuturate for most practical purposes. The exact solu- 
tion is given in Art. 47 below. The iron loss, friction, and the 

* The values of thci Itmkagc^ mmtmmm of the windings are supposed here 
to be known; for their eiilculation from the dimensions of the motor see the 

author’s Magndk (Ureuitf Art. 66. 
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magnetizing current are also supposed to be known, so that the 
exciting admittance Yo is known. Whiles in reality it varies som(^ 
what with the load, in the approximates solution it is considerc'd 
to be a constant quantity. 

The problem is solved similarly to that of the voltages rc^gula- 
tion of a transmission line or of a transformer, treatcul above; 
that is, a load current Ii is s(dcH‘.ted, and tlu' ciianiit is solved in 
the complex notation. In order to mak(^ the tn^atment inde|)end- 
ent of the other chapters, a compIc‘.t(' solution is givcm Ixdow, with 
some minor changes which simplify tlu^ mmu^rical work. As in 
the transmission line and in the transfornuT, we hav(^ 


+ (209) 

or, expanded, 

El (cos $ + j sin 0) — El + //, (r + jx), . . (210) 


Here the direction of the unknown load voltage* El is again H(d(*ct(*d 
as the reference axis. The current II is in phas(‘ with El^ laatausc^ 
by assumption the external resistamu^ Ii is non-*indu(‘tiv(\ S(^j)a- 


rating the real and the imaginary parts, wt* g<d* 

El cos 6 =2 El + ///; (211) 

Eim\6 - Ilx (212) 


When plotting the curves, it is immah'rial whi(*h valutas of tin*, load 
are selected for computation. W(^ assuim*, tluTcfore, a H(*ri<*s of 
reasonable values for II, and from ('cp (212) calculat<* ilu* corn*- 
spending values of sin d. Then from (*(p (211) w(* fmd th<* valut*s 
of El, and finally determine tlu* outputs p(*r |)lias(^ from th(^ 
equation 

Pl - IlEl (213) 

Knowing II, El^ and the angk*. 0, the r(*Ht of the valu(*H for the 
performance curves are calculatcHl as follows: 

(a) The Slip. The external n^istance, reduccul to thc^ primary 
circuit, is 

R' - EL/h; ....... (214) 

and the slip is found from the equation 

« r 27 (/i' + fa'), (2 1 4a) 

which is identical with eq. (206), except that r% and IP im\ 8(Hu>nd- 
ary quantities reduced to the primary circuit. 

(b) The Primary Current and Power-factor, The total primary 
current per phase is 

Ji==Jo+l£„ . . . , . . (215) 
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where the magnetizing eummt I o is known, and can be repre- 
sented with rcspcKit to the terminal voltage Ei as 

la = Io{cos<i>o - js\n 4 >o) (216) 

The load curnaxt, in its phase relation with respect to the terminal 
voltage, is 

h = II (cos G - jwL 6), (217) 

so that 

I i = — (7 L (H)H 0-{-1 0 cos <l>o) — ^(/isia S-f/osin 4>o). (218) 

Knowitig th(^ projx'ction.s A and i/ of the primary current with 


respc'ct to tlu' t('rminal voltag<i Ei, the primary phase angle 
is found from tlu' e(iuution 

== ii'/ii, (219) 

and tlum tlu^ primary powx'r-faxdor, cos <t>i, is taken from a trigo- 
nonuitrie table*. 'I’he c.urre'nt itself, 

/i = fi/cos<3!>i (220) 

(c) The input per phnee is 

/'i = AVicose^i == Eiii (221) 


The eflicie'm^y is (siual to the ratio of the output to the input. 

(d) The ueefiil torque in synchronous watts, or the input into 
tlui sec.ondary, is e(iual to the outi)ut plus the secondary copper 
loss. Th(‘ tangential (‘ITort p<‘r pha.se, in kilograms at a radius of 
one mciten, or the tonpu' per jxhase, in kg.-meiters is 

T == 97:i.K (/‘,, + 0.001 /tVj')/(Hynchr. r.p.m.), . (222) 

Pi, tx'ing «*xi)resse(l in kilowatts, so as to avoid large numbers in 
numerical applications. 

iSometinu's the p('rforman(;c data are desired for one particular 
load, P/„ only; for instams', at th(! rated output of the machine. 
The method (mt liiu’el abovei may in this case he somewhat tedious, 
be<!au.se om* has to lind by trials the proixer values of //, and El 
whicdi give tin* (U'sin'd output. It may lead more quickly to the 
desired ('iid to solve e<|8. (211), (212), and (213) as three simul- 
taneous (‘(piations for tin* unknown (luantities El, II, and 6. 
Kquaring t lu* first two (‘(luations and adding them together, the 
angle Q is eliminated, and we get 

Kv^ = El? -b //,V -b 2 ElIiX. 

Substituting for El its value, from eq. (213), gives a quadratic 
(Kjuation for zli?, namely 

(zli?r -2 ( 2 / 4 *) (I Ex^ - iV )/2 + Pi* = 0. . . (223) 
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The solution of this equation is 

zli} = - Pir)/z - - F,i. 

The minus sign only is retained Ixdoni th(‘ radit^'U, because it 
gives a smaller current. It can be shown that t.lu^ solution with 
the plus sign corresponds to the unstable rt^gion of opc^ration of 
the motor. 

For numerical computations the preceding (Hiuation is put in 
the form 

z/i* = 1000 (Q - - /V^), . . . (224) 

where, for the sake of brevity, we introthuu^ th<^ notation, 

Pir)/z (225) 

In the last two equations Pl and Q are in kilowatts, ho as to avoid 
large numbers, and Ei is in kilovolts. The studcnit is nutxinded 
that El is the phase or star voltage, and not tlie liiu^ voltages, and 
that Pl is the output per phas(\ 

When Pl is small compared to Q, formula (224) represents 
the difference of two quantities of luuirly (H|ual vahun Th(^ 
result is inaccurate, and it is bettc^r to t'xpand the (^x|)r(‘Hsion 
[1 — {Pl/QY]^} according to the binomial tln^onun. This giv(‘s 

zip = 1000 Q [J i^Pi/QY + I {Pi/QY+ ih (Pi/QY + (226) 

The latter formula is much more conveuieiit for mmuTieal applicui- 
tions than cq. (224), because the second t(‘rm in tla^ bra(‘k(‘ts is 
small as compared to the first, and the third tcsrm can usually be 
neglected. 

Knowing Ii, the rest of the values are dc^tc^rminod as bedonu 

Prob. 1. Plot complete perfomiance mrvm of a threcv|)hasc, 25- 
cycle, 150-kw., 6-pole, 2200-volt, induction motor In^twcxui no load and 
25 per cent overload, from the following data: Totid no-load input (for 
all three phases) is 10.5 kw.; tlio no-load current per plnwe of the* line 
is 13 amp. With the armature blocked, the input is 230 kw., the cur- 
rent per phase being 227 amp.* The resistance of the primary winding 
per phase of Y is 0.60 ohm. Hint: Follow consistently tlie ii|)|)roximatt! 
diagram, Fig, 41; that is, do not correct the no-load naiding f(jr tins 
primary Pr loss, and assume the magnoti^sing current with the armature 
locked to be the same as at no load. Bee Art. 46 , Prob. 2 . 

* The data with tlie armature locked refer to the ratml voltage; 
are obtained by extrapolating the curv^ taken at lower voltages. It would 
not be practicable to apply the full Hna voltage to a krge motor with the 

armature blocked. 
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Ans. At the rated output the primary curreut is 49 amp.; the 
power-factor is 00.8 per ceut; the slip, 3.5 per cent; the efficiency, 88.5 
per cent; and tlu^ toniue, 302 

Prob. 2. (UuHik th(^ luiswor to the preceding problem, using eq. (226). 

Prob. 3. I^]xtcnd tlu^ theory and the fonnuhe given above to the 
perfonnance eliarac.tc^ristics of an induction generator. 

44. Starting Torque, Pull-out Torque, and Maximum Out- 
put. When judging the pc^rfonnance of a given induction 
motor, or (U'signing a lu^w motor, the following features are of 
irnportaruu' : 

(a) The starting torcpie, either in its absolute value, or in 
its ratio to tlu^ torepK's at the rated load. If the motor is to be 
startcul by nuuins of r(^sistan(^('s in the secondary circuit, one may 
be rcKiuired to (uihuilatc! tlu^ valuers of these resistances necessary 
for a prescrilxHl starting torque, or for a maximum starting 
torques. 

(b) The |)ull-out tonpu^, or the torque at which the motor 
reacluvs tlu^ limit of stabh^ ofx^ratiou, and comes to a stop. This 
torcpie is usually givm through its ratio to the full-load torque. 

(c.) Tlie maxinmm outi)ut of the motor, in kilowatts. This 
()uti)ut tak(‘H place' at a smalU'r slip than that at which the motor 
|)ulls out. Th(^ output is a maximum when the product of 
tonpu^ tinu's spewed is a maximum, but not when the torque 
itself is greah^Ht. 

Th(^ thns' (piantiticm mcmtioiu'd above can be determined by 
using tlu' (‘(piaiions (UhIiuuhI in the foregoing article. 

(a) The Starting Torque, In the general formula (222), Pl = 0 
at start, b(H*aust^ tlic^ motor Bupi)lies no mechanical output, the 
speed Ixhng (‘cpial to ssero. In the equivalent electrical diagram 
(B'ig. 41) tills eorn'sponds to a short curcuit of the load, or R = 0. 
Hence, h ^ K\h\ substituting this value into eq. (222), we find 
that the starting torciut^ p<'r phase, in kg.- m. 

0.9738 X synchr. r.p.m.). (227) 

It will Im seen from this c'xprc'ssion that the starting torque is 
proportional to the sc|uan^ of tlie line voltage. This fact permits 
one to determine tlic* initial torejue when starting a motor on a 
lower voltage*, by mc'iins of auto-transformers. The same equa- 
tion shows that the* starting torque increases with the secondary 
resistance. It is not t|tiite proportional to it, because is also 
implicitly containcHl in z. 
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When the motor hus a pha.s(vwouiul scH'ondary and is started 
by means of resistances in the secondary circuit, r-/ in formula 
(227) includes this secondary nisistauce. It is (.has possihk^ to 
calculate the external r('.sistauc(^ rc^cpiirt'd for a Kive.n starting 
torque. For examph^, whe.n tlu^ starting toniue is given, the 
ratio z^/rs,' in eq. (227) is a known quantity, or 

27r./ = [(r. + rs')-- + -rW = • • • (228) 

where 

c = 0.9738 J51iV(<lesired toniue X synchr. r.p.m.). (229) 

Solving the quadratic (228) for r-/, wo- obt.ain 

r/ = (J c - r,) ± \/(.» c - rO- ~ (F- + rf^). . (230) 

in applications, the minus sign only is n^taiiu^d l)(‘fore radic.al 
because one would naturally us(‘ tlu^ smalh^r of t lu‘ tavo r('sistau(U‘s 
which give the same torcpie. 

The value of r 2 determuuHl from t-his (^xpn^ssion comprises 
both the resistauc('. per phase of the rotor ])rop(‘r and stiirting 
resistance per phase, if any is us(h1, both r(‘du(*(‘(l to (‘(luivaleut 
primary values. To obtain their md.ual valu(\s, s(H‘ Art. 45 Ixdow. 

If the external resistances is to b(‘ so s(4(‘(‘t(xl as to giv(‘ a max- 
imum starting toniue, c in expn^ssion (228) must b(‘ a minimum. 
Equating to zero the derivative of c with n^spex’t to and 
solving for r<i', we g(‘t 

r/ = (x^ -1- rr)i, (231) 

that is, r 2 is very nearly equal to x. Tins valuta (‘ompristvs the 
resistance of the rotor proper and the^, starting n^sistaneev, both 
per phase of tlu^, primary circuit. If a n'sistamx^ is stdexd.eHl which 
is either less than or greater than tliat dt'te^rmimxl by exp (221), 
the motor does not develop its full starting tonpHu dliis clu'cks 
with oq. (230), which shows that tlie sanu^ tor<iU(‘ can 1 h^ ohtainexl 
with two different values of starting r<‘sistanc(x 

(b) Pull-out Torque. According to (up (222), tlu‘ tonpu^ is a 
maximum when 

ElH + = max. .... (232) 

Here El and II are functions of the ind(^p(mdtmt variabU‘ d. 
Expressing them through $ from etps. (2U) and (212), and omit- 
ting the constant factor we obtain 

(1/x) sin 6 [cos 6 — (r/x) sin 0] + sin^ 6 » max., 
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or, after simplification, 

X sin 2 ^ ~ ri (I ~ cos 2 0) = max. . . . (233) 


Equating to zero the derivative of this expression with respect to 
0, gives 

X cos 2 0 — ri sin 2 0 = 0, 


or 


tan 2 0 = x/ti. 


(234) 


Knowing 0, the valiums of Er. and J/, are calculated from eqs. (211) 
and (212), and tlu^n the tonpie is determined from eq. (222). 

It is of inter(5st to notc^ that the angle 0, at which the motor 
pulls out of st(^p, is iiukqxuulent of the secondary resistance 
r*/. Ncnthcn do(^s this resistance enter into eq. (233). Hence, 
the maximum torque which a motor in capable of developing is inde- 
pendent of its rotor resistance, 7Viis resistance determines only the 
speed at which the maximum torque takes place. The higher the 
secondary n^sistamu^, th<^ lower the speed at which the motor 
pulls out of st(q). I\y using an (external starting resistance, and 
a rotor winding of low r(‘.sistan(^e, two maxima of the torque are 
obtaiiunl, one at tlu^ start, with the external resistance in, and the 
other lu^ar synchronism, with it out. 

((0 Maximum Output. The. problem is to find the values of 
El and //, for winch the produ(d» EjJt is a maximum. Again 
expressing El and II through ttu^ angle 0 from eqs. (211) and (212), 
and omitting tlui constant fa(’.tor Ei^/x^ wo have 

sin 0 [(‘OH 0 — {r/x) sin 0] = max. 


K(|uating to z(*ro tlu‘ dcTivative of this expression with respect to 
0, gives 

0 » I 0, (235) 

whores tan 4> Knowing the angle 0, the values of II and 

El ar(‘ ealendated from (211) and (212), and then their product 
Edi is det(*nnin(‘d. 


Prob. 1. Th(^ motor HpcM’ifuHl in prol)l(mi 1 of the preceding article 
is designed to start chI at a nshuHsl voltage. What per cent tap should 
b(! uhchI on tlie auttHtransfonners in order to get a starting torque of 
about 3() per emit of the, full-load tonjue? 

Ans. (K) jHT cent of the line voltage. 

Prob. 2. The sanu* motor is provided with a pluise-wound secondar}^ 
and is to be started by using rt^sistanctss in series with the rotor windings. 
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What external resistance is necessary in order to obtain a starting torqu(? 
equal to 1.5 times the full-load torciue? 

Ans. 0.78 ohm per phase, in terms of the i)rimary circuit. 

Prob. 3. What starting resistance in the prcjceding problem would 
give the maximum starting torque? Ans. About 5.44 ohms. 

Prob. 4. Show that the motor specified in j)robl(‘m 1 of the i>receding 
article pulls out of step when the tonpie excHHuls 2.45 times the rated 
full-load torque. 

Prob. 6. Check the answer to problem 4 by tusing tlic answer to prob- 
lem 3. 

Prob. 6. Show that the maximum output of the same motor is equal 
to 2.15 times the rated output. 

Prob. 7. Show that the input into an induction motor is a maximum 
when d = 45*^. Hint: II cos 0 = max. 

Prob. 8. Show how to calculate tlie per (umt slip at which the motor 
pulls out of step, and also the speed at which the output is a maximum. 


CHAPTER Xin 


PERFORMANCE CHARACTERISTICS OF THE 
INDUCTION MOTOR — (Continued) 

46. The Secondary Resistances and Reactances Reduced 
to the Primary Circuit. It is proved in Art. 40 that in a trans- 
former tile Hociondary resistance and reactance can be transferred 
into tlie primary circuit by being multiplied by (nx/nj)®. The 
same rule holds true for the induction motor, provided that the 
number of phasi's is the same in the primary and in the secondary 
windings, and that the two windings are of the same type (the 
same number of slots per phase and the same winding pitch). 
This is hardly ever the case, and with a different number of 
phases and different typos of winding in the primary and second- 
ary, the following formula! hold true: 

rt'/r2 (nit/rih) (hini/hinn)^. . . . (236) 

Xi'/Xi = (mi/ma) (hini/hiTh)^. . . . (237) 
In these expressions, m is the number of phases, n is the number 
of turns per pole per phase, and h is the so-called breadth factor 
which charaef.eriz(‘H the winding. The subscripts 1 and 2 refer 
to the primary and secondary windings respectively. The quan- 
tities ra and *s are f.he actual rc'sistance and reactance per pole per 
phasi! of the s(‘condary circuit; rt and ajj' are the equivalent quan- 
tities per poll! per phase of the primary circuit.* When mi = m 2 
and hi /i-M, the preceding formula) become identical with eqs. 
(196) anil (l96a) for the transformer. 

Formula (236) is a combination of the following two equations : 


=> O.Qkbimiriiii .... (236a) 
mat2®r8 =* 7n\H'^Tz (236b) 


In these equations in is the effective value of the current in any 
conductor of the actual secondary winding, and i\ is that in the 

■ For a proof of these formulu), wh! thcauthor’HAf(iffn«n’cCtrcui<, Art. 44; 
the values of h will be found in Arts. 27 to 29 of the same book. 
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equivalent rotor winding, transferred into the primary circuit. 
Eq. (236a) expresses the condition that the magnetomotive forces 
per pole of the actual rotor and ecpiivalent rotor an^ equal to each 
other. Eq. (236b) states that the heat losse.s in th<^ two wiiulings 
are also equal. Eq. (230) is obtaiiKnl by (4iminating tlie ratio 
from the foregoing two expressions. 

It is sometimes convenient to keep in mind this method of derivation of 
eq. (236) in order to apply this equation properly in a pracdieal ease. For 
example, one of the windings may he mesh (romu'ct-cHl, and the other star 
connected. One of the windings may have* all t lu* turns p(^r phase in series 
the other may consist of two or more branches in paralhd, etc. Keeping in 
mind the physical conditions (236a) and (2361)), tliic^ proi>er values of rj 
and can bo determined in all such (^asc's. A tvvo-phasc* <'ombination of 
currents is not a symmetrical system to which (‘(i. (236a) can be applied 
directly. It is preferable to replace it by an eciuivahuit (piarter-phaae 
system (Art. 35). 



Fig. 43. A squirrel-cage rotor and the 
star resistances equivalent to the end 
ring. 



Fro. 44. The vt^ctorial rfdation betwetm 
the star and nn^h eurrenti in a sym- 
metrical w-plmse system. 


In the most general case, let an w«i)lutHe symmetriciil syntiun 
^iven, for instance a two-pole H(|uirr(d-cage rotor (Fig. 43), 
and let it be required to find the relation betwcMui tluMueHh rc^Hist- 
ances and the star resistances sucdi that the i V Iohh |)c‘r pliase 
be the same in both. The relation bet weem the vv.etom of t lu^ star 
currents and those of the mesh curremts is shown in Fig. 44, the 
star currents I, forming an m-sided polygorq and the mc^sh 
currents I ^ being the radii of the polygon. This diagram sat isfre^s 
the following conditions: (a) the star currents are displacuHl iri 
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phase relatively to each other by equal angles of 27 r/m, over the 
whole range of 27r; (b) the same is true for the mesh currents; (c) 
each star current is the g(?ometric difference of the two adjacent 
mesh currents; (d) the geometric sum of the star currents is 
equal to zero (Kirchhoff's first law). From the geometry of the 
figure wc have 

— /jyt sin (238) 

The condition Lh, = leads to the ratio 

rjr, = {L/Imy = 4sin2 (Tr/m) .... (239) 

A similar relation holds for the reactances. When m == 3, we 
find that rA/r^ = 3. 

Equation (239) finds its practical application in the calcula- 
tion of the (Kiuivakmt n^sistaiuu^ and reactance of a squirrel-cage 
rotor. Th(^ ions of the end-rings between the bars are mesh- 
connected, whik^ th(' l)ars themselves may be considered as parts 
of a Htar-(H)mH‘et(Ml mrpliiu^e system, where m.^ is the number of 
bars pen- pair of pok^s. Led. />, the resistance of each bar, includ- 
ing th(^ two (x)ntaet. r(\siHtan(^eH between the end-rings and the 
bar; kd; Vr be th(‘ n^sist.aiux' of a section of an end-ring between 
two cons(nndiv(‘ bars. resistance of the rings can be replaced 
by added resistance's in series with the bars, so as to change the 
conru'ctions U> a pun^ star system (Fig. 43). According to eq. 
(239), the total e(|uivaknit resistance per bar is 

Ur « + i Tr/mi^ (Tr/ma) (240) 

where r?,, incl\i<l('H t-h(* n'sistance n of the bar itself, and of the 
adjacent sections, Vr, of hot h end rings. Analogously 

Xhr - a’6 + I Xr/sin^ (Tr/m^) (241) 

Wlien applying vqn, (23(0 and (237) to a squirrel-cage rotor, 
the following sc'ccmdary values should be used: 

(l) The luunher of m^eomlary phfim^s is equal to the number of bars per 
pair of polt*«, that in, mt « (\/iip), where Ct is the total number of rotor 
bars. (2) Tlx^ro In but one bar per pair of poles per phase, and a bar is 
equivalent to one half of a turn; hence, n% » 0.25. (3) A aquirrel-cage 

winding is a full-pit eh winding of small breadth so that ht * 1- (4) In 

eq. (23(1) ft statida for tlie resistance per pole per phase, while in eq. (240) 
fk is the resistanee per bar. Hince there is only one bar per pair of poles per 
phase, ft i ry, 

Prob. 1. A two-phase induedion motor has the primary winding ar- 
ranged for two independent phamm; the sc'condary is three-phase Y-con- 
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nected. When the rotor is stationary and its eir<*uit.H an^ opcai, 440 volts 
impressed at the primary terminals produce 07 volts l)(‘tw<H‘n the slip, 
rings. The calculated starting reHistaiuas p(‘r phasi^ of the primary 
circuit, is 14 ohms. What is the actual n^sistama^ to In* us<mI in series with 
the rotor windings? Hint: CU)nsider the primary circuit as a four-phase 

star-connected system, so that n jxbi/fiihii — J X 440 (07/ v ii). 

A ns. 0.34; olim. 

Prob. 2. A six-polo, threc-pluuse, Y-conru'drd imluction motor has a 
squirrel-cage rotor of tSO cm. diameter with 73 bars; the r(*sistanc(^ of 
each bar is 120 microhms (including the contact n^sistama*). In order 
to have a certain required tonpie and slip, tlu* caiuivuhait rotor n^sistance 
per phase of the primary circuit must be ecpial to 1.07 ohms. What must 
be the actual resistance of eacli en<l-ring per C(*utim<'t('r of its kaigth? 
There are 100 t\irns per phase of the primary winding, and hn 0.95; 
for the squirrel-cage winding is always expial to unity. 

Aus. 5.S mierohms. 

46. The Circle Diagram. Let the vahu\s uf ])rimary current 
obtained from a brake t('st on an indmdion motor b<^ plotted as 
vectors at proper phase angh\s with rtsspiud to vendor Ex 
of the primary voltage (Fig. 45). Tlu^ hums of ilm ends of the 
current vectors is found to be very luairly a seunicirele. I'his 




Fig. 45. The circle diagram of an induction mt»tor. 


locus, together with some auxiliary lines, is called the^ eirede^ dia- 
gram or the Heyland diagram of the induction motor. A Himilar 
diagram holds true for the transformer, although it is hartlly ev(‘r 
used in practice. 

The importance and the convenience of tlm eirtde diagram lie 
in the fact that the complete performance of an induction motor 
can be predicted if the diameter of the semicircle and its posi- 
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tion with r(^spo(;t to the voltage vector Ei are known. The semi- 
circle is usually (k^terruim^d by the vector lo of the no-load current, 
and tho vecitor of the c.urrent I, obtained when the rotor is locked 
(the sul)seript ,s‘ stands for starting or short circuit). At any 
otlu^r load, tlu^ extrcanity of the current vector h lies between 
thos(^ of /() and 

Th(^ Heylatid diagram is simply a graphic representation of 
tlu^ (uirnmt and voltages reflations in the approximately equivalent 
(^irevuit diagram shown in Fig. 41. The exciting current and the 
no-load loss(\s an^ assunuul to bo exmstant at all loads from no- 
load to standstill. The no-load current is resolved into a loss 
compommt / o", in i)has(f with the voltage Ex, which component 
represents th(^ iron loss, fri(‘tion, and windage; and a reactive com- 
ponent /()' whi(‘,h isxviioH thc^ main flux in the motor. At any load, 
th(^ primary <uirr(fnt 1 1 is the geometric sum of the load current 
Jl and tlu^ no-load curr(fnt /o, the vectors of these three currents 
forming a triangk\ 

That th(^ locus of the curnmt Ii or It is a circle follows directly 
from eep (212), because' from it we have 

Ih/mi 0 — Kx/x ^ c.omi.j .... ( 242 ) 

which is (easily scH'n to Ix^ tlu* e(|uation of a circle in polar coordi- 
nates. Th(^ valu(f, of the constant 

lU/x h' ( 243 ) 

is e<iual to the dianudcT of the circle, which diameter is thus 
(k't^rmimxl sokfly l)y tiie k*akage reactance x of the motor. The 
smallcT X is, tln^ larg(T is tlm circle and tho bettor the motor, 
bcH'auHC its powiT-factor is higlu^r and its overload capacity 
larger. 

Thc^ loatl <nirrcmt ht with the armature blocked has an energy 
(H)m|)on<mt in pliase with tlu» line voltage Ah, because of the 
loss in th(^ rcHistancu'H of tlu' stator and rotor. If these resistances 
could be c'liininatcHl or put outside the motor, the load current 
on short enreuit wt)uld bt' purely reactive and e^qual to /l' «= Ei/x. 
Thus, thc^ dianu'ttT of tlu^ circle is e(|ual in position and magni- 
tude to the load curnmt (secondary current) of the machine with 
the annatun* blocked, |)rovided that the internal resistances are 
eliminiitfal and only leakagt^ reactances are left. This condition 
is called an i«leal short circuit. 

Ixmving thc! lorn mmimnmt of the no-load current out of 
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consideration, the performance of the motor is determined by 
the pure magnetizing current Iq^ and its ratio to tiic diameter /// 
of the semicircle. This ratio is callcHl tlu'. circle CMefficienL Let 
the exciting reactance, or the reciprocal of 6o, Ix^ denot(xl by xq. 
Then /o'= Ei/xoj and, by definition, the circle co(^ffi(U(mt 

^ == x/a:o; (244) 

in other words, the circle coefficient is (H|ual to tlu‘, ratio of the 
leakage reactance to the exciting reactances. ^ 

Thus, knowing the magnetizing (nirnmt and tins short-circuit 
current (or the magnetizing current and th(s (sir(dts (UKsfEcient), 
the Heyland circle can be drawn, and tlus redation Ixstweeu the 
primary current, the load curnmt, tlu‘ pow(T-fa<stor, and the 
angle 6 graphically determiiuHl. By drawing (‘.ertain auxiliary 
lines, the input, output, slip, tonpie, and eflici(xu^y can also be 
read off directly from the diagram, for m\y assunuHl primary 
current.^ In other words, the cinde diagraca p(Tmits om^ to 
determine graphically the performance charact(‘risti(‘s, and ofTi^rs 
an alternative method to the analytical pro(‘(Hiur(^ (‘X|)lain(xl in 
Art. 43 above. The relative advantagt's of th(‘ analytical an<l 
graphical methods depend upon th(^ probkxn in hand and the 
skill and temperament of the user; the stuchxit should thoroughly 
familiarize himself with both methods Ixdon^ deciding upon the 
use of one or the other. 

The circle coefficient is very convenicuit for i)r(diminary dcssigns 
and performance estimates. Mr. IL M. Hobart Inw mad(^ (juiti** 
a study of the numerical values of this co<vffi(d(mt for a large nuiii- 
ber of actually built motors, and luis (X)mpiled his ^(^Hult« in the 

^ The circle coefficient is also called the dispersion factor {StrmungH^ 
koefflzient), and is usually derxoted by cr. Those fainilmr witli magnetic 
phenomena will notice that the circle coefficicxit is e(|ual to tlie ratio of tht' 
permeance of the main nxagnotic path in th(' motor to that of the Ic^akage 
paths. This is because the reactances are proportional to die eorrespomling 
inductances, and an inductance is ecpial to th(‘. penm^ance^ of tlu' path times 
the square of the number of turns linked with it. A motor is «*vid<uitly im- 
proved by reducing the permeance of ite leakage paths and inert^iwing that 
of the useful path. This means that the motor is better thc^ lower its eirele 
coefficient cr. 

^ For complete and explicit instructions in regard to the constnieiion and 
use of the circle diagram, see the author^s Bzptrim&ital Ekcirictd Engtruier’- 
ing, Vol. 2, Chap. 29. 
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form of charts, from which the value of the coefficient may be 
taken for a motor of g;iven or assumed dimensions.^ 

Prob. 1. Show that the circle coefficient of the motor specified in 
problem 1, Art. 43, is ecpial to 0,0572, 

Prob. 2. (3KH;k a few points on the curves obtained in problem 1, 
Art. 43, by (jonstriKdang thc^ (vircle diagram of the motor. 

47. The Analytical Determination of Performance. — Exact 
Solution.^ The pr<ul(d.cu'miuati<)u of the performance charac- 
teristic's of an induction motor, explained in Arts. 43 and 46, 
is based upon tlu^ approximately eciuivalent diagram shown in 
Fig. 41. Th<^ (‘xad, p(‘rformane(^ eharaeh^ristics are obtained by 
(^xpri^ssing analyti<‘-ally tlu^ (leetri(‘.al relations according to the 
correct (upnvahmt diagram shown in Fig. 42. To l)e absolutely 
cornH'.t, both go and ho must Ix^ vari(xl sonu^.what with the load, 
l)e(‘.ause (a) tlu^ frid.ion and windage depend upon the speed, 
(b) the iron loss is not ('xaeily proportional to the square of the 
flux, and ((v) tln^ magiudiz/mg current is not proportional to the 
voltag(^ Mor(X)V(u-, tlu^ friction loss ought to l)e S(^])arated from 
th(^ iron loss, ami subtraeitHl from the output, instead of being 
addcnl to tlu^ inp\ii. All tlu\s(^ (’orreetions make the calculations 
mmli mon^ involv(‘d, and, whih^ it is well to know about them, 
th(\y an^ hardly (^V('r jtisiifitsl in practice. 

In larg(^ and nuxlium-st/xsl motors the losses and the internal 
voltages drop an* <x)mparativ<4y small, so that the performance 
ealeulat(‘d acuxirding to th(‘ (*xa(»t diagram differs l)ut little from 
that obtained with much l(\ss time and effort, by using the 
approximate' diagram. It is only in small motors, or where ex- 
treme' ae’.eniraey is nHjuire'd for some* spennal reutsou, that the pro- 
eunlure givem below is justiiie*d. In ve^ry small motors, say below 
one^ kileavatt, the* difTe'r(‘ne*e' belwex'ii the approximate and the 
(U)rre'ct peudormantx* is epiite' appnu’iabb, benumse of high losses 
and a larger voltage* einq). 

‘ H, IVI. Ilohart, Ehririe eUHU), (’hap(,er2l. It may be* of inter- 

est te» note* that tin* eeaTenS ts|uivalc*nt tiiagrain (Fig. 42) aim) lemds to a 
circle* eliagrain, known m thv OHnanna enrele*. Nume^roun artiele^ on tluH 
exact diagram will he found in the various volumes of the BRektrotechnisdie 
Zeitnehrift and Klrkimirthnik itnd M mrhinenhau. 

« This artiele may ht* omitted if denired. hesmum* the approximate hoIu- 
tion given in Arts. 43 and $el is Huffieifuit in a grenit majejrity of practical cases. 
Howeve^r, the im*th<Kl umni in this inrtiele is of interest to the student as 
anothe^r and somewhat differeajt application of complex quantities. 
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It is much more convenient to plot completes performance 
curves than to calculate the performance data for a specified out- 
put. A certain external resistance R' is assunuul, such as would 
give a reasonable value of slip according to <hi. (2l4a), and the 
performance characteristics are cal(uilat(ul for this valium of /£'. 
Then another value of i2' is assuuuul, and tlu^ (uihuilatious are 
repeated, and so on. For an assumtul valuta of /£' the total 
admittance between tlie primary terminals is (‘.ahndatcHl, using 
the general method given in Art. 28, that is, adding iiuptnlanet^s in 
series and admittances in parallel. Knowing th(‘ (,otal athnittance, 
the primary current becomes known; tluni //, and Ri, arc', cuiltui- 
lated, and finally the rest of the data arc' obtaiiu'd as in Art. 43. 
The details of the calculations arc^ as follows: 

(1) The impedance of the load plus tlmt of tlu' stH'.ondary 
winding = {R' + r^) + 

(2) Using eqs. (121) and (122), Art. 27, find the' (‘orn'spouding 
admittance g 2 — jb^. 

(3) The total admittance between tlu' points M and N is 
(qo + g^) j (bo + hti ) . 

(4) Using eqs. (123) and (124), Art. 27, find tlu' C'orrc'spouding 
impedance tmn + JXmn- 

(5) The total impedance betwe^'n the primary terminals is 

Zeq = {tmN + ri) + j {XmN' + 3Pi). 

(6) The corresponding admittaiuu^ is (‘ukni- 

latcd from eqs. (121) and (122). 

(7) The primary current is 

li-A’iF., (245) 

(8) The voltage across MN 

En - E, - « /^l(l ifiF.,). . . . (24fi) 

(9) The load current is 

or, substituting the values of /i and En from eejs. (245) and (24fi), 

h=^E^[Y,,{l + Y,Zi)-^Yol . . . (247) 

(10) The load voltage 


= I lR^* . . 


. . (248) 
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The rest of thc^ (luantities are calculated in the same manner 
as in Arts. 43 and ‘14. 

In nunu‘ri(*al work, it is (‘.orivonicnt to take Ei along the ref- 
ereiuH^ axis. Having (hdiiTiuined the value of computations 
are bc^gun with ilu^ (U)in{)()sitc admittance in the brackets in 
e(p (247). MitluT tlu^ orthogonal expressions of the form r + jx 
or th(^ i)olar ('X[)r(%si()ns of th(i form z <!> + j sin <!>) may be 
\ise(l, aecordiiig to otu^’s pr(4tn'(MU‘.e or familiarity with one or the 
oth(‘r form. Tlu^ stinU^nt ought to bo familiar with both forms. 
Th(^ trigonom(4.rie. form is convenient for multiplication and 
division, whilt^ thi‘ ('art(‘sian form is preferable in addition and 
subtrac'tion. It may bc^. advisable to use both forms in the same 
probhan. 

Th(‘. (*alc.ulator should avoid long algebraic expressions, per- 
forming num(U’i(‘.al op(‘rations sk^p by step. Much time is saved 
by arranging th(^ conse(‘utiv(^. steps in a table, so as to repeat the 
same oin^ratious nuH'hanic^ally for different values of An 
irn^gularity <>f tht^ valutas in a colurnn is a sure indication of a 
mutierical tTror. 

‘ Mu(‘h t.iitu‘ is also sav(‘d by inkdligently discriminating be- 
tw(‘en th(‘ principal k‘rms and small correction factors in an ex- 
pr(‘ssio!i. I'or itistancc', in (H{. (247) is large as compared to 
Yo atul to It would be a Wixste of time to figure out 

th(^ latk'r t'xprt\HHion atanirakdy, when, in all probability, the 
principal k^rm will be alTt‘ckHl only by its first significant figure. 
On the otht‘r hand, tlu‘ principal term, must be calculated 
k) a d(^gr(‘t^ of accuracy at Uaist e(pial k) that desired in the result, 
if not to a higln^r dc'grtH^. ( 'onsiderable skill, experience, and judg- 
ment arc‘ ^cMM^ssary to di'k^miiu^ th(^ proper accuracy of computa- 
tions in (*ngiiuH*ring problcnns. This is an art which grows by 
intelligent c*x(*rciH(% and it is never too early to begin practicing 
it. Th(^ nnvards art^ time^ and mental energy saved for better 
things, while «)biaining an accuracy which is commensurate with 
the d(‘sired result. * 

* loir ii iNunpli'O* cif final fermuhe for induction motor characteristics, 
HCH* Aniol<l*H WrrhMrlMtmmttrhnik, Vol. 5, part I (UHHI), pj). 65~”78. A very 
slight iiiarruriicy in introdurtni then* in the^ beginning, by neglecting the 

imaginary part in a eomplt*?c quafitity. also Dr. Bteinmetz's Alternating-* 
currmt /Virwwirwi, under ** Induction Motor.** 
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Prob. 1. Make out a table showing in detail the order of computa- 
tions for a complete set of performance clmracteristicss of an induction 
motor, according to the method developed abov(i. 

Prob. 2. Mark on the curve sheet obtained in probl(un I, Art. 43, a 
few points determined according to tlie exact eciuivalent diagram, in 
order to see the inaccuracy resulting from the use of the approximate 
method. 


CHAPTER XIV 
THE DIELECTRIC CIRCUIT 


48* Thd El6ctrostEtic Field. ^ lu the following discussion, it 
is asHurncHl tluit tlu^ sludcuit knows the fundamental phenomena 
of electrostati(!H from his study of physics. The purpose of the 
treatnumt givcm is to deduce the principal numerical relations 
which an', of importanc.(^ in ehn'^trical engineering. The electro- 
static field is considc'red in this book from Faraday's point of 
vi('W, viz,, as consisting of <lisplacements of electricity, and stresses 



Fio. 4(L A plia(* riJiHliniHcr complt^ing a tlircct^eurront circuit. 

in the dielectric. T\m is diffc^reut from the older theory of the 
action of elt'ct ric (diargc.s at a distance. 

Let a Hcmrc'c E of f-ifntinmmu electromotive force (Fig. 46) be 
connected to two paralh'l nn'tallic plato A and tlie combina- 
tion of wliic'h is commonly known as a condenser. Let the plates 

* Bee tlw fcKitnota at th«» hi^inning of Chapter 3. 
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be separated from each other by air, or by some other non-coiuluct- 
ing material. When the key K in pr(iK.s(Hl upward-s, a (sertain 
quantity of electricity, Q, flows from tlu* batti^ry to the; {date; A, 
and the same quantity flows from the. i)lat(^ B bae.k t,o th(> batteny. 
This quantity can be measured by the ballistic, galvanomcbjr 
shown in the circuit. Within a v(!ry .short tinu^ the dilbfnnuu' of 
potential between the plates Ixiconuw ecpial and opposites t.o that 
of the battery and the flow of current stops. 

Since electricity behaves like an incompressil)l<' fluid, the same 
quantity, Q, is displaced through the whok^ circuit, imduding the 
layer of insulation or dielectric iRdwtu'U tlu! (a>nd<‘ns<ir plabw. 
This displacement is accompani(>.d by a strc'ss in tln^ <li(dec.l,ric., 
similar in some respects to a mtu'.hanic.al st.rt'ss in an (flast.ie body. 
The directions of the electric stre.ss and of the; lines of disphus'inent 
of electricity through tins air are shown in tin* figun^ by dotted 
lines. These stros.se.s produc(\ a counter-(di*(d.romotiv(^ forc,(^, 
which finally balances that of tin* battery. When t.he k(\v is 
opened, the condenser remains (fliargcul, sinct! t.h(; str(‘.ss and i,h(^ 
displacement can bo relieved only in a closisl circuit. To dis- 
charge the condenser, its plates must be eoniu'c.tc'd by a c.on<lue(.(»r; 
this is done by pressing the key down. 'I'ln^ deflection of tln^ 
ballistic galvanometer (hiring the discharge is eiiual and opposite 
to that during the charge, and the (‘l(H;tri<! (>nerg.y stored in t.he 
condenser is dissipated by the current in tin? form of heat. 

The difference between a duilectric and a c.onduetor is that tlie 
resistance of the former to the pa.ssag(( of clcid.riinty is of an (>lastic 
nature; that is, the 8tre.ss (‘.an be nflieved and tlu' stonal (mergy 
returned to the circuit. On the c.ontrary, the r(‘sistuuee to the 
flow of electricity in a (amductor is of the nature of friction. 
The energy is converted into Joulean heat and cannot be n^stored. 

The modern electronic tlusiry of electri(;ity is not sufli(;icntly 
advanced at this writing to give a clear a(tcount of the true natuns 
of these displacements and stresses in a dielectric. It is therefore 
preferable for our purpo.4ea not to specify the me(dianism by which 
these stresses and displacements are produced. We shall simply 
assume, as a matter of fact, the structure of diekmtrics to b(> such 
that an e.m.f. across a layer of such material produces a disiilaci;- 
ment of a certain quantity of electricity, which is proiiortional to 
the e.m.f. When the e.m.f. is removed and a closed cinuiit is 
provided, the stresses within the dielectric are relieved, and the 
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displacoineixt disappcuirs. 'Tlu^ analogy to an elastic body sub- 
jected to oxtiu'ual nuudianical foremen naturally suggests itself. 

Exporinnuit shows t.hat, with given metallic plates (Fig. 46) 
and the sann^ appliiHl (Mn.f., tlu^ valu(5 of the electric displacement 
depends upon th(^ natun^, of tlu^ dielee.tric. With solid and liquid 
insulating luabu'ials, such as glass, oil, mica, etc., the same e.m.f. 
produce's larg(‘r displac(‘m<mt.s of ('lectricity than with air as the 
diel(H‘.tri(t. dlu'se^ mat.en’ials an^ tlu'ndore said to possess higher 
permittivitu than t.lu^ air (sonu^ write'rs us(^ the word inductivity). 

Wlum an alUrimUtui voltages is applieul at the terminals of a 
cond('.ns('r, ilu^ disphuantK'ut of ele(‘.tricity in the dielectric varies 
continually in its maguUauh^ and p('.riodically reverses its direc- 
tion; c()ns(Hpi('ntly, it givc's rist^ to an alternating current in the 
coiulucting part of the (^inniit. This is called the charging or 
capac^ity cuirn'nt.. This (‘urnmt leads the alternating voltage in 
})hase by 90 degrt^'s, as may \h\ sih'u from the following consider- 
ations: Whem th(^ voltage, has nuicln'd its instantaneous maximum 
th(^ cliargiug curn'ut is s^^'ro, b(‘c,aus(^ at tlu^ cn'st of the wave the 
voltages and thc^ disphu^fmamt n'main pra(*.tically constant for a 
short period of time'. As soon as the voltage begins to decrease, 
the curn'ut Ix'gins to flow in tlu' dinud-ion opposite to that of the 
applied voltag(s b(‘('aus(‘. t.h(^ (dastic n'atd-ion of the dielectric is 
now larg<*r than t.Iu' applit'd el(‘(*tr()motiv(‘ force. At any instant, 
the euiTimt, or th(‘ rat,e of flow of (‘l(M*trieity, is proportional to 
the rate of change' of tin's applic'd voltage. But if the applied 
voltages vari(*s at'conling to tln^ sine law, the rate of variation is 
also rc^pn'mmtod by a siin^ fiundioii dilU'ring in pluise by 90 de- 
grees frorti tin' original fuindion, Ix'cause d {H\nx)/dx = cos x = 
sin (90® + x}; set' also Art. 60 below. That tln'.re must be a dis- 
placennmt of 90 dt'gnx'H Indwtsm tin' voltage and the current 
follows also tlirts’tly frotn tin' assunn'd (dastic structure of the 
dielecttric. Tin* tnn*rgy is supposi'd to pi'riodically stored in 
the dicdtH't.ric^ and givc'U up again without any loss; hence, the 
average pow<'r must bi' i*:erO| aiul tln^ current must be reactive. 

49. A Hydraulic Analogue to the Dielectric Circuit. The 
hydraulic auah^guc* shown in Fig. 47 may aasist the student in the 
understanding of tht' cdi'ctrostatic circuit. A is a pump which 
eorreH|>onds to ihc' sources of ('U»('.tromotive force in Fig. 46. The 
|)ipc^H B and C rc'prewmt tint Ic'ads to the condenser, or the metallic 
parts of the circuit. The cylinder D corresponds to the condenser, 
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and the elastic partition K is analogous to thc^ diehn^tric. Let 
the pipes and the cylinders be filled with wati^r, and kd, tlie piston 
in A be in its middle position, tlu^ partition K not Ixung stressed. 
Let the stopcock M be opcm, and the stopeocdi N (dos(Hl. When a 



pull to the right is exerted upon tlu^ piston rod and it is forced 
to move, the water in the syshnn is <lispla(M‘d, and tlu^ idtistic 
partition K is strained, as shown in th(^ figure. With a giviui 
pull, or a given electromotive for(H‘, tlu‘ movement stops wluui 
the pull is balanced by the cdastic n^atd/ion of the* partition. 
The charge, or the total displaciumxit, is n^pn^stmUnl by the 
amount of water shifted; it can In* mi‘aHun‘<l by thc» watiT-mcder 
W, which thus takes thc^ ])lac(‘ of the ballistit* galvanom(d(*r. 

If the pipes are frictionk'Hs, and the'? iiuTtia td tin* iiiston and 
water is assumed negligibk^, the analogy (‘an In* follow(‘d still 
further; namely, the idiase difh^nuux^ in tinu^. Ixdwtxui tlu^ pull 
and the velocity of the watc^r is ecjual to IH) dc^gn^es, th(‘ vcdocity 
leading the pull. Assuming the motion of th(‘ pistnn to 1 h^ har- 
monic, the velocity of the flow of water is at its maximum wluui 
the piston is at the center of its stroke*. Tht* nHiuirenl pull is cH|ual 
to zero at this moment, because^ tlu^ elastic! partition is in its 
middle, or unstrained position. At the cmd of tlu* stroke* th(! 
velocity is zero, but the pull is at its maximum, bcHnmsc! the 
partition is strained to its extreme position, and (!X(*rtH its maxi- 
mum elastic reaction. Thus the pull lags ladund tin* v(*Io(*ity, 

Substituting another partition, made of a more yielding 
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material (material possc^ssing higher permittivity), a larger dis- 
placJCimMit is prodiuuMl with th(^ same pull; this corresponds to 
the cas(^ in whicdi somt^. solid or liquid dielectric is substituted for 
the air. 

Closing thc^ stopc.o(*k M (corresponds to breaking the electric 
circuit of tluc (condcnisccr. It will he senm from analogy that the 
condeusc^r n^maius (chargccd. To disccharge the condenser, the 
stopcock N must Ixc o^x'iucd; this (Hpializccs the pressure on both 
sides of tluc (^lasti(c partition. Simee, in reality, water possesses 
some inertia, th(‘ partit.ion do(cs not stop in its middle position 
during tluc dis(‘harg(% hut th(‘ monumtum of the water carrms it 
bccyond the <c(‘ut.(T. Tluc (‘kactromagiuctic inertia of the electric 
curnmt produ(‘(\s a similar (‘fleet, and we thus have a simple 
(‘xplanation of tluc oscillatory character of the ebctric discharge. 
During this dis(*harg(‘, tlu^ ('U(‘rgy is alU^ruately transformed into 
the ])ot(‘ni.iaI (mtn*gy of (ru‘l(‘(*t.ri(*. stn'ss, and into kinetic (umrgy of 
th(^ magmdh*. fudd. Th(‘ (KS(*illatious of the partition are gradually 
damped out l»y the frictional nssistaimc^ of the pipes. In the 
(dectri(^ (unniit, oscdllat-ions ar(‘ damptul hy the ohmic resistance 
of the (‘onducting ])arts of tlu^ circuit. 

Th(‘ Htiuhmt can follow this analogy still further, and explain 
fnx^ (d(H‘tncal vihratioiis, currtait and voltage r('sonan(‘.e, also the 
('.fTe(d» of a nwsf anct^ in s(‘ri(*s and in paralhd with a c.ondcmsc'.r, etc. 

60. The Permittance and Elastance of Dielectric Paths. 
Let Q (Fig. 4fV) h(‘ t(d.al disphuaamait of ele(‘.tri(nty in the 
di(‘l(U‘tric, im^aHunnl in amp(T(‘-H(‘(*onds or (‘.oulombs, and kt E 
he th(^ voltag(‘ imprt‘ss(‘d across i\w (‘.omlensca' or “ pcmiittor.^^ 
Kxpewimemt sliows that up U> a ciTtain limit Q is proportional to 
E; this is similar to tin* hcdiavior of an (dastic body, in whi(;h the 
strains an* projHjrtional io tin* appli(*d fonx^s until the limit of 
elasticity has lH*(‘n nuielu^d. Thus, w(* may write* 

Q - CE, (249) 

where tin* coc*ffn'i(‘nt c^f proportionality, C, is called the permittance 
of t\m eondenH(*r. Tin* oldt‘r name for C is (d(*ctrostatic capacity. 
When E is in volts and Q in eonloml)s, permittance is measured 
in units eaU(*d farnds, A t*ondt*nser luis a permittance of one 
farad wh(*n a displac(‘nn*nt of om^ coulomb is produtaal for each 
volt apiditnl at its t(*rminals. The farad being too large a unit 
for practical use, permittances are usually measured in micro- 
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farads, one microfarad being equal to one millionth part of a 
farad. 

The larger the permittance of a tlu^ largc^r is the 

displacement of electricity with tlu^ sanu'. volt.ag(^; luana' C is a 
measure of the eane with whi(‘.h an (^Ie(*.tri(*, disphunauc^ut can he 
produced in a given condenser. In this rtsspc'ct concept of 
permittance is analogous to thos(‘. of <‘l(‘(d.ri<‘. (’onduc.tauce, and 
magnetic permeance. 

In some cases it is convenicmt to sp(^ak, not of th(‘ di^gree of 
ease, but of the dificnUy with whwh an (dt^ct-ric^ displacHanent 
can be produced in a giv(m (u)nd(Mis(‘r. For this ])urpose, a 
coefficient of proportionality, tlu^ ri'ciproc^al of has to l)(^ used; 
and eq. (249) becomes 

E - .Sy (250) 

where 

(251) 

is called the elastance of the cond(‘ns(T. KlastaiuM* is thus analo- 
gous to electric resistance and to niagn<'ti<^ nductam^.c. Wlien 
permittance is measunnl in farads, th(‘ unit of elastance is the 
reciprocal of the farad, and may th(T(‘fon‘ pro|)erly (*all(Hl the 
daraf. This is a name deprived by sptdling tln^ wonl farad back- 
wards, that is, in the same way in which mlio is dtanvinl from ohm.^ 
A condenser has an elastaiuH^ of oin^ daraf when om^ volt of pn's- 
sure is required for each coulomb of displaccantmt wit hin it. The 
farad being too large a unit for pracdh'al tise, tin* daraf is con- 
sequently too small a unit. Thendons in pratdice, tdastaiuu^s 
should be measured in mc^gadarafs, on(^ im^gadaraf ( ■« K)^ darafs) 
being the reciprocal of on(>, mictrofarad,''^ 

When two or more p(‘rmiUan(Hns an^ cotun*(’ted cd(*ctrically 
in parallel, the resultant permittanct^ is largtT than tliat of any 
of the component condensetrs, Ix^eaust^ a larg<T path is offered to 

^ It may be of iutereHt to mention in this tunnu'ction a sinuiar derivation 
of the name for a unit of magnetic reluetanee, I'he henry being tiu! natural 
unit of magnetic permeance (or inductance) in tlu^ amiieriwjfnn system, thc^ 
author has proposed calling the corresponding unit of rc*luc!an<*e th<» |/rne/j, a 
word derived by spoiling the word hcairy baekwartlH. hin Magmik i Ireuilf 
Art. 5. 

2 For a complete rational nonumclature of eletdric and magnetic (pnuiti- 
ties, see the table on page xii at the beginning of the book, and al«o tlie one in 
the Appendix. 
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the diaplaccmcnt. Tlu^ rcdatioii ia similar to that of conductaaces 
or porm(«iuc.(>s iu paralkd. Jjot C\, Ca, etc., represent permit- 
tances couiKHitcul iu parallel aeirosa a source of constant voltage 
E, and Id, (h, d,(!., the e.orrciapondiug electric displacements 
through tluwee eoiuhnises-s (or permittors). Then, according to 
the definition of peermittancee, we; have 


Qv = (Uli 

Qt = eji 


(252) 


The oeiuivalent jxennittjuuiee, must bee such as to allow of a 
displac('m(>nt ('((ual to tlu‘ sum of thee partial displacements, with 
the sainee voltage'; lunie'e', 

i;Q = a,/i’ (253) 

Adding e'ejs. (252) teege't.lu'r gixu's 

I" Q'i "h etc. = li (f’l (\ etc.), 
or, by e!e)mparise>n with eie;. (25;i), 

('r, = XC (254) 


In e>the'r weyrels, whe'ii i)e‘rmit.t!uie'e's are cemmectod in parallel, 
the eeeiuiveile'iit pe-rmitteiiu'e' is e-eiual tet their sum. 

VVhem e'eenele'use'rs (or elasteers) aree eeeenne'eeteKl in scries, it is 
more' eeeenve'uie'nl, tee use' the'ir e'lastaneeees. Siiuio e'leectrieity behaves 
likee an ineeeim|)re'ssible' (luiel, thee elisplaeeeunent through several 
elastaneee's in se'He'S is the' same' in all of theun. Let this elisplace- 
ment bee eleetie)te'el by Q, anel let thee veltagees acre)ss the teerminals 
of the indivielual ('husteirs bo A’j, A'a, ete;. Then, 

l<h = 




(255) 


where Ei, A'a, e'te"., aree the' e'lastaneeees e>f the seeparato condensers. 
Thee eseiuivale'ut elastane'e' must alle)W of the same displacement Q 
with the. same' tedal vedtage', or 



Adding eejs. (255) teege'tlmr gives 

I'Ji "h A’a “h etee. »= Q (»SIi Ei -h etc.), 


( 256 ) 
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or, by comparison with (xp (2r)()), 

(257) 


In other words, when elastan(*ns an' e()nnt‘(‘i(Hl in sc'ries, the 
equivalent elastance is equal to tlu'ir sum. Th(^. analogy to the 
addition of conductamx^s in ])arall(‘l and r<‘sisian(H's in s(‘ri(^s is 
self-evident (sec Art. H). 

Prob, 1 . A condenser, which has a |)ernuttanc<' of 10 microfarads, is 
connected to a dire(;t-eurrent niagncto, tlu^ spia'd of which is increased at 
a uniform rate, ho that tlu^ voltage rise's at a rate of 1.7 volts per siH'.ond. 
Calculate the charging (uirn'nt. 

Ans, 17 microamperes. Nott': This is tlu^ prin(‘i])lt' of an appara- 
tus used for measuring the acx'ch'ration of railway trains. 

Prob. 2. An olastaiu^e of 10 kilodarafs is comu'cttal ac'ross a 220- 
volt, 50-cycle lino. Show that the ('(Tect-iv(' valiu' of the* (dmrging current 
is 6.91 amp. Solution: The maximum displacenu'nt in tlu' tlielt'ctric is 
220 V2/(l() X lO'*^) « 22 v^2 X 10 » <‘<mIomhs. This displaccunent is 
reduced to zero within of a S(‘eond; henet', the avt'rage (9uirgiug 
current is 4.4 V2amp. The (4T<‘etivt' vnlut', assuming a sine-wave of 

current, is 4,4 V2 X (i v/\'2) - 0.91 amp. 

Prob. 3. Show that with two eomhmst'rs in paralh*! tin* ratio of the 
displacements ccpialsthat of the pt'rmitianees or is inv(‘rsely as the ratio 
of the elastanccs. What is tlu^ amilogous rc'lation f(»r eondudances and 
resistances? 

Prob. 4. When two comhmsors an' iri sc'ries, show that the ratio of 
the voltage drops across them eepuds that of the (‘lastarn'c's, or is invers('ly 
as the ratio of the permittances. What is the annlogtms rt'Iation for 
resistances and conductamu^s? 

Prob. 6. A sectionalized comh'nst'r, sueh as is tisi'tl for ealihraiion 
and exact measurements, is i)uilt up of tin' following permittamM's: 
0.5, 0.2, 0.2, 0.05, and 0.05 microfara<ls. What is tht* exin'int' range 
of permittances and elastaiuu's po.ssiblt^ hy eomhining tlu'se st'etions in 
series and in parallel.^ 

Ans. From 1 to 0.0192 mf,, or from 1 to 52 mgd. 

Prob. 6. Referring to the preceding prohh'in, the seetions of the eon- 
denser are connected as follows: 0,2, 0.05, and 0.05 mf. an* in seric's, ainl 
the combination is shunted hy 0.2 mf. Tht'U tin' whole* i.s put in si'ries 
with 0.5 mf. Show that the resultant pe'rmitiama' is tnpml to 0.154 
microfarads. 

61. Permittivity and Elastivity of Dielectrics. I^kpc'riment 
shows that the permittance of a sample of any dieh't'trie varies 
with its dimensions in the sanu' way that tlu' <‘ouducdan<x' of a 
metal or the permeance of a mugnetie path in a nonTerrous ou'dium 
does; namely, the permittancu^ is i)roportional to tht' ('nms-sc'e- 
tion of the layer and inversely proportional to its length in the 
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direction of tlu^ liiu^s of forcn^. By increasing the cross-section of 
the path pcuiKHulicnilar to tlu^ lines of force (Fig. 46), the displace- 
ment is incr(^as(ul in tlu‘ sann^ proportion. On the other hand, 
bhe disi)la(Mnnont is found to 1)(^ inversely proportional to the 
thickiu'ss of tlu^ di(4(Hd.ri(‘, siiuu^ th(^ distance tlirough which the 
voltag('i must m\i is grt^atcT if tlu^ thicdaiess is increased. These 
relations follow dinad-ly from tlu^ laws deduced in the preceding 
arti(‘.l(^ for tlu^ addition of p(‘rmittauces in parallel and elastances 
in s(Ti(ss. Thus, by analogy with e(|. (21), Art. 5, we put 

(258) 

wluu'o K is (‘.alh^l itu^ pcrfnlttivUi/ of the dudectric. It is analogous 
to the conductivity of a coiuhnd.ing material, or to the perme- 
ability of a magmdic nuHlium. Permittivity may be defined as 
tlu^ p(‘rmittan(*<^ of a <‘ubi(^ unit of dielectric, when the lines of 
(lis])lac(‘m<mt an^ straight liiu^s ptu'pendicular to one of its faces. 
For air th(‘ p(‘rmittivity is 

K., - 0. 08842 X 10 ^ mi(‘rofarads per cm. cube. . (259) 

For otluT tru4t‘(*trics, liciuid and solid, the permittivity is higher than 
that of air; that- is to say, tlu^y an^ more yielding to an electro- 
motiv(^ fon*e. It is (‘(>nv(‘ni(mt to expnns their permittivities in 
terms of that of tlu' air; for instance, we may say that the per- 
mittivity of a c<‘r(.ain transfornu^r oil is 2.1 times that of the air. 

Tlu^ rdatirc p<‘rmittiviti(‘S of sonu^. important insulating ma- 
b'.rials an* tabulated in Art. 50 btdow, im^rely to indicate their 
order of magnitud(*. For accurab^ vahn^s, the r(^ad(T is referred 
to various publislu*d physitml tabhss and engineering handbooks. 
The old<*r name for relativt* pt*rmiUivity is sptu’ific inductive 
cai)aeit.y (or dit^h^ctric. (‘onstant). It is more convenient in prac- 
tice to UHt* ndativc* than absolub^ permittivities, because the 
ncrc^Hsity of tabulating small quantititss like in eq. (259) is 
avoidcnl. Besith's, tlu* data an* more readily comparable with 
one another, ami with tlu* p(*rmittivity of air, whicdi is a standard 
dielectric*. Thin pro(’C*durc* is analogous to tabulating the con- 
(lu(‘.tiviti(*H of various im‘ialH in b'rms of that of piiro copper, 
taken as 11)0 pt*r e(*nt. Tlu* absolute permittivity of a material 
is ohtaimsl by multiplying tlu* absolutt^ permittivity of air by the 
ndative pc*rmittiviiy of tlu* di(*l(*ctrie in question. Eciuation (258) 
thus l>eeonu*H 

as KKu A/U • • 

where K stands for the relative permittivity. 


( 260 ) 
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The elastanco of a prismatic piece of dic^h^ctric;, with the lines 
of displacement parallel to oiu^ set of its (Klg(w, is expressed by 
analogy with eq. (20), Art. 5, as 

S = cl/A, (261) 

where 

<r = r-' (262) 

is called the GlastivUy of the dieU'c^tric,. Elastivity is iinalogous to 
the resistivity of a comliictiiig material or to th(^ nductivity of a 
magnetic medium, and may be expresscui for pra(‘ii(ud |)urp()s(\s in 
megadarafs per centimeter eul)e. For air, th(^ absolute: idastivity 
is, according to eq. (259), 

= 11.3 X Uf na^gadarafs ptT em. eulH^ . (253) 

The concept of relative elastivity e.oukl be iutrodu<‘(Hl if lUHa^ssary, 
in which case its values would be iHpuil to thi^ nuuproeals of the 
relative permittivities tabulatiul in Art. nth llowt^vt^, it is suf- 
ficient to use tlie relative permittivity, even whim dealing with 
elastanccs, so that oq. (2(51) becomi^s 

S « {aJKWA (2(54) 

The nomenclature used above is (lu<‘ to Mr. Uimvisidi*;^ it is 
consistent and uniform with the nomi'nelaturi^ usiul in thi^ ehn^.tro- 
conducting and magnetic circuits, and is sugg(*stiv(‘ as to t hi*. nature 
of the phenomena. The eleetrostatii^ nomeni’lut ure now in gimiTal 
use comprises but three terms; nam(4y, comhmser, (‘Upaeity, and 
specific inductive capacity. It is hop(sl that ilu^ uion^ rational and 
complete nomenclature used here will hidp ti> a (‘li^arc'r understand- 
ing of the dielectric circuit, and will simplify eugin(*ering calcula- 
tions relating thereto.^ 

Note: The author cousulcrs the ahovc^-givim valium of cq. (259), 
to be an experimental coefficient, in the same Hcnse in wliirh otiicr prop- 
erties of materials arc charactiTis^ed l>y ex|)(^rimtuita! coi'flic’icnis, fi'or an 
engineer, the volt and the ampere ans arbitrary units establtHluHl liy an 
international agreement, no mattiT what their rclaticm to the so-cailtHi 
absolute units. The value of can he calculated tht'oretically, assuming 
the ratio between the electrostatic and the eletdromagnetict units to be 
known. In the absolute electrostatic system of units, witli air as thi^ 
dielectric, a plate condenser having an area of A sq, cm. and a distanct^ 
between the plates equal to I cm., has a capaenty eciual to A/{4wl). The 

^ 0. Heaviside, ElectromaymUia (1894), Vtd. 1, p. 2H. 

* See the author^s paper *‘Sur Quelques Calcuk Pratiqut^s des (fiiamps 
Electrostatiques,” in die Transactions of the Cm^grmm JnkTmumude ddk 
AppUcazioni EkUriche, Turin, 1911, 
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facitor 4 tt ent.c^ns oii ncu'ount of nu imfortimate selection of the expression 
for Coulomb's law, wiiich should have been qyq;/ATrr\ instead of qiq^/r^ 
In the absolut.(^ (^ksd.romagiu'.t.ie. units the same capacity is equal to 

{A/A irl) (:i X H)’") vvher<‘:i X 10”‘ is the velocity of light in centimeto 

per se(U)ud. d'o obt.aiu tlu^ r(\sult, in mic,rofarads, the foregoing expression 
must b(‘. multiplitHl by 1()‘^ On the other hand, the same capacity 
expr(\ss(Ml in tlu^ rational units (h^liiuHl above is KaA/l. Equating the two 
expn^ssions giv(‘S k., 10 VCd X 4 r) == 0.08842 X 10"« microfarads per 

ceutinud.er c.ulx', 

Tlu^ fa<d, that. /v.» e.an 1 k^ (‘xpresscxl through the velocity of light does 
not makt^ Ka t.la^ l(\ss an (nupirical (‘.(xdlieient, l)ecauso the velocity of light 
itself is (h4.t‘rmintHl expca'inumtnlly. As a matter of fact, one of the ways 
in whie.h tlu^ V(‘loeit.y of light, is dettTinined consists in calculating it 
indir(H‘.tly from tlu^ valium (if k,, obtained from measurements. 

Prob. 1. Show that in the English system = 0.2244 X 10“"“ micro- 
farads p(a’ inch (mb(\ 

Prob. 2. A (*oud<mH(a’ (h'ig. 40) (u)nsists of two metal plates, 50 by 
70 cm. in eontn<*t with a glass plate 3 mm. thick Ixitween them. 

Wlum a continuous V(iltag(' of 2400 is applmd to the condenser, the ballis- 
tic. galvan(im(4.('-r shows a (‘bargee of 17.1 microcoulombs. What is the 
r(4ativ(' p(‘rmitt.ivity of tlu^ glass? Ans. 6.9 

Prob. 3. A O.fi-mf. mica condexiser is to bo made out of sheets of mica 
12 by 25 cm,, 0.3 mm. thick, and (uiated on one side with a very thin 
film of Hilv(‘r. I low many slusds arc', rispiired? The relative permittivity 
of th(^ mica is about 0. 

Ans. Aixiut. 00 sluMds, 48 sheets in paralhd per terminal. 

Prob. 4. L(‘t tlu' dit4{*ctri(’ in prohhnn 2 consist, instead of glass, of 
tlirtu^ lay<TS of dilTiax'nt mnt.<*rials. Ltd. the thicknesses of these layers 
he 1.2, 0.7, and LI mm., jind ltd. tin* ct)rrt*.sptmtling values of relative per- 
itiitiiviiit'H Ih* 2, 3, and 5, What is tlu^ capacity t)f the condenser? Hint: 
('altndait^ tlu^ (Hpuvalcnt tdtiHtauct^ as tlu^ sum of three elastances in scries. 

Ans. 2.94 X mf. 

62. Dielectric Flux Density and Electrostatic Stress (Voltage 

Gradient). IttdtTring again tt> the uniform electrostatic field 
(Fig. 4fi), (‘cnmitltT a ciiln* of tin* di(de(d.rie, one squan^ centimeter 
in croHH-HtHttit>n, anti tmt* t*tmtimtd.er long in the direction of the 
lines of force. Ind. a tjuuntity of tdt'ctricity Q Ix^ supplied by the 
haiitTy, as shtwii by the ludlistic galvanom(d.er; then the same 
(juantity of tdtxdricify must Lt* displactxl in the dielectric. Neg- 
h'ctitig a small diHplacxunt^nt at tlie (*(lg(*.s and at the outside sur- 
faecw of tin* plates, tln^ whole* tiuaniity Q is uniformly displaced 
hetweem tint plat<*.s. Th(*rc*fonq if the ar(*a of each plate is equal 
to A s(|uare c<mtimt*tc^rs, the displacement through the cube under 
consititTiition is etpial to 


D - Q/A, 


. (265) 
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Since Q is the total electrostatic flux, 1) is uatnrally called the 
dielectric flux den.sity. If Q is nu^asured in (‘-oulomhs, D is ex- 
pressed in coulombs per s(piar(^ (umtinu^bu’. In j)ra(da(H% Q is 
measured in microcoulomhs, and D is (‘Xpnssscul in nii(U'o(U)ul()mbs 
per square centiiiKvter. The diel(M*tri{^ flux dtuisity is analogous 
to current density U (Art. 0) and to luagiu^tic^ fhix dcuisity B. 

When an electrostatic field is non-unironu (Eig. 48), it is (;on- 
veniontly subdivided by liiu^s of and (^(piipoU'utial surfaces 
perpendicular to the same. Tlui pnx^edun^ is similar to that used 
in Art. 8. In this case, the total flux or disi)la<u‘m(‘ut dividcul by 
the area of an equipoteutial surfacH'^ giv('s only tlu^ av(Taig<‘ flux 
density through the surface^.. The a(‘tual d<*nslty varit's from 
point to point, and it is tluuxdon^. prop(‘r to sp(‘ak of ttu^ <li(4(a‘tric 
flux density at a point. Tak(^ a t-uln^ of infinitesimal (‘ross-s(H‘tion 
formed by lines of forcu', and hd dQ bt‘, the dispIatMsiuud, of (4(‘ctric.- 
ity through this tube. The displacemtuit is t.lu* sanu^ through 
any normal cross-s(Hdion of the tuln^, b(u*.aust' ('hHd,ri(nty h(4mvt‘s 
like an incompn^ssible fluid. lad; dA b(^ a parthnihir (U’oss-secvtion 
of the tube; then the flux density at this (Toss-sc'ct ion is 

D^dQidA, ...... (2(H)) 

D being msually expressed in coulombs (or microcoulornbs) pcT 
square centimeter. Hiiu^e th(‘. cross-s(‘ction of th(‘ tulx^ is infmih's- 
imal, D is the density at tlu^ point corn*sponding to the position 
of dA, 

If the flux density in a uniform fl(4d is givcui, tlu^ total displacx^- 
mont is 

(2()7) 

In a non-uniform field, the flux (kuisity must b(» giviui as a function 
of the coordinates of the field; so that 

C^DdA, (208) 

t/O 

tho integration Ixiing (ixtcsndcul ovor tiui wliolt^ aron of an (‘(lui- 
potential Hurfaco, or over tins part of tins anai through whi(!h tho 
flux is to be calculated. 

The electromotive force imprasswl at thi* torminalH of a 
condenser is balanced in tho whole lliickncHS of tlu' dioloctric; 
that is, each small length of path in tlu! <ru!lectri(; prodiuu'H its 
own counter-electromotive force. I’lninifoni, it is po-ssilihi to 
speak of tho voltage drop per unit length of the path in tho 
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diel(‘.ctri<‘, tho sairu^ as in Art. (k This voltage gradient, or electric 
intensity, in a uniform iit^ld is (^xpn^ssod by 

a - E/l, (269) 

and is nuMisurcul, as in tlu^ conducting circuit, in volts per centi- 
meter, kilovolts p(U' millim('.t(U', or in other suitable units. 

In a non-uniform (idd, tlu'; (‘k'cttric intensity, or voltage gradi- 
ent, varies from point to point. L(^t the voltage between two 
infinitely closer (‘(luipotemtial surfaces MN and M^N' (Fig. 48) 



Fio. AH. A non-uniform olrrtrostatir full, rnprrHcntcd by line^a of 
tlwplat’i'inont lunl i‘<|uipotcntial Hurfiwu^a. 


Ih‘ dK, and \vi the^ distaiUM^ mn betwe'cm the surfaeus, along a 
(HU'iain line* e^f forces IIU\ be^ dL d'heui the*. ve)ltage gradient ale)ng 


mn w 


(/ dKML 


(270) 


TIu* l(*ngth id the* lint* mn bt‘ing infmite*Himal, G is the intemsity at 
any point be*! wt‘cn m and a. 

* W1h*u the* vedtage* gradi<*nt is uniform, we have^ for the total 
voltage* at*roHH ilu* fit*ld 

(271) 


In a ntm-unifeam fit*ltl, G lias to be* given as a function of Z, so that 

f'adl ( 272 ) 

Jq 
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the integration being performed b<dAV(UMi any t.wo points on the 
equipotential surfaces between wlu(*.h th(^ voltagt‘ is t.o be deter- 
mined. 

Imagine a uniform field existing in a (fu'ltHd.rit*, and (H)nsider a 
unit cube of the material. The total displacumund through such 
a cube is equal to the flux density /), and tlu^ volt-age^ acu'oss it Is 
equal to the voltage gradient (!. Th(‘ p(‘nnittan(‘(‘ and tlu' (dis- 
tance of the cube are resp(a*.tiv(‘ly (‘(jual to tlu^ p(‘rmittivity and 
the elastivity of the material. Thus, applying t.o th(‘ (uibe 
eqs. (249) and (250), we have 

7) = /c(7, (273) 

and 

a - (tI) (274) 

These equations are analogous to {h\, (25) in Art. () of this book 

and to eqs. (15) and (16), Art. 8, of th(‘ Magnetic Circuit, Tlu'se 

relations may be consid(‘.red as fundanumt.al in t.lu' t lu'ory <»f tlu^ 
dielectric circuit, G Ixung the I) tin* t‘iTt‘ct, atid k (or cr) 

the coefficient of proportionality which charat*ttTi7i(‘s t lu^ mat.tTial 
Similar linear relations Ixdweiui caus(^ and tflTi'ct. hold in tht^ con- 
duction of heat, and in the th(u)ry of {^astitnty. The voltage 
gradient is sorneiimes called the stress in the dielectric, tap (274) htung 
analogous to Hooke’s law for (4asti(‘^ hotfu's. (4ast ivit y cr tak(‘s 
the place of the modulus of (dastit^ity. 

If the field or the dielectric is non-uniform, (hjs. (273) and (274) 
still hold true for ewe^ry point, D Inang th(‘ di('hHdrit’ flux (huisity 
and G the voltage gradient at tlu^ point t^onsithu’CMl. This can l)e 
proved by applying eejs. (249) and (250) to an infinib^siinal par- 
allelopiped instead of a unit mho. 

Equations (2C)8) and (272) are c^xprcHscHl in words by saying 
that the total displaccanent Q is tlm surface integral of tlu^ di(4(H’tric 
flux density D, and th(^ voltage E is a line integral id the graditmt 
or stress 0, Th(»e statementH an^ almost s(4f-(*vid(mt from the 
definition of the quantitic^s and tht^ Htrin^iuri? of diidcud^rics. 

Prob. 1. What are the dicdectric; flux dciiHity and volOige gradicait in 
problem 2, Art, 61? Arm. 4.KH5 X Ub'’* mc./cm.®; H kv./cni. 

Prob. 2. The condenser specified in problem 4, Art. 51, m HulficcUsl 
to a difference of potential of 10 kv. What ant thc^ voltage graditmts 
(stresses) in the three layers of diele<arie? 

Ans. 4.75; 3. IB; 1.9 kv./iniiL 


CHAPTER XV 

THE DIELECTRIC CIRCUIT — {Continued) 

63. Energy in the Electrostatic Field. When a dielectric 
Is being (*.harg(Hl, a (uirnuit flows into it from the source of elec- 
tromotivc^ f()r(‘o. This involves tlu^ expenditure of a certain 
amount of (uu^rgy, l)(‘<‘aus(^ tlu^ eoimtcT-e.m.f. due to the dielectric 
str(‘ss(ss has to b<‘ ov(a'(‘.om(^. This energy is not converted into 
luuit, and lost, as in tlu^ (‘asi^ of metallic conduction: it is stored 
in tlu'. di(^l('ctri(^ in potent.ial form, and can be returned to the cir- 
cuit by riHlticing tlu^. voltag(^ at tlu^. condenser terminals. With 
r(d(U’(m(‘<‘ t.o tlu^ analogy shown in Fig. 47, the mechanical energy 
exp<md(ul by tlu^ pump in straining the (elastic partition is stored 
in tlu^ part.ition, in tlu^ form of potential energy. This energy 
can b(‘ n'i.unual to t.h(‘ piston rod by allowing it to be moved by 
the (‘Iasti(‘ fonass of tlu^ partition. 

In sonu^ east's it is nt'tu'ssary to calculate the energy stored in 
an (‘l(H‘trost.ati(‘ fu*ld; or to (‘xpn^ss tlui eiu^rgy stored per cubic 
(‘entim<‘t('.r of dit'lt'ctrit*, as a function of the stress 0 and flux 
density />, at the* point undt'r (umsideration. 

('onsidta* first th<‘'simpl(‘ case of a uniform field (Fig. 46), 
and n(^gl('(*t ilu^ small amount of displacc'.ment occurring outside 
tlu^ spact' Ix'twt't'U tlu^ platt's. L('t tlu^ ditdectric be charged by 
gradually raising tla^ volt.agt' bc'twecm its limiting surfaces from 
5 '.(*ro to a final vahu' H\ and 1(4- v and i be thc^ instantaneous values 
of iln^ voltage^ and cluirging curnnit at a moment t during the 
procc'SH of charging^ Tin* total (4ectri(uil em^rgy d(divered to the 
dielc'-ctric in charging it is 

pT pT 

ir - / ndt==^ I e-dq, .... (275) 
Jo Jq 

wliert^ T is tlm total tinu^ of charging, and dq = i dt is the infini- 
tc'sirtial (*hargt^ or displacuntumt added to the condenser during 
th(' intc'rval of time' dt, Tlu' ciuantities dq and e can be expressed 

' Thf' voltagi' anil th(‘ charging curnmt rise gradually, ev(m though the 
key K Ih' Hudd(^nly. This is on tuicount of an ever-present magnetic 

inductance which iwitn as a kind of ehudroinagnctic inertia. 
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through the instantaneous flux density /)| and stress Cu; 
namely, from eq. (267), dq = A dD^ from (H|. (271) e, = G^l, 
Performing the substitution, and taking tlu‘. (Constant (luantities A 
and I outside of the sign of integration, vv(^ g(‘t 

A I (h (ID t (276) 

,/u 

In order to intc^grate this (^xpnsssion, I)( must l)(‘ (‘xpresscnl through 
Gt) or vice versa. The relation IxdAVCHm tlu‘ two is givcm by exp 
(273). Iilliminating Dtj we obtaiii 

If - kAI r a tdih - I K^r;^ . . . (277) 

Jo 

whore V Al is tlie volume of tlu^ dielcndrie, ami (t is tlu‘ final 
value of the stress, at the tim(‘ T, llemxp tlu^ tauu'gy stonxl per 
unit volume of the dic^lectrie, or tlu^ dcrtsitu of r/nrf///, is 

W' - W/V = I k(P - I (P/<f. .... (278) 

Using relations (273) and (274), tlu^ pnaxxling formula can also 
be written in the following foniis: 

F' « I (U) = I DVk I (279) 

The analogy to the eorrespomling formuhe in Art. 69 of th(' A/n^;- 
netic Circuit is appanuit at omx^. 

The total storcxl em^rgy can bc' (‘xpn^sstxl through th(‘ per- 
mittance or elastaiu^e of th(^ di(4{‘etrie. Wc' hav(» from (xp (249) 
dq C •de; substituting in (xp (275) and int(‘grating, we g(d. 

W I IP/H. ..... (280) 

Since the final charge, or total disphuautamt Q etpials CE or 
E/Sj the energy can l)e r('|)n^sent(Hl also in the following forms: 

W = I QE « I qyc - I .... (281) 

These formulae are analogous to thi' eorrewponding (*xpr{‘ssions in 
Art. 57 of the Magnetic CircuiL 

Let now the dielectric and th(^ field bc^ of an irrc*gular form 
as shown in Fig. 48. The stn^ss G and th(^ dis{)lacxmicmt D are 
different at different points, so that it is ru^eessiiry to consider 
infinitesimal layers of the dhdectric b(4.ween conseemtive, (xiui- 
potential surfaces, and infinitesimal threads of displacuunent Ix^- 
tween the electrodes. Consider an infmittmimal volume mnqp of 
the dielectric, comprising the part of a tube of displacxuncuit ////' 
between two equipotential surfaces MN and Af'iV'. The sides 
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mp and nq can \h\ provided with infinitely thin metal films, because 
tlics(^ si(l(‘.H li(^ in tlu^ (Kiuijiotcmtial surfaces, and therefore no 
current would flow along tlu^se nu^tal coatings. Then the element 
of voluiiH^ und(U' <;onsid(‘ration is converted into a small plate 
condensiT; ilu^ flux dcuisity and the stress within this element can 
be c-onsid(!r(‘d as uniform, so that formula (277) holds true, and 
w(^ have 

dW - I k(P -dV (282) 

Difh^nmtials an' us(h 1 Ixu^ausi^ both the volume and the stored 
(uiergy an^ infinih'simal. TIh^ dimsity of energy 

ir = dlK/dK - J (283) 

and lias tlu' sauu^ expn'ssion as in tlu^ casii of a uniform field; but 
its num<‘ri<*al vnliK' is dilT<‘r(‘ut, from point to point, because G is 
variable'. Tlu^ other (^xpri'ssions for the density of energy, eqs. 
(27H) and (279), also hohl tru(^ for tlui points of a non-uniformly 
stressc'd trH'I('.(*t rie, provid<'d tluit proper values of D and G are 
us(‘d for (uieh point. 

TIu' tot al ('lUTgy st.onnl in a non-uniform electrostatic field is 

W - I I \ K(Pdy - I r (IDdV - } f^D^dV/K; (284) 

two more (‘Xprt'ssions may Ix' writb'u in which 1 /<t is used in place 
of A. In ordi'f to ]>('rform t lu' inU'gration G mid D must be given 
as functions of codrdinab's, and the integration extended over 
th(^ wholes spacx' oeeupii'd !)y tlu' fiedd. Ecpiations (280) and (281) 
arcs tru(‘ for condensers of any shap(*, becausi^ in the deduction of 
tlu^se formula' no assumiition is mac !(' as to the particular form of 
the' da'lc'ctric or t lu^ cdc'ctrodc's. 

The' c'Xprc'Hsions for tlu' c'lc'c'trostatic c'nergy of the field, 
dc'rivc'd abovc^ art^ analogous to tlu^ (‘orrc'sponding ones for the 
potc'uiial c'UC'fgy of stn'ssc'd c’lastic^ bodic's; and this is consistent 
with t!u^ assumc'd bc'havior of dic'ltxdric's, Consider the work 
ncx'C'ssary pc'r cubic ('c'ntimc'tc'r to strain mec'hanicially the elastic 
filicrs of a givi'u material. Tlu' c'xternal nuadianical force being 
applic'd gradually (so as to avoid oscillations), the stress varies 
from zc^ro to its final value* f/. Lc't (n be some intermediate value 
of tlic' Htn'SH, and li't Dt tin* <‘ornssponding strain. The same 
symlxils G and I) are us('d lu'rt^ to di'iioh^ the mechanical quantities 
analogous to c*ks’tri(t stress and disphuiement. While the strain 
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increases from Di to {Dt + dDc), tin; stniss (it may lx; (ionHidored 
constant; the infinitesimal work doiu^ is tluTofore (uiual to (h dDt. 
The total work of deformation is 

W= Crndl),. 

t/0 

But, according to Hooke's law of (dasticity, Htrains are propor- 
tional to stresses, so that a liiuuir n^latiou (exists tx'twcHuii />< and 
Gt, similar to eq. (274). We thus arrives again at tlie nssult that 
the work necessary to strain one cubic unit of an (‘lastic material 
ivS equal to | <rD^. 

Prob. Calculate the total stared eiu^rgy, and tlu^ density of tmergy, in 
the condenser given in problem 2, Art. 51. 

Ans. 20.52 milliwatt-seconds (millijoules); I0.5;i microjoules per 
cubic centimeter, 

64. The Permittance and Elastance of Irregular Pathsd In 

most practical cases where it is rtHpiinHl to (l(d4^rmin(‘ the per- 
mittance or elastance of a di(ileetri(‘, for insiaiua^ in high-Uuision 
apparatus, the geometric shapes of tlu^ mtd.al parts and of the 
insulation are either irn^gular or too (H)mpli(’at(Hl to expn^sscul 
analytically. It is therefore lUHu^ssary in such (*as(*H to <l(‘.t(u*min(^ 
the shape of the field by trials and api)roximations, or by i^xpiTi- 
ment. The general law, substautiatiHl by all known (^xpcuunuuits, 
is as follows: The distribution of (he Hues of force and equi potential 
surfaces in a dielectric is such as to make the total permittance a maxi- 
murrij or the elastance a minimunL 

This is a particular etise of tlu‘ gcuural law of uat.uri‘ kmnvn as 
the law of minimum resistance. Let a (‘oruhmst^r of irn‘gular 
shape (Fig. 48) be connected to a sourct^ of unliinitcHl <uuugy, 
having a constant voltage E. llu‘ law of minimum rc^sistance 
requires that the dielectric take in as mucii enc^rgy as is (u)mi)ati- 
ble with its properties. This meums that c^xpn^Hsion (28()) must 
be a maximum; that is, with constant E, Urn jx^rmittamu! t- must 
be a maximum, or the elastance aS a minimum. 

Now let it be required to establish a given flux in a cc^rtain 
dielectric; in other words, lot Q be a constant. Tla^ law of mini- 
mum resistance requires in this cas(^ that the result hi\ uvann- 

' The treatment is similar to that of conductoni of irregular sliapc*, given 
in Art. 10 of this book, and of irregular magnetic paths in Art, 41 of the 
Magnetic Circuit, 
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plisheci with tlu^ l(‘ast possible expcHuliture of energy. According 
to eq. (281), vv(^ luivc'. again the same condition of maximum C or 
minimum S. 

Therivfore, in orthu' i.() cakuilatc^ the permittance (or the elas- 
tance) of a givcai (li(‘l(ud,ri(‘,, or to find the flux densities and stresses 
in diffi^nait parts of it., i)ro(*,(HMl as follows: The field is mapped 
out into small (‘(dls hy liiu^s of forcu^ and (uiuipotential surfaces, 
drawing tluan to t hi^. l)(‘.st, of omfs judgment; the total permittance 
is eahnilatiul by prop(‘rly (‘-ombining the permittances of the cells 
in s(‘ri(^s and in paralh'I. Then tlu^ assumed directions are some- 
wluit modi(i(Hl, tlu^ piuanit.tanee is calculated again, and so on; 
until by sutuu'ssivi'. trials t.lu^. positions of tlie linCvS of force are 
found with whi(‘li tlu^ piu'mittamu^ iKu^omes a maximum. 

Tlie work of t.rials is mad(^ more systematic by following a 
proctnlun^ sugg(‘st<‘d by Lord Rayhugh. Imagine infinitely thin 
sheets of nu‘t.al (mat.(U'ial of infinite permittivity) to be interposed 
at inbu'vals into tlu‘ (ii^ld undiT consideration, in positions approxi- 
matt‘ly coin(‘iding with l.lu^ ('(luipotenlial surfaces. If these Ksheets 
exactly (‘oimmliMl with th(‘ actual (Hpiipotential surfaces, the total 
p(‘rmittan(‘(‘ of tlu' fii'ld would not be clianged, there being no 
tendciiu^y for t lu^ flux fo pass along the e(iuipotential surfaces. In 
any otlu^r position of tlu' condmding slun^ts, the total permittance 
of tlu^ fudd is (widently increas(‘d. Moreover, these sheets become 
new (‘(pupotimt ial Hurfa(M‘s of tlu^ system, because no difference of 
poti'utial (‘an In* maintained along a path of infinite pcuanittancc. 
Thus, by drawing in t in* givam fitdd a systtuu of surfac(‘.s approxi- 
mately in th(^ dinndions of tlu^ true (Hiuipotimtial surfacu^s, and 
assuming t.lu‘st* arbitrary surfais's to be the true ones, the true 
elastaiUH^ of thc^ patli is nsluctsl. In other words, by calculating 
the* (dasianc(*H of the lamime betwec*n the ‘‘ in(*.orr(‘.ct ” equipotential 
Burfac(*H and adding th(‘S(* (‘lastamTS in H('ri(\s, one ol)tains an 
elastaiua^ whiidi is lower t lian tlu* true (dastance of the fiedd. This 
givt'H a lower limit for ilu* nHjuinul ehistaime (or an upper limit 
for the |)ermittanet*) of tin* field. 

Imagint* now tin* various tub(*s of force of the original field 
wrapped in infinitely t hin slunds of a material of xero permittivity 
or infmiit* (dastivity (absolutt^ insulator). This does not change 
the (daHtamu^ of tin* paths, b(‘cause no flux passes betw(3en the 
tubes. lint if ihvm* wrappings are not exactly in the direction 
of the linc*s of fortu^, the eliuitanee of the field is increased, because 
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the insulating wrappings displace the linos of force from their 
natural positions. Thus, by drawing in a given field a system of 
surfaces approximately in the directions of the lines of force, 
calculating the permittances of the individual tulx^s, and adding 
them in parallel, an elastance is obtained which is higher than the 
true elastance of the field This gives an uppi^r limit for the 
elastance (or a lower limit for tlu^ p(‘rmittan(‘.e) of the path under 
consideration. 

Therefore, the practical procedure is as follows: Divide the 
field to the best of your judgment into c('lls, by ecpiipotential 
surfaces and tubes of forc(^ and (udculati' tlu^ (dastauce of the 
field in two ways: first, by adding tlu^ (H‘11s in paralhd and the 
resultant laminae in series; see.ondly, by adding tln^ C(dls in series 
and the resultant tubes in parallel, Th(‘ first nwult is lower than 
the second. Ileadjust the positions of th(‘ liiu^s of fonu^ and the 
equipotential surfaces until the two rc'sults ari^ sufficiently close 
to one another; an averages of th(‘ last two ri^sults gives very 
nearly the true elastancie of the field 

One difficulty in actually following out tlu‘ fon^going method 
is that the changes in the assumed dinxdions of tlu^ fi<dd, that will 
give the best result, are not always obvious. Dr. Th. Ledunann 
has introduced an improvenumt whi(di gn^afly fa(dlitat(‘s the lay- 
ing out of a field.^ While he has (hweloptxl his imdhod for the 
magnetic field, it is also directly applicablt^ to (diu'trostatic 
field. We shall explain this medhod as apphuMl to a two-dinuxi- 
sional field, though theoretically it is applicable to thrix^-dinum- 
sional problems also. According to Lidimann, line's of forces and 
equipotential surfaces are drawn at such distance's that thc'y 
inclose cells of equal elastance. Donsidi'r a sli(H% or a cell, in a 
two-dimensional field, a centimeters thick in th(^ tliird dimemsion, 
and of such a form that the average kmgth I of tlu^ cndl in the 
direction of the lines of force is equal to its avc'rage widtli w in the 
perpendicular direction. Tlu^ elastance of such a cxdl is always 
equal to unity, no matter whether the (xdl itsedf is larger or small. 
This follows from the fundamental formula for elastance, which 
in this case becomes S == d/{(r X le) « L 

The judgment of the eye helps to arrange ccdls of wiilths 
equal to their lengths, in proper positions with n^sixxjt to each 

^ Graphische Methocle zur Bestiinmung dcs Kraftliriit'nvc*rlauf<?s in dcr 
Luft,'^ Elektrotechnische ZeOBchrifi^ VoL 30 (11)09), p, 995. 
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other and to th(^ elcK^trodoH; the next approximation is apparent 
from th(^. diagram, hy ohnerving tlm lack of equality in the average 
width and l(‘ngth of tlu^ (udls. [.ord Rayleigh's condition is 
secunul automatic^ally, sine(^ the eoml)ination of cells of equal 
elastau<^<^ h^ads to t.lu^ sanu^ n^siilt, whether they are combined 
first in parallid or in Aft(T a few trials the space is properly 

ruled, and it simply nnuains to (H)unt the number of cells in series 
and in paralhd. Dr. L(‘hmatm shows a few applications of his 
method to praeti(*al cascss of (‘kMd.ri(uil machinery, and the reader 
is referrecl to Uh^ original arti<‘l<‘. for furth(‘r details. 

In a f(‘AV simpl(‘ (‘as(‘H, as for instamu^ in determining the elas- 
tanc(^ b(‘tw(‘(m two paralhd !n(‘taUic (cylinders of circular cross- 
section, or h(dAV<‘en two Hph(T(\s, tlu^ principle of superposition of 
electric sysh^ms in (Kpiilihrium (*an Ix^ used, and the result obtained 
without trials. 1108 principh^ is used in the determination of 
tlu^ capacity of transmission lim»s and cal)l(‘s, in the next two 
chaptcTH. In two-dinusisional probhuns, that is, in determining 
the shape of a fndd Ixdavecxi t wo intinih^ parallel cylinders of any 
croHH-siHdions what,t‘V(T, t lu^ properties of conjugate functions can 
also Vh^ tiH(xl in some simplt* c^tses; for further details see the 
refenuKX's in Art . 10 abov(^ 

Prob. 1. Sk(*t(*h (Mupirically th<* fi(»ld h(‘tw<‘en two infinite parallel 
cylindtrs of tHpuil circular (n'css-maiion, the distance between the centers 
being a h'w times larger than tlu* diameter. Determine the lower and 
upper limits permit iau(S‘ per unit of axial leaigth, anel compare the 
rewilts with the* t luH)retie*al feritudn (Ji2()) give*n in Art. (>3 below. 

Prob. 2, The* Us'minal of a high-tenmiori transformer consists of a 
long vertical real eoime'ctesl to the* winding, and a torus ring concentric 
witli it, eamne'eteHl to the* groundeal ease*. The* ring is of circular cross- 
sertion, anel is plaeeHl neair the* cent(*r eif the rod. Assuming the insula- 
tion in the* whede* fiedel te) he* of the* names permittivity, (calculate by trials 
the edewtanee* of the* eomhiniitiem, with e’e*rtain eissumed dimensions of 
the rod luiei tiu* ring. 

66 . The Law of Flux Refraction. When an electrostatic 
flux pa«Hi*H from one* diede*<*trie inte) another of a different permit- 
tivity (Fi^. tl, Art. ID, tin* Hnc*.H of force suddenly change their 
direction at the* elividing surface* AH between the media, and 
in so doing tlie*y ediey the* law of refra<‘t 5 on, which is 

tan (h tan 0^ ^ k\/k%, ..... (285) 

He*re $1 and are* the* aeiglt*s of incidence and refraction respec- 
tively, whiles ami Ht Jire* the permittivities (relative or absolute) 
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of the two media. A similar law is proved iti Art. 1 1 above for 
the electric conducting circuit, and in Art. 41a of the Magnetic 
Circuit for the magnetic flux. The })roof in the cas(^ of ehn-tro- 
static flux is similar in all respects to that given in Art. II , if the 
student will use the. words flux and flux d(>nsity in pla(;(^ of (uirrent 
and current density, and permittivity in place of conductivity. 

Equation (285) shows that thci l()W(‘r th<> permittivity of a 
dielectric the more nearly do the line's of force' in it eipproaedi the 
direction of the normal N iNi at the elivieling surfaeee'.. In this 
way the path of a elisplae'.enuent be'twe'em twe) give'ii pe)ints is 
shortened in the meulium of lowe'r, euiei le'Ugthe'ne'd in that of 
higher permittivity, by such an amemnt in e'iu'h ca.se that the 
total pcrmittaue'.ei of tlu; e;e)mpe)sitee e'e)nele'n.seer is largeir with 
refraction than without it. Ile'uce, the' e'xiste'iice' eif re'fnu'tiejn is 
a necessary conseequence^ e)f thee ge'iu'ral law of h'list re'sistaime, 
mentioned in the preceuling artie'k'. 

When mapping out an ele'edreestatiee fie'ld in twe) or more, 
media, for instance, partly in a se)liel insulating nuiteTiid, partly 
in oil, and partly in air, the line's of fe)re'e' must be' elrsiwn .se) as to 
satisfy eq. (285) at the elivieling surfaeu's. 'I'lie' lee'rmittance of 
the part of the circuit in any enm e)f the* nmelia will ne)f. be a 
maximum, althe)ugh the pe'rmittance e)f thee whe)Ue e'e)mbination 
mast be a maximum. It will thus be' se'e'u tluit the' problem!, 
while qviito simple in themry, is by lu) ine'ans an e'lisy one' in numeir- 
ical applications, eapeic.ially with the) shape's e)f surfjice's u.se'el in 
the construction of c.e)mmercial high-t('nsie)n apparatus. It is 
advisable for the stuelent to train his e'ye) in skeetediing line's of 
force in adjoining media e)f dilTeerent pe'rmittivitie's, ce)nfe)rming 
the fielel at leeast apprejximale'ly t.e) e'ej. (285). 'rids can be) ce)n- 
veniently done on available elrei wings e)f high-tension transfejnne'rs, 
switches, lightning arre'ste)rs, e'te).‘ 

66. The Dielectric Strength of Insulating Materials. 'I'he) 
proportionality between stre'SH anel flux elensity, inelie'ateeel by 
eqs. (273) and (274), holds only up to a ce'rtain liiiiit; in this 
respect it is similar to the proi)orti(Mmlity beetweeen stremse's jinel 
strains in an elastic boely. After a certain limit of die'le'e‘f.ric 
flux density or of voltage gradient hm been exe!e)e)ele'el, the) imite'rial 

' Se-'c also some intcreesting sketoheH anel e)X})e)rime'ntH in Profe'Hseir VV. S. 
Franklin’s artiolo e)n “ DielBotric Strewses from thes Mesohanioal Pe)i«t of View,” 
in the Omeral Electric Revimv, Vol. 14, Juno, 1911. 
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weakens and finally breaks down. The phenomena of failure of 
electrics insulation and th(^ subscHpient disruptive discharge are 
too wdl known to imnl a <l(^scription liere. 

Tlu^ valiums of tlu^ (critical voltage gradient Gmax and of the 
cornwponding flux diuusity Dmaxj at which some of the more im- 
portant niatcirials bn^ak down, are given in the last two columns 
of tlu^ tabl(‘. l)(‘.low. In d(\siguing insulation, the stresses must 
b(^ kepi well bellow th(‘H(‘ (triticeal values, the factor of safety de- 
pending upon th(^ importau(‘.<‘ of the apparatus, possibility of over- 
potcmtials, and i.h(‘ gradual d(‘i(U’ioration of the insulation by heat, 
ch(nni(^al action, uioistuns and so forth. The values in the table 
an^ priiunpally intmuhnl to giv(\ tlu^ student an idea of the order 
of magnitude^ of G,nax and Dmnx- Mon^ accurate data will be found 
in c'l(Hd»ri(*.al handbooks and poc.k(‘tl)ooks; in important cases these 
design (‘onstants should Ix^ bas<Hl upon test data obtained on the 
material in hand. 


Air - 

(ilasH, difTcrcnl kiedH. 

Mira, natiiral and Iniilt np 

Porr<dain. , , . , . 

Iluhhrr, puri*.. , 

Rtihhrr, vulranb,rd. 

Transforiurr <»il , . . . 

Varmun. , . 


Point ivftfu’nnit- 

PupfurinK volt- 

lUipi.urinK valuoH of 

livif y.orHjjwirm 

ngo gmdiont, 

(lioIcKitric flux don- 

imlut’tivo cniHio- 


Hity, in me. 

ity K. 

por inin. 

por H(i. cm. 

1 

3 

0.00265 

a 8 

e-11 

0.024 -0.078 

5 8 

24-40 

O.nO -0.280 

4.4 

i;m2 

0.050 -0.085 

2.2 

28-35 

0.055 -0.068 

2.7 

21-28 

0.050 -0.067 

2 2 2 

14 

0.025 -0.027 

o.im 




It will 1 h‘ warn from th(‘ Hi‘cond column of the table that the 
pc^nnitiivities of solid and lUinul dicdectrics are larger than that 
of air; in oIIhu* words, tla^y art^ mon^ yielding to electric stress 
than tlu^ air. Tins does not mean, howewer, that they break 
down at a lower voltage^ graditmi than the air. On the contrary, 
th(^ third arid fotnlh eohmms sliow that th(‘ dielectrics commonly 
used in <deetric-al engiiux^ring arc‘ considerably strongCT electrically 
than tln^ air, in tluit tlu\y C‘an stand s(W('ral tiim's the ehictric stress 
and diaidacnunent at which tlu^ air breaks down. 

Tht^re dom not scHun to b(» any relation between the values of 
elastivity and criti(‘al voltage gradient. One indicates the elec- 
trical elasticity of tln^ matcTial, the otlu^r its ultimate strength. 
Tlic^y are analogous to t modulus of elasticity and the rupturing 
stress resiHictively in the mechanics of materials. Air, from an 
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electrical point of view, may Ix^ (;()mpar(Ml to a n\at('rial of great 
stiffness, but one which l)r(^ak;s at a coinparalivc'Iy small elonga- 
tion. On the contrary, micni may lx- likeiu'd to a maU>rial which 
is comparatively yielding, but can .stand a very lurg<^ (dongation 
before it is ruptured; so that, in spite' of a smaller ('lastivity, 
a much higher stre.ss is reequired to rupture' mie'a tlum air. The 
student is adviseul to make ele'ar t<» him.sedf tlu'se' twe> se'paratc 
properties of dieleectriees. A ndioued eh'sign eef high-tensie)!! 
insulation deepemels essentially upe)n ei elistiueet uneh'rstuneling of 
them. 

Dielectric strength may be' i)re»i)e'rly glve'ii jis the' e'ritieeal flux 
density, but for pnictie'al purpewe's it is meire' e'eenve'uie'ut to 
express it as the critieeal veeltage' graelie'ut at wln(»h the 

dielectric m broken down. Wh(‘U a (ru‘l(u‘tri(* is iihimI for insula- 
tion in the form of thin nlu'ets luiviug a <‘ompurativ<‘ly larp:e 
radius of curvature, the flux (hvnsiiy, and, eonH(‘(|utnitly, the volt- 
age gradient, an^ practically tiniforin througlunit, so that (Imnx = 
Oav^- When, however, tluUayer of (rn^hn’tric' is t hi(‘k an compared 
to its radius of curvature, as for instamM' in th<^ insulation of 
high-tension machines, or wlum air or oil an‘ ttssted lad-wtaui 
two spherical terminals, tlu^ us(‘ of th(‘ avtTuge voltag(‘ gradient 
Oaim— E/l leads to wrong n^sults. 'Flu' <mly i>ro|H‘r way in 
this case is to calculate the v()ltag<^ gradiimt for ih<^ pla(‘t^ wlu'n^ 
it is a maximum, and to se(^ that it does not <'xe(»(Ht the (Titical 
value determined from pn^viims ttssis. A breakdown in one 
point of the dielectric n^Hults in an inen^asc* of graditmt in otlau's, 
and possibly in a complete failur(^ 

Prob. 1. Show how valut's in the last eoluinu of the table' are 
derived from those in the two pnH'eding columuH. 

Ann. ' ().C)HH42 X 10 

Prob. 2 . A certain material stood about S2 kv. in a lay<'r II.7 min. 
thick. What voltage gradient can he allowt'd in thin mat ('rial at a factor 
of safety of 2? Ann. 1 1 kv. per mm. 

Prob. 3. Assuming the relative pc'rmiUiviiy the insulation in tlu' 
preceding problem to he 2.5, what is tlu^ density of t'lU'rgy at whicdi the 
material is broken down? 

Ans. 5.45 X 10 ^ joules |H*r cubic centimeter. 

67. The Electrostatic Corona. The pln'iioinena wliich ac- 
company the electrical breuking-dowu of air deserve' sja'cial 
mention in view of their great practical importaiu'e. When the 
voltage at the terminals of an air eondcmsc'r is raised siiflieicmtly 
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high, a i)alo vioh^t light appcuirs at the edges, at the sharp points, 
and in g<HU'rai at th(^ protruding parts having a comparatively 
small radius of (uirvatun^. This sihuxt discharge into air, due to 
an ex(H^ssiv(^. (^l(H‘trostatic Ilux (kmsity, is called the electrostatic 
corona. In th(‘ n^gions wlu^re the corona appears, the air is elec- 
trically “brok(Hi down” and ionizcnl, so that it becomes a con- 
ductor of (‘l(H^tri(^ity. Wlum tlu^ voltage is raised still higher the 
so-(uilh^d brusli discluirg(^ takers ])laeo, until the whole thickness 
of tlu^ di(de.(dTic. is l)roken down, and a disruptive discharge, or 
spark, jumps from om^ (^kud.rode to tlu^ other. 

When th(‘ (‘l(H’trod(»s hav(^ proj(Hd,ing parts or sharp edges, the 
corona is fornuMl at, a voltag(^ far Inflow that at which the disrup- 
tive distdiarge occurs; tlu^ opcu'ating voltage of such devices is 
gcHu^rally liituUnl to that at which the corona forms. No corona 
is usually pc'.rmissibk^ in n^gular operation; first, because it may 
involv<^ an appnu'iabk* loss of power; secondly, because the dis- 
charg(\ if allowiMl t-o play on some other insulation, will soon char 
and destroy it. 'riu^n^ an^ (*aH(\s, however, in which some corona 
formation is harmk‘ss. Tlu^ air winch is broken down becomes a 
part of th(‘ (‘k‘ctrod(% smootlu‘s down the shape of the protruding 
m(d 4 iUi(‘ i)artH, im’n^isc's tlusr ar<ui, and thus reduces the danger- 
o\is flux (knisity and mak(‘s it more uniform. It is of advantage 
to o])t'rat(^ (M^rtaiu parts of a vn^ry high-tension line at nearly the 
(‘riti(‘al voltag<\ Any voltag(‘. rise', on tlu^ line due to lightning 
or surge^s is automat i(’ally r(‘li(w<‘d by a corona kxss into the 
atmos|)h<Tcs so that th(^ lim^ may be made self-protected, without 
lightning arn‘Ht(‘rs. 

Tho format ion of (H)roua must be kept in mind in the design 
of high-tension insulation, and in high-potential tests. Shapes 
and combinations of parts which lead to high or non-uniform 
di(d(U‘tric', flux <lenHiti(\s simuld be avoided. Fig. 48 shows the 
n^ascni wli}' the* dic‘ks’tric flux dcmsity, or the potential gradient, 
is liiglier near protruding parts. The eciuipotential surfaces, for 
obvious gtH)itudricid n^asems, li(^ closer to each other near such 
parts, wliilc at a reasonabk’f distance from the electrodes the 
shapes of the i‘(tnipt)tcntial surfac‘(m is not affected by small irregu- 
lariti(\s in t he* shape of nudalHc parts. 

It will \h) Hcsm from tlu^ tal)k^ in the preceding article that the 
air is bn^kiui down wlum the voltages gradient exceeds 3000 volts 
p(!r millimctc^r. Let this be the caae at the point P (Fig* 48). 


^ I 
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The voltage gradient has this valium only at tin’; very surface of 
the conductor, because the lines of forc(' iinnuMiiatcdy spread out 
in the air. Thus, only a very small portion of tlu^ air is broken 
down and becomes part of the eondmding (d{‘<‘tro(l(\ No visual 
corona is formed, ho\vcv(T. now th(‘ voltagi* hc^ raiscnl still 
further; then the m^xt lay(‘r of air is brok(‘u down and Ix'comes 
part of the electrode. When a suirKutmily thi('k layt'r of air is thus 
ionized, a visual corona is fornuxl around th(‘ point. P. ('onsider- 
ing the actual surface of the nud.al as ihi» starting pcunt, the volt- 
age gradient at that point now would s<Mun to Ix' higlnu' than M)0{) 
volts per millimeter. This highcu' vahi(‘ is <*all(Hl t he visual voltage 
gradient as distinguished from th<‘ disruptivv voltage graduuit of 
3000. The student should not lu' mish'd by tlusst^ nanu's. In 
reality the voltage gradumt do(‘s not (^xe<H‘d 3(]()0, lux’ausi' txyond 
this the air becomes part of tlu^ eltxdrodis htnvtwer, th<‘ concept of 
visual voltage graditmt is (‘onvxmituit in cuh’ulations. 

In reality tlie phenomenon of ionization of air and formation 
of the corona is not as simple as dtsscribtxl abov(% tssptMually around 
conductors of small dianu'ter, say h'ss than i\ mm. T\n^ pliysicud 
state of the layc^r of air adjaccmt to t lu^ condiudor h(huuh to he in 
some peculiar way afT(H‘te<l by it, and tluM'ritiiud voltages gradient 
apparently de[)ends in this cius(‘ upon tlu' dianuder (^f the (‘onductor. 
A discussion of numerical vahu's and of physical t li(H)ri('H is out- 
side the scope of this Imok; and tin' student is nderred for infor- 
mation to the numerous articl<‘H on t!u' HubjiTt that appear in the 
leading periodicals, and in tlu^ transaid-ious of the (‘had-ricml engi- 
neering societu^s in this <H)untry and aliroadJ 

Quite extensive t(»sts on corona formatiem, cTiticxd vo!tag<\ and 
the accompanying loss of pow(T mw perfornuHl by tla^ (huu'ral 
Electric Company, in H)l() 11, and havt^ Ihhui clescrilH*d by 
Mr. Peek.2 The student is n'ft'rred to his artitde^ for nunn^rical 
data; the rcisults are given on tlu' first fvw imgvH of tlu^ artick^, 
and are illustrated by a numerical <'xampku 

^ See, for innianca, II. J. Ryan, ^‘C)|)en Atinosphoro and Dry Triuwft>rrtier 
Oil as IIigh-volt4ige lumilators/' in the 7*rnm, Amtr, I mi. Pkrtr. 

Vol. 30, Jan., 1911. This paper is a sphmdicl c'xpcwitian of the suluert by 
one of the pioneer investigators of the corona, and ctnitiuns nuinennw ndcr- 
ences to other artickis on tht^ subject. Profewor J, B. Whitcdnxitrs experi- 
mental investigations are particukwrly noteworthy, 

* F. W. Peek, Jr., ‘*The Law of (lorona and the Dielwtrio Strength of 
Air,^^ Trans. Amer. Imt. Elcclr. Engrs., VoL 30, July, 1911 ; also Vol 3L 
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Prob. 1. AsHiinun^ that under certain conditions a corona is formed 
when the dielc(‘.tri(^ flux density ex(‘.eeds 0.0034 microcoulombs per square 
centimeter, eahnilate tlui fa(‘t()r of safety of a 25-cycle transmission line 
for which the (charging current is 0.12 amp. per kilometer, the diameter 
of the conductors Ixang 12 mm. Bolution: The line is charged during 
0.01 of a s(H‘.ond, and the average charging current is 0.12/1.11 = 0.108 
amp.; henen., tlK*: maximum eh^ctrostatic displacement in the air is 1080 
mi(‘.ro(‘.ouloml)s p(‘r kilomet(T. The surface of each conductor is 377,000 
s(i. cm. pt^r kilouuh.(‘r, so tliat the density of displacement is 1080/377,000 
= 0.()()2S05 micro(‘.oulomhH per s(iuare centimeter, and the factor of 
safety is 34/28.05 1.20. 

58. Dielectric Hysteresis and Conductance. When an al- 
tcTuatlug voU.agt^ is ai)pli(Hl at the terminals of a condenser, the 
dieI(K',tri(‘. is sul)j(‘ct(Hl to p(^riodic stresses and displacements. 
If the mat(TiaI \V(U’(^ pc^rhn^tly (dastic, no energy would be lost 
during oiu^ (‘oinpI(d.<^ ey<d(^, IxHumse the energy stored during the 
periods of inenuist^ in voltages would be given up to the circuit when 
th(^ voltage^ (I(u*r(‘as<‘d. hi reality, the electric elasticity of solid 
and Ihpiid di(d(‘ctri(‘s is not pcTfect, so that the applied voltage 
has to oven’ouH^ sonn^ kind of molecular friction, in addition to 
th('. (dasti(‘ for(M‘s. The work done against friction is converted 
into lu^at, and is lost, as far as the circuit is concerned. The 
plnmonumon is similar to th(^ familiar magnetic hysteresis, and is 
tluTcdon^ called (lirlirirlc hyi^tenmH, The energy lost per cycle 
is proportional to the s(piar(‘ of the applied voltage, because both 
the displaecmicmt and tlu^ strc'ss are proportional to the voltage. 

Wlnm st ar<* W(dl Ixdow tlu^ ultimate limit of the material, 
thc‘ loss of power (aiu.stxl by di(dectric hysteresis is exceedingly 
small. Bonn* investigators are even in doubt as to whether it 
exists at all. Th<‘n‘ is ofhm an appreciable loss of power in com- 
nu‘ric‘al eondcuisiTs, but this loss can be mostly attributed to the 
fa(‘t that <lhdeetri(*H an* not perfect insulators. While their ohmic 
resistance* is exec^txlingly higli, as compared with that of metals, 
they ntw(‘rtlmh*HH eondmd. sonu^ current, especially at high voltages. 
Tims, the* obsiTveil loss of powcT and the heating of condensers 
may lx* simpl}" aHCTilx*d to tin* PR loss in the insulation. More- 
ovc^r, small coronas c*an form at the edges and projecting parts, 
even at tln^ operating voltage, and thus be an additional source 
of loss. Bonn* small loss is also due to the ohmic resistance and 
eddy curr<*ntH in tln^ mt^tallic sheets which compose the electrodes 
or I'llates of the condenser. 
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An imperfect condenser, that is, one whic^h shows a loss of 
power from one cause or another, (‘an r(^[>latHHl for purposes 
of calculation by a perfect comhmscT with an olunic’t corulucd.ance 
shunted around it. This (U)nductan(H^, or h^akanca^./' as some 
authors call it, is selected of siu^h a valuer that, tlu' I-R loss in it is 
equal to the loss of ])()wer from all (‘a\is(^s in tlu‘ givtm imp(^rf(M^t 
condenser. The a(*.tual curnait through th<^ imp<‘rf(‘<‘t (‘ond(‘ns(‘r 
is considered then as consisting of two compoiumts, tlu^ huuling 
reactive component through th(^ id(*al comhmsiT, and tlu^ loss 
component, in ])hase with the voltag(% through t.h(‘ shunted con- 
ductance. In this way, imp<Tf(H‘t (’omh'ustn's can be tn‘at(Hl graphi- 
cally or analytically, acc.ordiug to tlu^ ordinary laws of tlu^ ehu^tric 
(sirciiit. 

Prob- 1. A (Hirtain kind of coudcsist^r shows a loss of power of about 
17.9 watts per inicu’ofarad, at 2200 volts, 25 eych^s. By wluit fu‘titious 
conductance should an ideal coudinisis' bt^ slumtisl, in onler to replace 
a condenser of this kind having a capacity of 1.5 mf.? 

Aus. 5,55 nucromhoN, 
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Fig. 49. A cross-section 
of a single-core or con- 
centric cable. 


ELASTANCE AND PERMITTANCE OF SINGLE-PHASE 
CABLES AND TRANSMISSION LINES 

69. The Elastance of a Single-core Cable. A cross-section 
of a singlcvcon^ is shown in Fig. 49. The round conductor 
in thc^ vimii^T is asstinuHl to bo solid (not 
strantl(Kl) for tlu^ sala* of simplicity. It is 
surroumlcul l)y a laycvr of insulation, and is 
prot(Htt(Hl on th(^ outsider l)y a lead sheath- 
ing. L('t such a cabh^ bt‘ subj(H5ted to a 
diib'rtuuM* of potemtial b(‘tw(H^u tlu^ con^ and 
th(^ sluuithing; for instan<t(‘, l(d< one pole of 
a battc'ry b(^ coniu^cUsl to the core and the 
oth(^r poh^ to th(‘ sln^athing. Let it be re- 
(juir<‘d to find tlu^ jKTinittance or the elast- 
aiuH^ of Ihct di(4(H’iric for a ccTtain axial 
l<‘ngth I of the <’abl(*. 

For reastms of symnudry, tlu^ lines of force are radial straight 
liiu‘H b<‘tW(Mm tlu* two mtdal surfaci^s, and the equipotential sur- 
face's arc* c’oncc*ntric cylinders. Consider the insulation to be sub- 
dividc*d into (‘oncMuitric layc^rs of infinitesimal thickness. The 
(dastancc's of t!u»s(* laycTS an* all in s(*ries, so that it is sufficient to 
exprc'HH luuilytic’ally the* (‘lastancc* of a layer having a radius x 
and thii*knc*sH f/.r, and to iut(*grate this expression lietween the 
limits a and h, whcTc* a is tlu* radius of the core, and h is that of 
the imuT surfacu* of tlu* Hh(*athing. The (dastance of the layer in 
c|iu*stion is 

dS - ^ dx/{2 irxl), (286) 

dx and 2wxl bc'ing rc*spc‘etiv(*ly the length and cross-section of the 
path of the radial Ilux. Inti^grating this expression between the 
limits a and 6 giv(*s 

iff/2wl)lM{h/a), (287) 

the abbreviation Im standing for natural logarithm. 
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For practical calculations it is convenicuit to modify this formula 
in three respects; namely, (a) to introduces tins nslatives pesrmit- 
tivity K of the insulating material, (1)) to (‘X|)r(\ss I in kilo- 
meters, and (c) to use common logarithms. Making these 
changes, we finally obtain 

S = = (41.4r)/A7) log (6/a) nu^gadarafs. . . (288) 

For the permittance (capacity) p(T kil()m(d.(U' W(^ hav(‘ ac.cordingly 
C' = C/l = 0.0241 JC/log (6/a) microfarads pcT kilonud.er.^ (289) 

In some cases it is necessary to know tlu^i voltages a(;ross a 
certain part of the insulation, for instaiuaj ladAVtuui tlu^ radii r and 
r'. Applying formula (287) to this (uists for I = 1 <‘m., we get 
S'rr = ((r/ 27 r) Ln (r'/r). The voltages drop Err' from r to r' is (a|ual 
to this elastance multiplied by tlu^ electrics disphuauncuit Q' per 
centimeter length of the cables. Or 

Err> - « W t) Lu (r'/f). . . (290) 

This formula finds its important application b<‘low in tlu^ calcula- 
tion of the permittance of single-phase and polyphase^ transmission 
lines. It is absolutely essential to agnn^ in r(‘gar<l to tlu^ signs in 
eq. (290). In the applications that follow, Q' is tak(‘n with th(^ 
plus sign when the positive disphuuuucmt is dir(H*t(‘d from tlu^ con- 
ductor, and with the minus sign wh(‘n it is din'cUul t.owards the 
conductor. It is also important to writer thc^ distane(^s r' and r in 
the order given, l)ecause interchanging and r in h\, (21K)) 
changes the sign of AV. 

If the insulation consists of two or more (Huuumtrit* layers of 
different materials, the elastances of tlu^ laytTs an^ caknilatcHl 
separately, according to formula (288), and thtm addcnl in series. 
The permittance of the cable im a wholes is tlu^ rt^ciprueal of this 
resultant elastance. The same formuha apply to a comuuitrie 
cable without sheathing, the outside conduc,tor taking the places 
of the sheathing as far as streases in the di(^l(Hd.ric. an^ (H)ncc^rncHL 
With two cylindrical conductors side l)y sidt^ the tdastancc! is (»al- 
culated as shown in Art. 63 below. With tlun^e eonduc»tors th(i 
theory is rather difficult; as is also the case whem the? (conduc- 
tors are not of circular cross-section. Tliose intciri^stcai will find 

^ This simple derivation of the formula for the capacity of a siaglc^-core 
cable demonstrates in a particularly striking manner the usi^fuln(i« of th(i 
concept of elastance. 
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extonsivo literature on the subject in the European electrical 
magazituis and i)roc(!(idingH of electrical societies. In practice, 
the permittane() of siieh eahk^s is usually determined by test. 

Tlu^ distribution of the (d(X!tric stresses in a single-core cable 
is of considc'rable i)ra(;tioal imiiortance. The total displacement 
Q being the sanui through evc^ry concentric layer of the dielectric, 
the flux (Umsity and (^onscunumtly the stress is a maximum at the 
8urfac(^ of the innc'r (X)r(!. For a layer of radius x we have 

Q = I)x '2vxl = const., (291) 

where /), is the density of displacement through that layer. 
Hfuice, 

Difio = const., (292) 

which tntuins that tins density of displacement is inversely pro- 

portional to thc^ distaiuui from the center. Since displacements 
are i)roj)ortioual to stresses (with a uniform insulation), we also 
have 

Gjc “ const (293) 

A us(*ful relation betweem the total applied voltage E and the 
stress (h at a givem i)oint in tlu^ dielectric can be deduced from 
oq. (293). We have 

G, =» const./x; 

and if w(! multiply both sides by dx and integrate between a and 
h, remeunbermg that voltage is the lino integral of intensity, we 
ol)t£un 

fh 

I Gxdx » K a* (const.) Ln (b/a). 

Eliminating tht» constant l)etwo(in these two equations, gives 

G, - E/[x Ln (6/a)] (294) 

Equations (292) and (293) show that a homogeneous dielectric 
is fully utilized with regard to its dielectric strength only at the 
surface of the cont, the stn^s gradually decreasing toward the 
periphery. This (‘ondition could l)o helped by gradually increasing 
the elastivity of tlu' material toward the sheathing, so as to in- 
cr<?a8t» the voltage tiro]) and tho stresses there. If the elastivity 
of each lay«!r could Ihj made exactly proportional to its radius, 
tho stress Q, would Iks tho same throughout the dielectric. Such 
a condition would Iks an ideal one, with r^ard to economy in 
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material, provided that the didectric stn^ngth of the '' variable 
insulation ” were constant. 

This purely theoretical conclusion k^ads to th(^ important 
practical question of the grading of insulation of (‘abk^s. With 
high-tension cables, in which the thickness of insulation is large, 
it pays to provide two or more layers of (liflcTcmt niatcTials, utili^i- 
ing their permittivities and ultimat(‘. stnmgths in tlu^ most ad- 
vantageous manner. The probkun is primarily t,o n^lic^vc^ the 
stress near the inner core, and this is dont^ by placing near it a 
layer of insulation of high permittivity, so as to caus(‘ a low volt- 
age drop. One case where the opposites arrang(‘m(mt. would be 
advantageous is in a low-voltage caibk^. in which it. is (k^sinul to 
keep the total permittaru^.e as low as possibk* (for (‘xampk^, to 
obtain small capacity or low charging curnmt at high fn^pum- 
cies). In this case the layer surrounding thi^ core nmsi have as 
high an elastance as possibk^, b(H*a\ise it is this laycT that (H)ntrib- 
utes most to the total (dastanee of tlu^ (‘abk\ With a ck'ar 
understanding of those principk\s, tlH‘ stink'ut will bt^ abk* to 
design a graded insulation for giv(‘n (*ouditions, if h<‘ knows the 
properties of the available materials.' 

Prob. 1. A single-core cable receives a charg(' of I. IS millicoulombH 
per kiloraeter when a eontinuous voltages of 12 kv. is appli(sl l)(‘twt‘(»n 
the core and the sheathing. The core (u>nHiHt.s of a solid {‘onductor tlu^ 
diameter of which is 5 mm.; the insulation is 9.5 mm. thick. Dc^U'rmine 
the value of the relative permittivity of th(‘ material of iasulathm, and 
the extreme values of the dielectric flux dt'usity. 

Ans. K « 2.78; Dmax O.CKlTfd); /)m%n ^ 0.0015(1 mi(‘rocoulomhH 
per sq. cm. 

Prob. 2. The insulation used in the cable HiJCHufuMl in the preceding 
problem breaks down at a flux demsity of 0.002 me. ptT b(|. cm. Hhow 
that the critical voltage for the cable is about 70 <*fTeetive a.c. kilovolts. 

Prob. 3. What is the ratio tiu^ maximum ami average 

stress in the insulation in problem 1? Ans. 2.42.^ 

Prob. 4. Deduce formula (290) from the fact tlnit the vtdiage is the 
line integral of the electric intensity. 

^ For a theoretical treatment of the gnuling of insulafion, and for the 
bibliography of the subject, see H. B. Osborne, Potmtial ^Strrnmm in IHe- 
leciricB (1910), a thesis presented to the Ma8«a<;hu»ett« Irwiiiute of Tech- 
nology for the degree of Doctor of EngincH^ring. 

* There is a tendency in practice to d(^al with av<rage strcwic^s even whtm 
the field is far from being uniform. The answer to this probleni shows that 
one has to be careful in using an average value, unk^ its ratio to the maxi- 
mum stress is known. 
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Prob. 6. Show by a(^tual calc.ulatioii that in the foregoing cable the 
maximum in th(‘ i.s reduced by increasing the diameter of 

the eonduetor to 7.5 mm., with tlic same diameter of the sheathing 
This is in spilt' of i\w. hwX that the insulation becomes thinner and 
constuiut'nily iht' average stress greater, with the same applied voltage. 

Prob. 6. Rpft'rring to tlu' preceding problem, show that it is of ad- 
vantage^ to makt* th(' ratio h/a about etjual to €, where € = 2.71828 
is th(^ biuse of tlu^ natural system of logarithms. If the diameter of* the 
conductor bt' furtht'r intTt'ast'd, so that the ratio b/a becomes less than 
th(^ maxiitium strt'ss dot's nt)t continue to decrease, but increases in- 
stead. Solutioti: Tht' strt'ss at the core is Ga « E/[aLn (6/a)] according 
to etp (294). As a varit's, (!„ rt'acluns its minimum when dGa/da = 0. 
Differentiating, we gtd. 

dihi/da - A’ [1 ““ bn (6/«)l/[a Ln (6/a)]2 = 0; 
whencu', 1 - Ln {h/a) == 0, or h/a = e. 

Prob. 7. Explain the following deduction from the theorem stated in 
the prt'ct'ding prt>bk*m. In a conct'ntric cable subjected to an excessive 
voltagt\ if tb(' iimtilation is ejuitt' thick, the layer around the inner core is 
first gradually dt'stroyed or charred up to a certain thickness, and then 
tlte n*Ht of iht* insulation suddt'uly breaks down. With a thin layer of 
insulation no such plamomtmon is observed. 

Prob. 8. A <*abk' is providt'd with several concentric layers of insula- 
tion, th(' (‘Xternal nuiii of which arc' 6t, 62, etc., and the relative permit- 
tivitic'M, A(, A*i, t't<*. Show that tla^ (^lastance of the cable is expressed 
by tiu* f(»nnula 

A = (41.45//) [Ai Uog (Ih/a) f A'a^* log (63/61) + AVUog (63/62) + etc.]. 

Prob. 8. Show that in u singk'-corc* cabk* the density of energy stored 
in the diek’tdric vari(*H invc'rm'ly as the miuare of the distance from the 
cent(‘r. 

Prob. iO. A (a)faiuctor 2a ('in. in diameter is surrounded by a con- 
camtric metal (’yliiah»r of 26 em. insith' diameto. What alternating volt- 
age can Ih* alhnvt'd Indwinm tin' cylimh^r and the conductor at a factor of 
saf(;ty k against ih(' formation of corona? 

Aim. E bS, lu(/), X log (6/a) efTective kilovolts, where Dc 

is tlie flux (humity in microccmlombs per aq. cm., at which corona is 
formed. 

Prob. 11. Slam’ iluit tla* (4astance of the dielectric between two con- 
centric spheres of radii a and 6 is etpial to (cr«/4 7rAw) (1/a — 1/6) mega- 
darafs. 

Prob. 12. Show that with two concentric spheres the equation corre- 
sponding to (294'^ is (*M ^ AVU* (a '** — 6"’01- 

Prob. 13. Apply the formuhe given in the text above to the theory of 
a eondert8er-typ(' terminal 4 

^ SiM' A. B. Iteynilero, **(!ondenm^r of Insulation for High-tension 
Terminalii/’ TmnM, Awrr. ImL Ekctr, EngrB,^ Vol. 28 (1909), p. 209. 
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60. The Elastance of a Single-phase Line. The general 
character of the electrostatic field l)(!tw(^(ai two infiuit(! parallel 
conductors is shown in Fig. 50. Tlui liiu'.s of forces are arcs of 
circles extending from one metal .surface to tln^ otlu'r; the equi- 
potential surfaces are circular cyliuder.s ec(;entric with r(\si)ect to 
the conductors (sec Art. 62 below). It is r('<iuir(Hl to calculate 
the elastance of the air between the two (S)uduct,ors, for a unit 
axial length of the line. Knowing this dasiaias', tlu^ (charging 
current of the line can be calculated for a given fnspKiuciy. This 
elastance, or its reciprocal, the permittaius', is used in the prci- 
determination of the regulation of a transmission litu^ (Art. 08 
below). 

We shall consider in this artic.h'. tlu^ usual practical (uise in 
which the radius a of the conductors i.s small as compared with 
the interaxial distance b. It is shown in Art. (>8 below how to 
determine the elastance when the dianu'tc^rs of llu' cyliiuh'rs are 
comparatively large. 

For purposes of analysis it is eonv(mi(‘nt to (s)nsider the: fi<dd 
shown in Fig. 50 as the result of the superposition of two simple 
radial fields similar to that in Fig. 49. ('onsid(>r th(' (’onductor 
A, together with a concentric eyliiuh'r of an infinitely large radius, 
as one electric system. Let the conductor H with a similar con- 
centric cylinder form another independemt .sysUmi. Let tlu^ con- 
ductor A be connected to th<i positive poh^ of a battery of voltage 
E, the conductor B to the negative i>ol(S and tin- two cylinders at 
infinity to the middle point of tlu^ bat,t(‘ry. In f.hc: first concentric 
condenser the displacement of {)ositive (‘hs'trieity is from tlu' (con- 
ductor A to the infinite c.yliiuUcr, whike in the second system the 
positive displacement is from tine infinite cylinch'r toward the con- 
ductor B. The displac((ments due to th(c two systems arc (siual 
and opposite at the two infinite (cylinders, and the eyliiuhcrs them- 
selves coincide at infinity, because the distance AB bcl,W(>en their 
axes is infinitely small as compared with their radii. Ibmce, the two 
displacements at the cylinders cancel each otht'r, and tlu' combina- 
tion of the two cylindrical condensers is ekudrically idemtical with 
the two given parallel conductors A and B. 

In a medium of constant permittivity the resultant str(>Hs or 
voltage gradient, produced at a point by the combimsl a<!tion of 
two or more independent electric systems, is (squal to tin; geometric 
sum of the stresses produced at the same point by eacdi system. 
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This 'principle of mp(Tpontion ((an l)o considered either as an ex- 
perinmntul fac^t or as an itmm^liato (ionse(iuence of the fact that 
in a medium of constant pc^rmittivity the ((ffects are proportional 
to th(‘ caus<‘s. This priuci[)l() being true for electric intensities, 
the compoiK'nt flux (l(>nsities at a point are also combined accord- 
ing to the parallelogram law, because they arc proportional to 
th(‘ int(!nHiti('s. IhnuK!, tlui rtisultant (electrostatic flux can be re- 
garded as Hue H'sidt of Hue sup(erposition of the fluxes created by 



Fin. 50. 'riu' electroHtatiu field prtKluo(ed by a Binglee-phaao trans- 


thci Hyntc'iiii. Furt hit micro, the actual voltage be- 

twomi any twe jicintH in tlio liktloetric in the algebraic sum of the 
voltagitH clue to tlie coinponent Hyntoms, IxK^auHo each voltage is 
the lino hitogriil of the eorrimponding voltage gradient, and the 
principle of f4upcr|Kmition m valid for these gradients. This line 
integral i« a function only of the iKiHitions of the two points, and 
is ind<t|>cn<lcnt of tlic path along which the intepation is per- 
fonnaci This lattctr fact is very convenient in applications of the 
principle to the »oIution of problems. 
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In order to l )0 to apply the fornnihe d(uhi(H^.(l in the pre- 
ceding article, it is essential that th(‘. diain(‘.t(^rs of tlu^ two wir(\s be 
small as compared with th(^ distamu*. b(‘tw(‘(m tlunti. Tlu^ nuison is 
that each component system is suppostHl to possc^ss a radial field, 
in spite of the presence of tlu^ other eondmvtor. This is })racti(^ally 
true when the second (H)ndu(d.or is so small, or so far distant from 
the first, that the infinites I)ermittivity of its mat(*rial (Ux^s not 
appreciably distort th(^ radial fudd. To b(‘ mon^ pnxdsc^ the dis- 
tortion of the radial component fudd originating from (‘ach con- 
ductor, caused by the ])r(^s(mc(^ of th(‘ oth<‘r, must m^gligible. 

It is suffi(d(mt to calculates tlus (dastauct' of that part of the 
system betweum om^ of tlu^ conductors and ih(‘ mmtral planer of 
symmetry 00', the total (dastanc(‘ Ix^ing (xpial to twicer that 
value. This we can do by computing t!u‘ collage^ mxxled to 
produce a displacement 0' per unit limgth of tlu' lima The volt- 
age between th(i surface^, of the (X)nductor A and tlu^ point N in 
the plane of symme^try 00' is etjual to | /s’. On tlu' oth(‘r hand, 
the same voltage can be (^xpr(‘ss(xl as th(‘ sum of the voltage's due 
to the two componc'nt sysUxns, Uefi'rring to e(p (290), Ud* the 
distance r' refer to tlx^ point iV, and hd r nd<‘r to a point on the 
surface of the conductor A, Tlxm, as far as tlu' first (‘ompomvnt 
system is conc.erned, th(‘ voltage' Ix'twcxm A ami A' is (xpial to 
(crQV^Tr) Ln (J />/a), when' Q' is tlx'. acttial displacenu'ui p('r unit 
length of thc^ line. In tlu^ s('cond sysb'in, the vedtagt* b(',iw<HUi the 
same two points is -- ((r()'/2 7r) LnUb/b). ddu' mintis sign is 
due to the fact that tlu' disphux'nx'ut in tlu' s<'c(md sysH'm is 
toward the conductor /i, and heiice must Ix' ('onsitltTt'd as negative 
if that at tlu^ first (‘()ndu(d.or is n'gardt'd as positive'. Tlu' ratio 
r'/r for tlu^ second sysb'rn is more' acxnirati'Iy (‘(|ual to | b/{b ~ a), 
but a, being by supposition small as compan'd to b, is lU'gk'Cted in 
the denominator. JOcpiating tlu^ sum of tlu* preex'ding two exprt's- 
sions for the voltage between A ami N to tlu^ act ual voltage' | /s’, 
we got 

- ((r(r/2ir) Lnib/a) (295) 

Hence, the elastance betw('en one of tlu' conductors and tlu! 
neutral plane 00', for a unit of axial k'ligth, is 

S' = (C')-"i - I /t?/Q' = {a/2 Tf) Ln(5/a), . (296) 

or, with air as the dielectric, 

S' = (C')"^ = 4L45 log (6/tt) megadarafs pt'r kilometer. (297) 
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The c()rr(\sp()ii(ru)Lj»; piH'mitUiico is 

C = (S') = 0.024 l/log (6/a) microfarads per kilometer. (298) 

WluHi using; tlu‘S(^ formula^ oiu^ must not forget that the per- 
mittaiUH^ is proportioiuil to tlu‘ Icaigth of the line, while the elas- 
tanc(‘ vari(‘s iuvc^rsc'ly as ilu^ kuigt li of the line. The total elastance 
for a unit haigth hei wcaai th(‘ two (‘.ouduetors is equal to 2 5^', the 
corn^sponding p(U*mittane(‘ Ixang I C". 

Prob. 1. For n, f(‘W staiidanl spacangs and sizes of conductor, check 
the va.lu<‘H of ptaaniitunei' gixaai Uy (ap (29.S) with those tabulated in an 
eh'ctrieal poclndhook. 

Prob. 2. tor sona* assunu'd valu(‘s of a, 6, and E, corresponding to 
an actual t.ransinissiuii line, plot a (nirvt^ of values of the voltage gradient 
along tlu‘ lint* AH, anti also draw the horizontal straight line represent- 
ing tin* uvt'ragt* gratlitait E/h. 

Hint.: At a dislaiu'ti .r from A tin* intensity due to the system A is 
ff(// (2 nx); that, tlm* to tbt* systtnu B is (rQ'f [2 r (6 — ;r)|, both inten- 
sititNM lading dirt*<‘tc*d from left to right. 

Prob. 3. In Fig. 5!) li*t A and B lx* small spheres, instead of cylinders. 
Show that tin* t*luslan(*t^ l)i*tw{M‘n one of the spheres and the neutral 
plant* (xy is to (<r; I r) (l /a — I /6). Hint: Apply the principle of 
HUpt'rposition, as iri tlx* text nJxnx*, arxl utilize the solutions of problems 
II ami 12 of tlx* |)n‘c(*tiing articlt*. 

I>rob. 4. In a transmiasion litx* tlx* wire B is split into two separate 
coixlnctors Bi and /L, connt*ct(*d in parallt*!. The spacings A — Bi, 
A “ B^, nml B\ - Bj an* (*<|ual to /n, 63, and 6u respectively. Show how 
to calculatt* tlx* tt>tal periuittnn(*e p<‘r unit length of the line, using the 
nx‘ihod of HUp«*rposition, Solution: Let (/, Qi\ and (,)/ ])e the displace- 
m(*nts isHuing per unit Fngth of tlx* eonduetors A, Bi, and ft respectively, 
liesolve tlx* given system into thns* HyHtt‘ins, with the three given con- 
dueitjrs <*neh c’onec'ntric with n eylind{*r of infinite radius. Then we have 
the following tlin't* j’*mditiotiH; (a) Q' + V/ f kV - 9, because* electricity 
fx‘haves m an ineoinpresHilde fltiid; (b) tlx* giv(‘U voltage E between 
A juxi Hi is tlx* sum of tlx* partial voltages for the three component 
H.VHtomH, (»at'h expresMod according to t*q, (290); and (c) the same is true 
for the voltage E between A and ftd From th(*s(* three equations the 
cpumtitii*s Qt* afxl Q/ are elimimited, and tlx* r(‘(iuir(sl elastance is dc- 
iermiix'ti fr<an the resttltaid etjuntitm, as the ratio of E to Q\ 

Prok 5. Show how t«» ealeulnte the ehistaix'e l)etw(H*n two small 
cylinders or spheres of unecfual radii. 

Prob. 6. Analyxe the formal mathemnlieul reason for which the elec- 
troHtatie ecpiipotentin! linen in Figs. 49 and 50 coincide with the magnetic 
lines of forc’c, and vice versa. Compart* Figs, 46 and 47, Arts. 59 and 
IK), in tlx* Mugnrtir Birniit. 

^ Or t4st* we may use as ctaxiition (c) the Lwit that the resultant voltage 
betweeii Bi and ft lero. 
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61.^ The Influence of the Ground upon the Elastance of a 
Single-phase Line. Wluui tlu^ ground is us(‘d us nd uru (H)u- 
ductor of a circuit, for instance in singl(‘-i)l\as(‘ railways and in 
telegraph lines, the elastance of ihi^ vurnii is cuhudat csl by assum- 
ing the ground to be a good conductor of (d(Mdricity; in oUkt 
words, its permittivity is assunu‘d to b(‘ infinitely la,rg(^ This 
gives a larger permittance than any otlan’ assumption, and con- 
sequently a value which is on the sah^ sid(\ According to the 
law of refraction (Art. 55) tlu^ line's of fore’e* from tlu' medallie* e*(m- 
ductor enter the^ grenmel at right angle's to its surface'; se> that the^ 
field has the shape slu)wu in Fig. 50, be‘t we*(‘n one' e)f t he' wire^s 
and the plane of symnmtry ()()\ which in t his (*ase' re'pn'se'nts the^ 
surfae^e e)f the gre)uneL Tliis h'uels te) Lord Ke'lvin’s tnvthod of elec- 
tric imagei^j wliic.h we shall use' in its simph'st form emly. 

Whem it is reK|uire'el te) finel the' shape' of the' fie'ld, or the' edastaneu' 
betweem a ('ouduedor such as A and an iidiiute' ce)n<lue‘ting surfae'c 
such as 00', first ie)e‘.ate' a fictitious e'ondue’tor H, whie'h is the* e'leu;- 
trie image of the ce)nducte)r A; that is, H is locate'd as if it we're^ 
the e)ptieial image e)f A in the plane* itnrrorOO'. Furtlu'rmeu’e', if 
A has a potential of M vedts above* that e)f ()()\ take* the* pote'utial 
of B as E volts Ixdow that e)f 00', the* voltage* l)e*tw('e'n A and B 
thus being 2 E volts. Having len'ate'el W, the* e'emelue't ing plane* 
00' is rennoved, and the^ fie'ld b(*tw('('n A and B is de'te'rmine'd. 
The part of the fmld betwe'en A and 00' has re'al e'xiste'ne'e*, that 
between 00' and B is fictitie)us. 

The validity of this principle* in the* (‘use* und(*r eH)nsi<le*ration 
becomes evident by the following re‘aHoning: L<*t a voltages ed 
2E bo maintained be'tween A and B by ita'ans of a batt(*ry, 
Place an infinite conducting slu'e*! of m'gligible* thit*kn(*HH so as 
to coincide with the equipotential phuie 00'. The* fie'lel is not, 
affected thereby, the lineH of displae’t'me'ni be'iug normal to this 
sheet. Connecting the shend. to the* middle* jjoini of the* battt*ry 
does not in any way disturb the fie'lel Now the* fic*ld hc't W(*e*n A 
and the sheet 00' is maintained hy one* luilf of tin* Imttc'ry, that 
between B and 00' by the other l\alf. Botli halve's arc* in cniui- 
librium independently of each other, so that the* t*emdtit*te)r H witli 
its half of the battery may be re'ine^vt'd witliout disturbing the^ 
field between A and 00'. (^onverse'ly, te) find tlu^ fie'ld be‘twe'e*n 

^ The rest of this chapter may be omitteni if so (iwircMl, m it is nut neces- 
sary to an understanding of the remainder of tine book. 
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A and a (‘oiidurl inij; sh(‘(‘t ()()', the latter is replaced by a fictitious 
c<)ndu<‘t<)r li, so ns to n^diKu^ the eoiiditious to those investigated 
iu th(^ prt'vious arti(‘I(\ For a goiUTal discussion of the principle 
of (‘l(M‘iric irna,p‘s, s(‘(‘ any si-andard work on the mathematical 
thtM)ry of <‘l(‘ct,ricity aiul magiu^tism. 

Applying this priiunph^. to tlu^ (uise of a single-phase line with 
grouiul return, wt', s<m^ iinnualiatoly that all of the formuljB de- 
du(H‘d in t.lu^ prtuMaliug art.ieh^ hold true, provided that we put 
1) - 2//, wlu'H* h is the (‘li'vation of the conductor above the 
ground. Sine<‘ t his (‘hnaitiou is usually quite considerable, it will 
b(‘ stam tiuit. the elastn.n(‘(‘ of t.h(‘ (‘inuiit is larger, and the charging 
curnud- siunlha* as (anupanat to th(^ case of a metallic circuit 
having a <aunpnrativt*ly small spa(ung. 

ddu* luaxt- eas(* to be <a)nsid(‘rcal is that of the elastancc of a 
m(*taUi(^ nd.inn lim*, as raahuaal by the proximity of the earth 
(Fig. ni). d‘h(' (‘lastan(a‘ is nahnaul as compared to that in Fig. 
50 becaust^ part, of tlu^ medium of linib^ dastivity (air) is replaced 
l)y thi‘ ground, which is nssunual to Ix' of zero (dastivity, or a 
good (a)ndmdor of electricity. It will Ix^ seen from the figure that 
tile limss of fona* ari^ delhah.ial toward the ground, whore they 
liml a path of less elastanta^. 

dlie. total clast ania‘ b(‘{w(am th(‘ conductors A and B is cal- 
culatial, using again tht‘ method of electric images. The lines of 
foiaa^ me(*t tht^ ground at right angl(*s, and its surface is one of 
eiiual potentini, 'FIm* li(‘ld abov(^ the ground would be the same 
if tin* ground wtaa' rcumnaal and n'jdaccal by the electric images 
d' and of tin* wires, tln^ polarity of the images being that indi- 
catcal in tin* skctc’h, d'hc snrfuce of thc^ ground liecomes now 
a plain* of Hymnn*try. d'lu* fictitious fn'ld b(*low the ground is 
indi(*ated liy tin* dtdted limas. The du'lectric fi(‘ld may now be 
ccmsideretl as if due to a sup(*rposition of four systians, each consist- 
ing of one (if the conductors and a cylimh^r at infinity. Applying 
(sp (21)0) for each of tht'sc* four systems, w(^ find that the voltage 
hedwt*«in A and li, 

due to synttun d, is +(o'0'/27r) Ln (h/a); 
dm* to system /f, is *--(o’0'/2 7r) Im {(i/b); 
dm* to system d', is -"(ff(//2r) Ln (2 d/2 hi); 
dm* to system B% is tt) Ln (2 hu/2 d); 

whem 2 d ^ . t If d 7L The actual voltage between A and B 


182 


THE ELECTRIC CIRCUIT 


[Aet. 61 


being equal to E, we have, by adding tins i)r<!eeding four ex- 
pressions, 

E = ((jrQ72 t) [2 Ijn {hfa) — Ln . . (299) 

One half of the (slastanc(^ betwcEui A and B is 

B' = I E/Q' - {(r/2v) [Ln (*/«) ~ Ln ((B/hxht)]. ( 300 ) 



iiQ. 51. The oleotrostatio field duo to a HitiKle-iihiue* lino ,1 /t, uh affoiUiil 
by the proximity of the ground. A ' and are ( ho i-h-ot rio imngoH of .1 ami R. 

This expression is identical with formula (290), except for tlu' bust 
term, which represents the reduction in ela.stane<‘ due to the pres- 
ence of the ground. When the distances //., and h to t h<‘ ground are 
arge as compared to the spacing 6, the ratio d'W, differs but 
little from umty, and the correction is small because the, logarithm 
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of unity is (Hjunl to zcto. E(iuati<>u (300) can bo written also in 
a Hiinpl<‘r form by (H)mbining th(‘ two logarithms into one. We 
obtain them 

r.. ( 0‘/2 7r) Ln(6c/a), (301) 

whc^r(‘ be stands for tlu^ corrected H|)a(5ing, determined from the ex- 
pression 

be ^ b {^lixlh/d) (302) 


We luun^ tluis arrived at tiu'i following simple rule: The elastance 
and permittance of a Hingle-phme line,^ with the effect of the ground 
considered, are expressed by the same formula (296) to (298) as 
though this effect were ignored, provided that the actual spacing b is 
replaced by the corrected spacing lu given by formula (302) or (305). 

In pra(*ti<‘<\ tlu^ valinss of /o, Iv*, and b are known, and it is de- 
sirable to avoid ilu* us(^ ut t lu^ (piautity d in the foregoing formula. 
Applying a wt^lbkinnvn theorem of elcnnentary geometry, we have 
from thc^ triangle^ A A 7^ 



A'iC - /l.-l'” } AlC + 2AA' X AF, 


or 

4 (P 4 4 ' 4" ^ hi{h% — hi)j 


from which 

4 (P lA 4- 4 Ihih. 


Ih^ncci 

1 4" J b^/h\h% 

(303) 

Equation (30(1) beeonu^s then 


S' 

(ff 2 w) [Ln Ih 'd) - J Ln (1 4- J h^/hih)], . 

(304) 

and from iHf, 

(302) vve have 



h, b \ 1 4“ 1 l^fh\f\% 

(305) 


When tiihles of enpiieify for standard spaeings are used, as tabu- 
lated in various referenn* IsHiks, the cornH'tion for the influence 
of thf^ groinni will bi' ftumd (‘onveniemt in the form shown in 
proldern 2 below. 

Prob. L For various usual spiu’ings and mm of conductor, calculate 
the p<T cent error intrcHhiceii in etanputing the pcnnittancc of a trans- 
inif^ion line by ncgk*cting the influ«‘nee of the earth in the most unfavor- 
able eiiKefi. Mvvi tlii^ rondtictors either in a vertical or in a horizontal 
plane, wliiehever arrangement in your opinion is more affected by the 
pound. 
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Prob. 2. When permittancoH are takc^n from Ht.andard tuhk's, it Ls not 
convenient to use the corrected spacing /v, lK‘caus<‘ (‘upacdties are tabu- 
lated for standard spacings only. In this (nist^ it. is eonvt'iiitaiit to n^pre- 
sent the clastance given hy cap (.‘104) in th(‘ form S/ ■ S' — ,s’, \ylim\ S' 
is the reciprocal of the value of capacity found in th(‘ tabk‘s, and ,s is the 
correction due to the presence of tlie gro\md. I)(hIuc(^ a simpit' form of 
this correction, when it is small. Solution: lOxpanding tlu* natural loga- 
rithm according to the series Lu (1 + .r) - x — .] x^ f J x^ (dc., wv. (ind 
that the corrections == 9 Ln (1 + ] b'^/lhfhi) - 9 [J - Jd 

+ etc.] in megadarafs per kilonud.c'r of one* (‘ondindor. S' must of (‘ourse 
be taken also in megaclarafs per kik)m(*t(‘r of oiu' conductor. 

Prob. 3. Deduce formuhe for the infliumcre (d tht‘ ground in the case 
of small spheres in place of the (^vlimka-s. 

62 . The Equations of the Electrostatic Lines of Force and 
Equipotential Surfaces Produced by a Single-phase Line. In 
Fig. 50, let P be a point on the lim^ of forc(‘ AN^l^H^ of which 
we desire to find the eciuation. Ltd. us calcnlalt^ tht' total flux 
which passes from conductor A to B htdAvinm tlu‘ plant* of sym- 
metry AB^ and the surface of forct* on whitdi iht* ptnni P is 
located. 

Let the axial length for whitdi tht* flux is (kdt*rmin(*d ht* (‘tpial 
to one centimeter. This flux may ht* ct>nsidt‘rt‘d ns tht* rt'suHani 
of the fluxes due to the systt'ins A and B. dditt radial flux pass- 
ing between AB and P^ tint* to tht* compoutmt systtun having 
the center A, is etpial to Q'^i/2 7r, and is direcltui from left to 
right. The flux due to the B systtna is t^tpial to QUh 2 rr, and is 
also directed from left to right, B bt*iug tht* lu^gaiivt* condiudor. 
The total or the actual flux b(*twt‘(‘n tlie surfaet's of foret' AB and 
AN'PB equals {Q^/2w) {$i + 0^), Since this flux dot's not dt'ptmd 
upon the position of the point P, providt'd that tlie point is iakt*n 
upon the lino of force under ct>usitltTatitm, we \niv(\ 

0i + $2 ^ const. (30b) 

for all points on a line of forct^ This is iht^ tapiaiitm tif fdit' lim^ 
of force. For different lines of forcus tlu^ valuta of ilu* eonsiaut is 
different. In the triangle APB, the angles w is HU|)pk*mt*ntary to 

1 It is convenient to speak of a surface foramd hy Itncs u! forct* m a «ar- 
face of force. For instance, a line of force such as /1*V7V^, sliisil I it in 

a direction perpendicular to the plants of the paper, would hinn a twkn Irical 
surface, which we shall call a surface of forces hy analogy with a lint^ of force. 
On the other hand, wo shall call a line such tw f 777' an equipoirnikd iine, to 
distinguish it from the corresponding equipotential surface winch it repre- 
sents in the sketch. 
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the suiH of ilu^ angh^s Ox and ^ 2 , ho that condition (306) may also 
l)C writt.(Hi 

w (X)nst ( 307 ) 

This rc'])r(^scHit.s i.h(‘ ar(‘. of a (^irch^ passing through A and S, of 
whi<*.h w is tlu^ ins<TiL(‘(l angle. It is thus proved that the lines of 
forec^ an* an’S of (*irel(‘s passit\g through A and B, 

For {joints (Hi ih<* liiH^ of syinnu'try 00' the angles and ^2 are 
e(]ual, so that tln^ total flux (xirn^sponding to a certain angle 61 
is ((//2 If ) {2 fit) O'fit, V. This fact permits us to mark on the 
liiu'. ()(y th(‘ int(‘rH(*(*tions of tlu* surfae.es of fon^e between which 
an^ iinhidcsl dtjfinitn frai'tions of the total flux Q', For instance, 
let it Ih* d(*sin*d to draw a liiu* of forcu* siufli that the flux between 
it and tlu* plane A H shall (*({ual one sixth of the total flux. One 
sixth of I HO dc‘gr(H*s arc* 30 d(‘gr(U‘H; w(^ th(‘refore draw from A a 
straight line* at. an angle* of 30 dc^grcH^s to AB^ and through its inter- 
Ht»c*tion wit h 00' draw an are of a cnrele passing through A and B. 
In this way, the* total flux, or what is the same, the total per- 
mittan<*(* hc^twec'u .1 and /h can be dividiul into any number of 
eciual or un(‘({uul {H*rniittane(*s in paralhh 

To prove* that ttu* (‘({uipotcmtial lines are also circles, take 
again a point /' d(‘t(*nnin<‘d by tin* distan(X‘s n and r 2 from A and 
/i n*Hpc*ef ivi*ly. If the |>oint O lic'sen the* same ecjuipotcmtial line, 
the* voltage* b(d wc*(*n /' and O is (*({ual to zero, so that, applying 
eep (200) for the* two eom{>ouc*nt systems, we get 

{(fQ^,:2w) Ln (r, \i(^) - iaQ'/2w) Ln {n/BC) = 0, 
from whicdi 

Ln (ri/40) 3 ^ Ln {n/B€), 
or 

fi fs ® ACiliC * const (308) 

This iH the* ef|iiation of an (*(pU|K)tential lino in ‘'bipolar'' co- 
ordinates; I lit* enrve is sueli that the ratio of Ti to fa remains 
(*onstaiii. I bis constant is difTerc*nt for each ec{uipotcntial line, 
lieeausc* c*ac*h line* lias its own {loint T. 

hicluation c;i0H) may In* proved to represent a circle, by select- 
ing an origin, say at /t, and substituting for fi and fs their values 
in t 4 *rmH of the rc*(*t angular eodrclinato x and y. The following 
proof liy elementary gemmetry lc*ads to the same result. Produca^ 
AP am! lay ofT p)) ^ n. According to eq. (308), BD is 

pariille! to and (*oni4<a|Uc*ntly PC bisects the angle APB ==• oj. 
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Let the point C" lie on the naine equipotc'ntial liin^ with C-, then 
the voltage between P and C' is also (viual to z(iro, and by analogy 
with eq. (308) we have 

n/n = AC'/B(y = const (309) 


By plotting PD' = ra (not shown in th(> figure') along PA , in the 
opposite direction from PD, and conneuding // to H, once can show 
as before that PC' bisects tlue anghi BPD ~ 180® — co. But the 
bisectors of two supplementary anghw ane pe'rix'udicular to ('uch 
other; consequently, CPC is a right angh', and tlx' point P lies 
on a semicircle drawn on the diaux'te'r CC. 'Phis se'inicirc.le is 
the equipotential line itseelf, because all points, such as P, which 
are determined by C and C, must lie on it. 'I'he scmicinde! below 
AB evidently belongs to the same ('(luipob'ntial lint'. 

From cqs. (308) atul (309) the following ('xpn'ssions are ob- 
tained for the radius R of the eciuipob'ntial line umh'r conHi<l(‘ra- 
tion. 



BC 

- {BC/ACy 


(310) 


or 


/e = 


BC 

1 BC/AC! 


(:iU) 


so that the (xpiipotential line can b<' easily drawn for a given 
C or C. 

Let it bo required to calculate thc! (dast,anc(' of tht' slic<' ()f dit'- 
lectric betweem the neutral plane 00' and tlu^ ('tpiipob'ntial sur- 
face passing through a given point C. It is suflicient to find the 
expression for a unit axial hmgth, knowing that t h(> ('last.anee is 
inversely proportional to th(' hmgth of the conduct-ors. 

Write the expression for the voltages Ixdwecm the points N and 
C, using again (xp (290). For th<^ systems A and B we have 

Enc = (<tQ'/2v) [Ln (AC/AN) - Ln (BC/BN)], 
or, since AN = BN, 

Enc = {<rQ'/2 tt) Ln (AC/BC) (312) 

From this equation we sec that the (dastance. pew wmtimc'ter 

Snc' = Enc/Q' = (<r/2 t) Ln (AC/BC). . . (313) 

From this expression, the clastance betwtxm atiy two (‘(luipotcmtial 
surfaces can be calculated, by computing first the eltmtanc<‘ lx-- 
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tween (‘aeh of surfaec^s and tlu^ piano of symmetry 00', and 
then taking <‘it.h(‘r l.h<‘ sum or tlu^ dilL^roneo of these elastances, 
dep(^nditig upon tlu* positions of ilu^ two given surfaces; that is, 
wheilu^r thc\v li(^ on dilL'n^nt si(l(‘s or on the same side of the 
plants ()()', 

It has Ihh'U (jxplain(‘d above how to divide the field by surfaces 
of force into pc^rniit tane<‘s of (hssired values, these permittances be- 
ing pr(»portional to t h(‘ angles 0i or determined by the point iV' 
on thi‘ mnitral plant'. Knowing now how to subdivide the field 
into (dastanet's td dt'sinal vahit'S by eciuipotential surfaces, the 
studt'ut can wiihtnit difhetdty eahailate the permittance or the 
elastanet' of a givtm sliet' in tlu' lu'ld bcdween two equipotential 
surfata'H and two surfaet'S of for(‘(\ 

Prob. 1. t'or an nsstnutni sizt' of tht‘ (‘.onduetors and a spacing used in 
extra-high-itnision trunsiaission lint‘8, draw a s(‘t of lines of force and equi- 
poteutial lineH (Fig. Hb) nurh as t,o divide the total voltage and the total 
eleetnwtatie tlux into H) etinnl parts. 

Prob. X l4*t A and H (Fig. 5(1) be two very small wires at a distance 
of 90 ein. betwetm (’(*nt<*rs. What is tlu^ permittance of tlic slice NN'PC 
if A' A'' 25riu.; AT 52 rm.; and the axial length is 180 m.? 

Ans. 0.000861 mf. 

Prob. 3. BhtiW that tlu* lines of force between two small spheres are 
not eireles^ but curves th«‘ tn|uation of which is cos^ii + cos 0^ == const. 

Prob. 4. Show that tlu* {‘tpiipottaUial surfaces in the ease of two 
small spheres nr** r<*pre.M**nte{i by tin* tsiuation I /a — l/r^ » const. 

Prob. 6. Bhtnv lu*vv t*» tiraw in a givt*n ease the field shown in Fig. 51. 
Holuiitju: Draw a s**t of // lim*s of force due to the system AB alone, the 
same* m in Fig. 50, tin* flux (/ bt* tlivided into n equal parts, so that 
t!u^ flux ltefwi*en fh** atljacimf surfaces of force is Q'/n. Draw a similar 
set c»f lines of ft»ree f*ir fh** syst4*in d7F. Th(‘ e<iuation of a line of force 
in the systfiu AH is w ciucHt.; that in Uu^ system A7F is to' « const. 
According to tin* prineijd** id superpomtioiu the eipiation of a line of force 
in thc» rt'stiltaiif is ** 1 ' (’imsi., tla* minus sign benng due to the 
fact that A* is in^gidiv** if .! is piisitivi*. D*t the point of intersection of 
twi» iiiH’s of fore*' D an*! ht^ the* starting point for draw- 

ing a Un<* id force in the resultant fi<*l<i. Then the point of intersection 
of thf* next lin**s ■ f* 'f' w n ami "b v/n also belongs to the 

same line <d ftuci* in lie* resultant fit*!*!, because for both points w — w = 
H - r*. In iUher words, tin* lim‘.s <d forci* in the resultant field are 
ditigoHtil eufiTH witli ri*sp<*et \i> tin* !im*s <d fi)rce in the component fields, 
and limy be ilrawii from inti*rse«*tion to intersection. A similar construc- 
tkm holds for ec|iiipo!entiid surface*^. The student is strongly urged to 
try this eiini>itru**ti*in f<*r sonn* assuincsl data, lH*cause the method of 
iliagtuifd c'lirveM in generally applicable wlieu a given field can bo resolved 
into iwii simpler lielty. 
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63. The Elastance between Two Large Parallel Circular 
Cylinders. The formuhe deprived in Art. (K), for tlu‘ (‘lastunee 
and permittance of a homogetu'ous nunliiau hoi\v(H‘u two ])arallel 
cylinders; hold true only when the dianu^tcTs of tlu^ eylindc'rs are 
small as compared to th(^ int<Taxial distan(‘e, for tlu* n^uson tlu^re 
explained. When th(^ diameters (/f th<‘ (‘ylindc^rs an' compara- 
tively large, the elastance is dc'rivc'd by n'ducing iho conditions to 
those obtaining in Art. (K), 

Lot A and B (Fig. 50) n^pn'scnit as iH'fon' two (conductors of 
very small diameter, and l(‘t a dilh'nuHH* of poti'utial of 100 volts 
be maintained between them by nu'uns of a bat ((‘ry. L(*t t lu' volt- 
age between the conductor B and tlu' (‘(juipot^'nliul surfata' CPC' 
be 20 volts. Place an iufmitc'ly thin nu'tal sluM't. so as to (‘oiiu'ide 
with this surface, and comu'ct this sluu't to a pi^int of tlu' batt(*ry 
such that the voltage betweem it and tlu‘ c'onductor still n'lnains 
equal to 20 volts. Thes(^ change's do not aOVet tlu' (‘hudrostatic 
field either inside or outside tlu‘ surfac'c CIH'\ thi» displac<mu‘nt 
being normal to this surfaces. Now nanovt' tlu' t'onductor B al- 
together, leaving a difTerenct^ of poU'ntial of SO volts maintairu'd 
by the battery between tlu^ conductor A and tlu' t*ylindt'r CP(<', 
The field outsid(^ thecylimh'r is not afUndi'd; that insi(hu)f it lias 
entirely disappeared. W(^ have now a faLl b(*twt‘(»n tlu' (‘ylinder 
A of very small diameter and th<^ cylind(*r CP(*' of a ('oniparu- 
tivcly large diameter. Take now anotlua* (‘cpiiptdcntial surface, 
for instance KMK'^ syrnnud-rical with CPC\ ]>lac(' a m<*tul (‘yliruha’ 
so as to coincide with it, and coniuud it to a tup on the battnry, 
BO that the same difference of potemtial of 20 volts rt'inains be- 
tween this cylinder and the eondiudor /I. Th(' fitdd is not altered 
by this connection, and now tiu' condu(d(ir A may Ih‘ removt'd. 
Thus, we finally obtain a fh'ld iH'twtHUi two cylinders of (‘(nn|)ara- 
tively large diameter. The diffenaua^ of pottmiial bi'iwtH'U t!u' 
cylinders is only GO volts, while tlu^ original diiTcnuu'e oi poitmtial 
between the conductors A and B \vm 100 volts. 

Conversely, let the cylimh'rs C1*C' and KMK' be givi'ip and 
let it be required to find the shape of tlu^ Md Indwct'ii th(*m, and 
the elastance of this field. The preddem is reduced to that of 
finding the positions of the infinitely small i^cvminv (‘onduc'tors 
A and B, with respect to which tlu^ given (‘ylindt'rs an' vqxn- 
potential surfaces. Then the field is rnappc'd out ac(‘ording to 
the formulae given in the preceding article, leaving cajit tlu' apace 


Chap. XVI] 


lOLAS'I’ANt'-K OF CAIiLES AND LINES 


189 


insult' tlu' cyliudt'rs. Tlu' nlastanco between, one of the large 
eyliiultTs and t,lu' plane ()()' is calculated by using formula (313). 
This nu't.hod is applieabh' wlu'ther the two cylinders are of the 
sanu' radius or not., and wlu'thcr one is outside or inside of the 
otluT. It. is always possibh- to find the positions of the lines A 
and wit.h respt'ct. to whit'h t.lu' given ('ylinders represent equi- 
pot.t'id.ial surfaet's. 'I'lu' dt't.ails of the (uileulation arc given below. 

(Consider tirst. the east' tif twt) ttylinilers CPC and KMK' of 
tht' santt' tliatnefer <1; h't, thtt ilistantte bt'.tween the centers p and 
q of these eylintlers ht' etjual it) c. In ordttr to use cq. (313), it is 
nt'cessiiry tti I'xpress .•It' anil H(' through the given quantities c 
anil <t. Aeeortling to t'qs. (31)8) anil (309), wc have 

A(’/l{C = AC/HC (314) 


All the quant ities which enter into this eiiuation can be expressed 
through one unknown length, for in.stane.e HC. We put 


then 


H(’ ^ AK = x; 


AC Cl< I- AK = (o - d) +x; 
AC X f r; 

HC = d - X. 


(315) 


Substituting these values into eq. (314), and solving the resulting 
quadratic equation for .r, we obtain, ri'taining the positive value 
onlv, 

HC AK X = .] [ - (c - d) + Vc-'cP] 

I ,/[ ™ 1) .p v^aS _T|, (316) 

w\ww th<‘ riiiiii of ilu* int(triixiid dintatuu* to tho diamotor is de- 
noted liV (M, Of 

a cJd (317) 

I^y Hulwtituting this valut* of x into the expression for AC in eqs. 

(315)» we find 

AC J lie - d) f VC - f/*l I d[(a — 1) + — 1], (318) 

HO tlnit 

AC'IU' ' l(« ■ 1) f -(«-!) + 

This (‘xpreHsioii ran hr siniplifu’d by multiplying both the numer- 
ator and the cknnmiinator by the value of the numerator, so 
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as to get rid of the square root in the dcuiomiuator. The 

result is 

AC/HC - a + I (319) 

The expression (313) for the elasianee b(‘tw(H‘u oiu‘ of the (‘ylinders 
and the plane of synniietry, p(^r luiii. of axial hnigth, l)e<‘<>m(^s 

= {a/2 tt) Ln + v/^r- - 1 1. ... (320) 

Those familiar with hy])erbolie buictious will not ici‘ that the pre- 
ceding equation can be simplified into 

((r/27r)(N)sh ‘o (321) 

Since tabh^s of hyperbolic fun(‘tions are n^adily availabh', the 
evaluation of elastaiuu^ is simpha' in t-his fonii than it. is if (Hj. (320) 
is used.^ 

When th(^ diameter of tlu' eoiiduciors is small as conqain'd to 
the interaxial distance, a is a large' (jtiautity, and unity unele'r the 
radkal sign in e'ep (320) may be' ne'glee'te'd. d'lus ('e|uatie)n be'- 
(',omes them practically iele'titie*al with ('({. {20()). For large* vahu\s 
of a, the tc'rm (1 - 1 Av“)^ obtaiueal by factoring in e'xprt'ssiou (320), 
is cemveniemtly e'xpanded ae*e‘e)rding to the* binomial the'ere'iu, the 
result l)(ung 

- {c/2ir) Ln (2 a i a ‘ - I a ^ rv *• - . . .). (322) 

With the e^xce^])tiou e)f 2 <v, all of the* te'rms in piere'ntlu'se's are* 
small correHvtions t,o the* re*sult . 

Led/ now the diamete'rs of the* t wo givi*n (’ylinde*rs be* ditT('rt*nt. 
In aeldition to re*latie)n (HM), we* alse) have* 

UK/AK - A K' (323) 

It is neme^ssary in this emse te) introehnn* two unknown (|uantitie*s, 
BC = z mdAK — y. K(iuatie)ns (315) are* mealilit'd a<*c*e»rdingly. 
All of the quantitie's in (*({s. (3M) and (323) an* exprt*ss<‘d througli 
X and and then the^se two (‘(luatie)ns an* st)lve*d (e^gt'the'r for x 
and y. After this, the edastaue'e* b<*twe*(‘n e*aeh cylimh*r and the^ 
plane 00' is e^xpre'sse'd by using (‘(p (313). 

^ Dr. A. E. KemneUy, “Thee LineMir Rewst fvne*e* hot Wf*<*n Ihmitle*! (Naaluct- 
ing CylindcrH in a M<*clium of thuforni C’ondtictivity/’ PmraiingH .Irnrr. 
Philosophical lS’cc., Vol. 48 (1901)), p. 142; ak) hin nrtieh* f»n ** i iriiphic* Hop- 
reaontationH of the* Linear ElcotroKtutie (’apaeily h(4w(H‘n I»!qnal Parallel 

Wires,” Ekclriad WorU, Vol. .66 (liHO), p. HKK), ’ .Sec also hi« Ihk.Ic o» Ajh 
plicaliom of Hyperbolic. Funrlinns to Ekctrkal Erii/inccnny (1012;. 
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III somi' casi's it is ri'iiuiri'd to calculate the dielectric flux 
deruvli/ at a point in tlu' field hetwc'cn the cyliuders, or at the sur- 
face of one of th(‘ cyliiulers. Let P (Fif^. 52) be a point in the 
field hetweiui tavo parallel cylinders, small or larse; the flux density 
at P is tlu' Ki'omi'tric sum of tin* densities due to the systems A 
and /L d'he flux density du<‘ to the system A is 

/h - <V'/(2xrO, 

while t hat due to H is 

/).j, i Q'/('2rr-i). 

These component densitii-s an' directed as shown in Fig. 52. 
The resultant density I> is directed along the tangent to the line 


m 



Fid. r»2. Dirirrtrir lldx ilrriHity af a iwu’nt, by t.ho mothod 

of Mi|M‘r|»>Hilion. 

of forc»(‘ through I\ b'rom tlu^ jmHH'tiing two (Miuations, we have 
the relfitiiin 

l>i : /)a fY. ri, 

HO that tlie IriiiugleM Al*li anti Pnin un‘ similar. The correspond- 
ing siclfH are inarktMl with one. two, and three short lines respec- 
tively. From the.He triangles we ean wriU* 

l> : Ih h : r.., 

or, Hulwtitiiting the ftiregoing eKpres.Nion for A, 

/; l/briirnrs) (324) 

Fnitn this expriL'^sion, the flux density eaii he calculated at any 
jHiint in the fiidd <»r on tin* Nurfaei* of erne of the eylinders. Mul- 
tiplying th«* i\n% deitHify hy flu* ehistivity of the medium, the cor- 
respomliiig dieleetrie stress is ohtainc*d. It must he kept well in 
mind that fi, ri, and refer to the points A and Bj and not to the 
centers p and q of the atiutd t‘ylinderH. 
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Prob. 1. Take two equal cylinders at a coiuparai.ively short disiaiu'c 
apart, and (a) calculate the permittances pea* nude^r of tins axial I<‘af);th; 
(b) divide the Md into 10 ceiual elastamu's in H(‘ri(‘s and into 10 (Hiual 
permittances in parallel; (c) plot a curves of thes flux demsity distribu- 
tion on the surface of one of the cylinders. 

Prob. 2. Show that on an (seiuipotesntial surfaeu' surrounding yl,and 
consequently on the corresponding metal surface^, thi‘ flux deaisity varies 
inversely as riA 

Prob. 3. Show how to calculate the pesrmittanese* hviwvcn a large* e.ylin-. 
der and a given infinite plane. 

Prob. 4. Show that A anel B are invem' points vvif.h re‘sp(*ct i.o any 
equipotential circle; this mesans that the radius e/f ’' is tiu* g(‘onu‘tric. nu^au 
between the dlstancess qB and qA, and thes radius pK is t.he geom(*tri(! 
mean between the dlstancess pA and pB, This is true' whedluT thes radii 
qC and pK are equal or not. 

Prob. 6. Extend the thesory given in this articles to the* e*aIeuIation of 
the elaatance and flux desnsity distriheition bestwe^e'n two large* Hplu*re*s. 
Consult the chaptesrs on esleestresstatie's in seane* stanelurd work on the; 
mathematical theory of electricity and magnetism. 



(^IIAPTICU, XVIT 


EQUIVALENT ELASTANCE AND CHARGING CURRENT 
OF THREE-PHASE LINES 

64. Three-phase Line with Symmetrical Spacing. Consider 
an unloadtHl lhn*e-phust' rm(% and let the three conductors be 
denottnl by A, /b aiul (' r(‘sp(H*tivc‘ly. Tlua'e is a displacement of 
eleetrieity tiet ween t^aeh pair of (‘(nuluetors, and since the three in- 
BtantaiuH)ti.s voltagi^s are difb'nait , the displacements between the 
thnn^ pairs of (*oudin‘(tn\s at any instant an^ also different. The 
thrcH* sets of lities t>f foret' are r(*!ativ(‘ly displaced and the flux 
density varies frcnu instant to instant, so that there is produced 
in reality a nnadviuK eh‘ct rostati(* fn^ld. Let the instantaneous 
displac'ennuits whieli issue from th(‘ three eouduetors per unit of 
axial hmgth be (hmottnl by tju ^/a, and r/a, where the subscripts 1, 2, 
and 3 refer tt) tlu^ ciuuhictors A, H, and C respectively. To be 
camsistent with tln^ notation uscal htdona these symbols should be 
provided svith tin* prime sigm biit this sign is omitted in order 
mi to obseure tlie formuhe. 'Vhv displueennaits are considered 
positivi* wlien tlu\v are direcieil fnnn the conductors into the die- 
lectric. Since (4ect ricity behav(»H like an incompressible fluid, as 
tnucli of it as is di'^pliu’ecl at any instant out of onc^ (“onductor 
must be tlisplitced inti> the* other two conductors, so that at all 
times the following relation Imltls, namely, 

f/} f ifi t 5® 0 (325) 

The three i/’s vary with tin* time* acaa^rding to the sine law. With 
a syiiunfd.nciil spacing of tin* wires, and symmetrical voltages 
forming an eaiiiilatcral triangle (Fig. 53), the cfTcctive values of 
the ihrta* r/s art* ia|ual. ami tin* corresponding instantaneous 
values are displiici'cl in time phase hy 120 degrees. I he charg- 
ing current per tiiiit length of a condmdor is (apial to the rate 
of chnnge of flic ettfrespiunling tlisplucemcnt with the time, or 

1 ilq dt (326) 

m 
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But, with sinusoidal voltag<^s, tlu' <Uspla(‘oment.s vary also ac- 
cording to the sine law, or 

q^Qrn^m2rJt, (327) 

where Qm is the maxiinuiu value of tlu' disphu'viuent- from one of 
the conductors. Substituting this valiu^ of q in (np (32()), wc^ find 
that 

i - 2 7r/Q,.eos2 7r// (328) 

Consequently, the airiplitiuh^ of tlu‘ charging curn'iit 

h.^2irj(h (329) 

and the same relation holds tru(‘ for tlu^ vffcviivv valu(^s of tlu^ 
displacement and current. It is to I)(^ noted that tlu' charging 
current leads the flux by 90 (^hahrical dt^grtR^s. "rims, knowing 
the displacement, the charging curn^it can 1 h‘ cuhmlated from 
eq. (329). If Qm i« expresstid in microcoulombs p(‘r kilonud^T, 
Im is in microampe.r(‘.s })er kilonu‘t(‘r. 

The actual charging curnmt whi(‘h flows tlirough a cross- 

section of the conductor, is (‘(pial to that n(‘(’(‘ssary to supply tlu^ 
disidacement between this (‘ross-s<M‘tiou and th(‘ n^ca^iviu* (md of 
the line. In othc‘r words, the charging curnmt vnri<‘s along the 
line, from a maximum at tlu^ geiu^rator (‘nd to Z(*ro at tin* naa^iver 
end. If the elTcad.ive voltagi* along thi' liiu' w’vvn constant in 
phase and magnitude^ tlu^ amplitude^ of tlu‘ (dinrging cunxmt 
would vary ac{H)rdiug to a st.raight-liiu* law. In n^ality, tlu^ volt- 
age varies along the line, du<^ to its nssistance^ ami imhudancc', so 
that the variations in phases and amplitude' of the* eduirging cur- 
rent along the line* follow a much more', comjdicated law. 

The influence of the permittanea^ of th<‘ lim' upon its voltage 
regulation is treated in Arts. GH and G9 bellow. "Fhc' probhun h(*r(' 
is a preliminary one; nairndy, with a givc'U shv and nrrangeum'ut 
of conductors in a thnHvphase' liiu', to find the' pt'nnittanc'e' pe'r 
kilometer of the equivalent single'-phase' lines for which ihe^ volt- 
age regulation is usually calculat<Hl. TIu' probh'in is solve'd by 
applying again the principle of supe'rpositiou. Kach conductor 
is considered as forming a conele'nse'r with a <‘oiic('titric‘ cylimh'r 
of infinite radius, the thr('(‘ phase's be'ing star-conne'ede'd and tlir 
three cylinders grounded. Tlu' ve'ctors of tlu^ star and de'lta volt- 
ages are shown in Fig. 53, the^ subscripts 1, 2, 3 refc'rring again 
to the conductors Aj and C respectively* 
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Applying <H[. (290) for tin) voltage between the conductors A 
and B, vv(‘ hav(‘, for inHt,ant.an(M)UH values, 

i(r(iu2 tt) Ln (h/a) + ((rr/ 2/2 tt) Ln (a/6), . (330) 

when*, as bc*fon% (he s|)n(*ing is (hnioixul by 6, ami the radii of the 
conduc‘tors by a. Th(‘ first t<'rin on the right-hand side of this 
ecpnition n*presents tlu' action of systcan A, the second term that 
nf systtun B, The a(‘tion of tla* system C is equal to zero, be- 
catise. on applying e(}. 1290) for this syst(*m, it is observed that 
f 1 = r\ on a(a*tjuat of the symuu trieal sj)aeiug. In other words, 


% 



Kai. XL EliMirir iiinidnrvmmln in u lin<‘ with Hymmdrical 

vtiUmjth lUuI aym tilt tried! Hfmeing. 

f(ir .H.vst<-iu <' i!h- riiiKltn'tofs ,l Hiiti H li«‘ (in thcHainc equipoton- 
tinl cyliiHlricnl MirfniT. 'I'lic priu-i-diiiK equation Ik simplified to 
<'ii t'/i "here N' is the elastuiiee expressed l)y eq. 

CiSMi). tfin! is, tlie elnstaitee lielween one of the eonduetors and 
tlu' plutie of symmetry as if tin* third (‘onduetor did not 

exist. (Hying t<i symmetry, the other two (xniations are similar, 
thus yv** have 


I'n (71 7-1*'^ t 

ej, iift ■■ '/d*''": 

<31 (7> " 7i )•'''• 


. . ( 331 ) 
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This result is interpreted Kraphieally in FIr. f).*!, remember- 
ing that relations which hold true algebraically for in.stantane- 
ous values of sinusoidal quantitii^s, hold tnu' g(H>m('trieally for 
the corresponding vectors of tluwe ciuantities. According to cqs. 
(331), the instantaneous values of (r/i — (/s), {<I'i — f/n), and (c/s — r/,) 
arc in phase with the corn^sjjonding voltag('s Ci 2 , c. 2 ,i, and C;,,. For 
this reason, the vectors (Qi — Q 2 ), (Qi — Q:i), and {Q-^ - Qi) an*, 
drawn in phase with the vectors Km, an<l Kn- In regard to th(‘ 
quantities Qy, Q 2 , and Qs, we know that, for naisons of symnu'try, 
they are equal numerically and an^ displaced in phas(' relatively 
to each other by 120 degrees. 'TlKTcfore, they must r(>pre- 
sentcd by vectors from the c(mt(u 0 t.o tlui v<'rt.i(!<'H of t.h<' triangle- 
MNP. The condition is then fulfilh'd that I'ach side of this tri- 
angle is equal to the difference of two v(‘ctors from tln^ point (). 

We see now that tlu^ thna; eh'ctric <li.splacem('n(s Qy, Q-,, and 
Qs arc in phase with the corresponding star- or Y-voltag('s of tlu^ 
system; also, from the similarity of tlu^ triangles, we have Eyi/Ky 
= (Qi — Qi)/Qi, with corresponding ri'lations for the otlu'r two 
phases. Consequently, eqs. (331) an' reduct'd simply to 

Ey = QyS'; 

E 2 = fM"; (332) 

E, = Qyy.'-i'., 

Wo thus arrive at the following important cttnclusion: The din- 
placement (and consequently the charging curri'iit) per phune of a 
three-phase line with symmetrical spacitm symmetricnl vnUnges 
is equal to that in a single-phase line with the same condHctors and 
the same spacing, provided that the star voltage of the three-phase 
line is equal to that between one conductor and the neutral plane. 00' 
in the single-phase line. 

As explained in Art. 36, an equivahmt Hingl<'.-pha.s(! lintt is 
obtained by taking one conductor of thtt thrtsts-phastt line and 
assuming the transmission voltage to l)e otpial to the* star voltage 
of the actual transmission lino; the rttturn conductor is suppost'd 
to be devoid of both resistance and inductanett. Tint pHtceding 
rule gives a simple method for finding th<! {Kirmittanct'. of the 
equivalent line; namely, the permittance of the equivalent single- 
phase line is equal to that between one of the conductors of the actual 
line and the plane of symmetry between it and one of the other con- 
ductors, as if the third conductor did not exist. 
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Tli(^ calculaliori of tlu‘ charging (‘nrrant with an unsymmetrical 
spacing of (•on(iu(*t<irH is nmch rtion*. involved, and is explained in 
the n<‘Xt articli*. Fortunately, how(‘ver, the spacing between the 
condiKd.ors athuls the vulu(‘ of th<‘ (‘hargiug current but little, 
with tlu^ usual ratios lH‘tw(H‘n sii^e of eonduetor and spacing. 
Thc‘ stuchuit can (uisily vt^rify this fa(*t ))y consulting any available 
tabh‘ of (‘apaeities or charging (uirnuits of transmission lines. 
Th(^ nuison for this is that th(‘ principal part of the (^lastance be- 
twetui two small conductors <»ccurs near the conductors, where 
the flux dtmsity is comparatively high. ( Wsecpiently, it is pos- 
sihh' in practicn* t<j (\stimate \hv pm-mittanee per phase of a three- 
phast^ liiH* witli unsymuietritad spmung, by finding the limits of 
the |H*rmit lance with symmtdrical spaciugs. For instance, let 
two comlmdors bt* platssl on a (‘ross-arm and the third on top of 
the pole, forming an isos<*{4{\s triangh^. Let the spacings be 
2 m, and l.t) m. resptsdively, eharging currents are differ- 

ent in tfie tliree eondntdors, but tlu^ average value is larger than 
with a symmetri«*ul spueing of 2 m., and snuUhT than with a sym- 
mtdrieal spaenng of l.b m. Having found the eharging currents 
or the* tsiuivahmi |iertnittanc(*s fcjr these two spacingwS, one can 
assume* an inteTmediate* value* by interpolation, or else take one of 
the* twe> limits, whiehe*ve*r givt*s the* more unfavorable operating 
conditums td tin* line*. 

It i^4 rathf*r a te’diotts probh*m to e'stimate the infliumce of the 
grenmd upon the cliarging curn‘nts in a three-phase line. The 
theory is simple*, tlu^ gnnmd lading n*plac(‘<l by the images of the 
threa* condueteirs, as in lug. ftl ; but the* formuhe are long and in- 
volveei, bet*aUHe the* efTec’ts of six H<*parate systems must be super- 
iin|)ow*d. Hoc pre>blem ll in the* next article*. 

I^ob. L Hliow ihiit wlieai eaie* of the* ceaiductorH in a three-phase line 
fails, llic cliiirguig current iti the other two conductors drops to 86.6 per 
cent ul ItM funner vidm*,. Sohitimi: iM V Im* the* p(*rmittance between 
one tif t!ie conilutior» lual the plane of syinmt‘try i»etwt*en it and one of 
the Ollier coialtictiir.*^. 'riicti the e’hiirging curre*nt with the three phases 
alive k V where K is the* line voltage*, and k is a coefficient 

of proittirtioniilify with which we are nut concerntsl hero. Operating 
iingli*-pliitsi*j ihi* I’liiirging currt*nt is kCilK). The ratio of the two is 
Q.B/ (1/ VH} - RHfIfl 

Prob. a. A thrceiiliiiitt*, Mibkv., 2rM’ycIe tranamitmion line consists of 
conductors 2 cm, in diiiineter; the spacing m symmetrical and equal to 
:IJ III.; the leiiglh of the line is 2H) km. Wliat is the total reactive 
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power necessary to keep the lino alive, and what are the voltage and the 
permittance per kilometer of the eciuivaleut singlcspliasc^ liiu^? 

Ans. 7270 kva.; SO.S kv.; ().()0947 inf, per km. 

Prob. 3. A tliree-phase transniLssion line consists of condud.ors IS mm. 
in diameter, suspended all three in tlu^ saints vcTtieal plun(\ at a distance 
of 2.4 m. between the adjJiceut (Hmdu(d,ors. What an» tlu‘ limits of the 
elastance of the eciuivaleut single-phases lint‘? 

Ans. 100 and IIH inegadarafs per km. 

Note: The proximity of the two limits shows that it is sutneuemt for 
practical purposes to consider the syinnu‘t.ri(‘al spacing only, as far as 
the dielectric and magnetic effects are conccs-iuMl Mr. J. ( 5. PcTtscli, Jr., 
has called the author’s attention to the' fact that, with cc^rtain simplifying 
assumptions, and when the thret‘. wires an* transposes!, the^ (‘(piivalent 
spacing for inductance and capacity is (Hpial to tlu^ gtamud.ric mean of 
tl\e three actual spacings, or 

In the case undcu' consideration th(‘ (Hpiivahmt spacing is .1.02 m,, ami the 
corres|)onding elastam^e eciuals 105 mgd. p(‘r km. 

Prob. 4. Extend the ireatnumt givmi in this artich^ to tht‘ casi^ in 
which the three delta voltages are di(T<n*eut (Mg. 54), and slmw that the 

point 0 coincld(‘H with tlu^ cimtiT 
of gravity of th(‘ triungh*, a sym- 
imdrical spacing of th(‘ conductors 
b(4ng pnwippoH(‘d as hefonn Solu- 
tion: Eipuitions (111) hold true as 
Ix'fon^, and tlu' sides of triangle 
I\!NP are parallt4 to thost* of 121, 
but tht‘ point 0 cannot Ih‘ dider- 
mined in this enst^ from the sym- 
nu'try of the* figure*. Any point () 
within the* triangle* 121 gives a s(*t 
of star ve>ltagt‘H Kt, A's, and A’s, 
which will preHluce* the* give*n s(*t of 
deJta voltage's; but th«*re* is only 
no. .'yfc. ra(‘(M/ric uiHpuwH*m(xu.H m u point fJ freun whie*h the* rays 
threevphase^ line^ with unsy^mmdrical 1^* V(*rtie*t*s of triangle Mi\P 
voUagm and 8j/rnmelr iced spacing. satisfy condition (12o). Since* the 

<iispla(‘emc*ntH in the* e(|uiva!<*nt 
single-phase lines must be proportiemal to the* voltage's, condition (125) 
requires that the geometric sum of A’l, /t’^, and Hi shall (*e|ual zvm. 
The parallelogram 021'3 gives the g(*omc*trlc! sum of A’a and Hm e'epial 
to 01'. If 0 is the correct point, 01' must he* (*c|ual and oiiimsite* to 
Ol, and Om ^ iOl. Similarly, the* emnelition must he* fulfillt'd that 
On = § 02, and Op « J03. It is known from e*leme*niary ge‘om(*try that 
the three bisectors of a triangle divide each othe*r in the ratio of 2 te> 1 , 
and that the point of their intersection is the centeer of gravity of the^ 
triangle. Hence the point 0 is the center of gravity of tlic! triangle 121. 
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From (iiHU wo again <l<'nv(* (HTi), and limilly arrive at the 
Bamo (-onohision ns that printod in itali(‘s after these ecpiations. The 
thnM‘ star voltngi*s bring dilTrrrnt, ow from another, tlie three charging 
currents are also different, eaeli hauling tiu' corresponding Q by 90 degrees. 
The* p(‘rmittanee and tlu* voltage* of tlu* (aiuivalent single-phase line are 
also <lifb‘rent f‘>r (*ne!i phase*, in spite* of the symmetrical Hi)aeing of the 

conductors. 

Prob. 6. I' or a give*n t hr(‘e‘'phns(‘ litu* with syitnnetrieal spacing and 
voltage's, elraw tlu* e*h*ctroMtati(* lie‘lel ft»r tlu* instant when one of the 
d(*lta voltage's is cepia! to /,e*ro; also make* thre'c drawings of the field at 
the emis ed inte*rvals As A mid A of a cycle* later. Use the principle of 
Huperposition e*\piaim*il in Urob. a. Art. (Vi, and apply it to the three 
component syste'ins, .1. /b anti (\ ke*eping in mind the relative magni- 
tiuli'H of tlu* in.stantanctai.s ilisplnct'numts. 


66. Threa-phiiBe Line with Unsymmetrical Spacing.^ As 
is imaithnual in llm pnaanliug urtie'h*, tin* ealeulatiou of charging; 
currmd.s in a tlin'e* phase* bin* with uusynunetrieal spacing is 
ntuch nuu*e invoHa'ei t!m!i with synunetrical spiu'ing, and is not 
of inneh practical iniptuiam'c at pn*S(*nt. An ontlum of it is 
givi*n here* in oialcr tei ii\ more* tirmly in the stud(*niiS mind tlu., 
g(*iuTul prineiph* of Hupe'rpositieuu ami tin* nu'thod hy whi(‘.h the 
rt'SuUs an' (h*riv«*ti in the preemling artich*. Mor<‘over, the in- 
lluent'c of tlu' dielee'trie’ is beToining more* ami more* im])ortant, as 
the* t ransmi'^siun \oltages ami the* le*ngths of transmission lines 
an* im*re*aHe*e!. 1‘h«' time* may e'ome* wtu'n the (‘xpositiou given in 
this article will he* e»f asAstane'c in the* sedution of praedieal prob- 
h'lns. 

Let the* three* ^pacings bi* di'iudeel hv hci. ^^*.1^ mul (hi respec- 
tively. Kepmtimj^^ oTi.'if to f.TilM inehwve hold true as with a 
Hymmetrieui! s|iae’mg, but cep ohUU now h(*cnme*s 

r,, - I av* 2 ^ Ln Ua, a i I (m/, 2 ir) Lu {a + 

lamh-.j h,3jb (thhi) 


lu'cmme* flit* elTeel of the ^vste*m A is m»t vt\Mn\ this ease. 

Similar eeninttoii''^ ma\ b«* wnttt'U f*er ami nm hut on y tw( 
tHiuiitioii. lire imhiimalent; the* tliinl is edduined hy combining 
thf* two others. I*eram-*t* the tliinl vedtngi* m a ile*lUi (mmbmation 

in .l.-t.-mnn.-a l.v tl..- nthrr tw.. vultHg.’s. Th<- ''‘'''‘f 
wiuuti.m H'O e..-.- tl.r.-,. .Mpintions .Ictcruimo the three 

uiikiunvn tfn, 

* Tiiii» iirlirle may Im* omitUnl, if no elcHired. 
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The following solution of these equations gives an insight into 
the physical relations, and leads to a result whi(‘h is convcuiient 
in numerical work. The last term on the right-hand side of 
eq. (333) is usually much smaller than ih(‘ otlu^r two t('nns, so 
that it may be conveniently r(q)r('.sent(Hl in th(^ form of a (‘.or- 
rection to the other two, thus preserving g(‘U(Tal form of eep 
(330). Substituting the value of from (up (325) into (333), w(^ 
obtain 

= (aq,/2 t) Ln (/pi/a) - iaq,/2 r) Ln (5., 'a) , , (334) 

where the quantities, 

bci = 

ba = Jhzbn/bzi^ (335) 

= bub>x^/bi^j 

may be called the corrcK^ted spacings. Tlu^ fa<d()rs by whi(4i tlu^ 
displacements qi and q^ an^ nmltiprual in tap (334) arc' familiar, 
since they are of the same form as the right-hand meunber of 
cq. (296). It will be recuilUul that ecp (296) c'xprc'ssc's tlu' ('Ins- 
tance betwenm one conductor and tlu‘ planer of symmc'try of a 
single-phase line. The above-mc'ntionc'd factors thcTc'fon^ rep- 
resent the elastances of single-phases lines having thc^ (‘orrc'ctc'd 
spacings hd and f >,.2 respectiv(4y. Dc'uoting the' r(‘ci|)roculH of thc'sc^ 
elastances, or the corrc'ctc'd pc'rmiUaiu'c's, by (" with the* (a>rre" 
spending subscrii)ts, cup (334) and thc^ two similar eejuations for 
the other phases are reduced to tlu^ form 

Ci2 qi/Ci - qi/(\; 

C23 = q'i/(h ' (336) 

ezi “ ga/f-a - qi/(\> 

On the other hand, for any star point 0, no inattcT whc'n^ 
located, we have the following redation IxdwcH'n tht' dc4ta and 
star voltages: 

en * Cl - ca; 

(337) 

en ^ C3 - Cl. 

We again select the neutral iK)int in such a mannc'r that each 
star voltage is in phase with the corn^sponding q; that is, in 
phase quadrature with the corresponding charging cmrrc'nt. I'lu'U 
the given three-phase system is directly resolvt'd into tlirc'C! inde- 
pendent single-phase lines, and our problem is solved. If the 
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point 0 in thou by comparing eqs. (336) and (337) we 

have 

ea-r/s/Ca; (338) 

ei r/a/O’a. \ 

SubHtitutitig the vahit'H ilu^ f/'n from these equations into eq. 

(325) givi‘H 

f V‘i 4 fV*a + fVa “ 0 (339) 


This is the condition whi<’h the* point () must satisfy if eqs. (338) 
are to }u»ld true. Isliminnting cg and from eq. (339) by means 
of the first and the last t»f the e(|H. (337), and solving for Ci, we 

obtain 

es • .... (340) 

wln^re 

p (’2 O 3 . . . . , . . (341) 

Ah mcuititnied aliove, Oj, (\, and (\ are the permittances per unit 
lengtli betwetui one wire atid the |)lane (jf symmetry, for the cor- 
rected spaeingH flefined by <m|h. (335). 

Hiiuai ri^lattoiiH wlucli hold trtie algebraically for instantaneous 
values also Imld true geoinetricndly for the vectors of the same 
quantities, eep f34tll HUggt'stH a 
rnmple rnethcHi for finding graph- 
icidly the jMiHition of the neutral 
jMiiiit fl in the ve«i,or tliagrain 
(Fig. 551. To locate (K fdot I A* 

» tb in file dinaiioii op* 

jKiHite to K%-u and kO -- Ku\^\ (1 
pariilh*! !«» /vn. tir nine, the I'lrob- 
letii limy l»e w lived analytieidly, 
unirig either the orttiogiinid or 
the Irtgitiituiietrir form of rone 
plex Having deter- 

mined itif' pof^itioii of (K tlie 
three Htiir v«!tfigi*:HlieroiiiiTiiown, 
and then the eiirref^priridiiig dis- 
|iliieettieiit^i4 iir«^ foiiiid from ec|s. 

(:i3Hb 1lii» cliiirgiiig riirreiits are determined by eq. (329), and 
are in lending i|iiiidrittiire with the eorn'^HjKmding star voltages. 
The given nyM-tmi k thm remdveci intje three independent equiva- 
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lent single-phase systems with the voltages Ki, and EJz, and 
the permittances (A, Co, and C», pc^ unit kmgth. 

Instead of using th(^ trcuitment giv(ui ai)ov(‘, one could find the 
equivalent conductance and susci'ptancc by using a nu't hod anal- 
ogous to that einploycMl in Art. of tlu^ MaijnvUc Circuit, 

Prob. 1. Detennine the actual eciuivalent ('lastaaet^s in prohliau .1 of 
the preiicding article, and coinpan' tlicnu with tln^ aHsiim<‘tI limits. 

Prob. 2. Extend the treatment given abovt^ to th(‘ enne in whicth the 
cross-sections of the three conductors ari' dilTinumt, oiu‘ from anot.luT. 

Prob. 3. Show how to estimati' th(‘ influence of th(‘ ground upon the 
charging (Uirrents in a three-phas(^ line, using tlu‘ nadhod of siKnausivc 
approximations. Solution: liephua^ tlu^ conducting ground by tlu' three 
images A', and f-' of the actual conduid.ors, as in Idg. 51, This gives 
six electric systems with cylindtu’s at infinity. Applying tlu‘ primdple of 
superposition to the voltag(\s betwivn Ihc condutdors .1 li and 
we get, by analogy with eq, (333) : 

eu “ bn (/^la/n) + bn (u/h\-i) d (<^7.1 '2 « ) bn (Ih^ thi) 

- (aqJ2ir) hn(liACAA') - (.rr/u/2r) UiUiH^ Air) 

^{<rqC2ir)Ul{He/An; 

C23 (erq^/^ t) bn (irn/d) + {(rqt\/2ir) bll (d/ttn) b i<yq\ /2 r) I ai ( 7 nii ChA 

- (crq2/27r) bn {CIV /HIV) - {aq,/2 k) bn {(H^'/HCA 

- {crqC2r) hl\{(hV/HA')^ 

From these two eiiuations, togetlu^r with ci\. (325), tlu‘ thna^ unknown 
g’s can be evaluaUHl. By a method similar to that used in thc' U'xt 
above, e(is. (342) are convcuiiently nahaa^ii to tht‘ form 

Cu + {<r/2 tt) [q, bn {HA 7/1 /t 0 + 7a I {HIV /.4 IV) 4 q, bn ( H( At^V 

- q\/(\ q 2 /C%\ [ 

+ (a/27r) [r/fbn {CIV /HIV) + q.lsti {( /H ( ") f q, bn (C.l A.7L 1 71 

= 7a A A -- qi/i\\ 

where the three C’s and tlu^ corn'cU'd Hpa<’ingH an* tht* sanu^ as btdon*, 
without the ground. The last thnu* t<‘rms on tin* h*ft-hand nidt* of vqn, 
(343) are small as compared to Cn and vn, and r(*pr(*stmt the* (‘iTtad. of the* 
ground. Therefon^ the simiilest way of solving thesi* <*quatitmH is to 
neglect the correction terms in the first approximation, and to solvi* for 
the three 7’s exactly as explained in tin* t(*xt abovi*, by finding the* proper 
point 0 (Fig. 55). The correction terms may lx* said to modify tlie 
valuCvS of €12 and en in ecis. (343). Having the valutas of tin* q*H in tlu* 
first approximation, the corrections arc* caleulatiHl, and, btdng add(*<l to 
C12 and en, give new values of the latter, say cAi and cn. Having thus 
modified the triangle 123 in Fig. 55, a new point O is found, ami m*w 
values of the 7’s. The corrections for Cis and cn can now be* dcde*rmim*d 
more accurately, and then new values of the e/’s found, which will be* more 
nearly correct than the foregoing ones. In this way, tlie iuflu<*ncH* of the 
ground can be estimated with any desired d(*gree of muniracy, without 
solving long and involved simultaneous equations. 
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DIELECTRIC REACTANCE AND SUSCEPTANCE IN 
ALTERNATING^CURRENT CIRCUITS 

66. Dielectric Reactance and Susceptance. L(‘t a ccrulc^iisor 
of I (•riniltuiu’i* (\ or (‘InstatuM' *S', \,v couiUTted across ati altornat- 
ini^'tntrrrui litu* of voltn^^r K and fv{H\\wncy f, any iustanta- 
noons vnltn* of t la* voltui^t* In* donot(*d hy c, vvlu^ro e == Em siu 2 r/t] 
ihvn thi‘ corres|Hnniin|i; instiuitant^ous dispIacciiHait in the dielec- 
tric is 

f/ ((' V S (344) 

Thh displneeinent varies juM'ordinK to the sine law and is in phase 
with t!ie vultaRe, iHsainse r/ is at (‘V(‘ry instant i)r()portioual to e. 
'rhe ehari^inii: cnjrnnit tlowin^ji; from the Tuu' into the condenser is 
at any instant (M|unl tt> the rate of elumg<‘ of (j with the tinu^, or 

/ (Itj tit 2 ir/f eos 2 tt//. .... (345) 

It will he seen from this (n|Uation that tht‘ eharging eurnuit leads 
the voltuRi’ hy !H) iiem’eeH. as luis already Imm (‘xplained in Art. 48 
above. 'File amplittide of tin* ehargin^ current is 

/. 2wf('Em 0^46) 

It may thus he siuil that a pm-mittaue(‘ C connected across a 
source of Voltaire. t»f freipieiicy /» is equivalent to a susceptance 

h /.. 2nf(^ (347) 

File titinuH si^n is tua’esHiu'y laa’aiise tin* <‘urr(*nt is haulin^^, while 
with a maimetie MiiM’rptance it is In^uK. In other words, by 
usini^ the muius sii^n in tlie rase (»f iitrlvctnc snscvptdnn^ and the 
plus siicii for mniijietie su*^r(*ptniice, it is possihh* to (‘xhaid the 
ft^ntiiihe ilediii‘»sl in t “hapters H anti to alt(*ruatiufij~curr(*ut (.ir- 
rilits roiitaiiimi^ iIielis'lricH. 

Ill the prorediiin; formula* C is in farads, *S in darafs, q in 

culcinlm. ,m.i /. ii. ml...-. If C w .‘xprcHHcl in microfarads and 

S in iiii'ginlanifs, eq. 1 1147 1 heetunes 

h » 2wf(' X HI * • 2 »■/ X HH/.''’ • • 0^8) 

aw 
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The corresponding dielectric reactances is 

a; = ~ 10V(2 TrfC) = - 1 .S7(2 tt/) ohms. . . (349) 

The dielectric susceptance is eepial to 'Zt/C only \vlu‘n then^ is 
no resistance in series with th(‘. cond(‘ns(‘r. Wlnm a (‘oncknise^r is 
connected in series or in parallel with an ohinie^ r(‘sistan(‘(‘, the 
treatment is analogous to that of a magn(4i(^ in(liu‘tan<‘(^ in coml)!- 
nation with a resistance; that is, ecpiivalent s(Ti(‘s and paralUd com- 
binations are used, as (explained in Art. 27. To giv(^ a (hd-aihul 
treatment here would simply to r(‘}>(\at what, has alrc'^ady bexm 
explained in the above-mentioned artichx Tlu^ only dilhTcnuH' is 
that expressions (348) and (349) ari' uscxl in phux^ of (107) and 
(86), and the currents are leading, whiU^ with tnagm^ie nxietaiux^ 
they arc lagging with respect to tlu' impn‘HstHl voltagtx 

In some circuits l.)oth magtud.ic and di(4tx‘tric‘ sus(X‘ptau(‘.es 
are connected in parallel. Tlu^y an^ simply add(‘d, taking into con- 
sideration their opposite signs. For iiistaiuxs a magmdit* suscu^pt- 
ance of 7 mhos in parallel with a di(4(X‘tric suscu^ptaiux^ of 5 ndios 
is equivalent to a net rnagrudic Husc(q)tane(' of 2 mhos. A simi- 
lar rule is applied when magmatic and di(4(‘ctri(‘ rexudanees an^ (‘ou- 
nected in series. 

With these explanations, the studtmt will hav(‘ no difrnmlty 
in dealing with any combination of r(‘sistHmx\s, (X)ndens(‘rs, and 
inductance coils in an altc^rnating-cmrnmt circuiit-, 

Prob. 1. A condenser of 7.3 mf. p(‘rmittan(‘<* is coniH‘ct(‘d a^'ross a 
r)()!)-volt, 60-cyclo supply. What ar(‘ the Husci'ptaiux' and tlu» charging 
current? 

Ans. h » —0.002754 mlio; I ^ j 1.377 amp., the voltagt* htxng the 
reference vector. 

Prob. 2. The condenser in the preceding probkxn is Hhunted by a 
non-indiu^tive resistance of 750 ehniH. Fimi tlu^ total <mmmt and tht' 
power-factor. Solution: The curnmt through the rcHistance in 500/750 
« 0.6667 amp.; tan « 1.377/0.6667 2.065; c(m ^ 4;i,5S par vvtii 

(leading). Total current = 0.6667/0.4358 1.53 amp. 

Prob. 3. The condenser and tlu^ resintanct' in tlu^ preceding proldtmi 
are connected in series, instead of in parallel. What m tin* (K|uivalimt 
parallel combination? 

Ans. Cp » 1,387 mf.; r,, 926 olnns. 

Prob. 4. The voltage at the receiver mil of a 25™eyclc‘, single-phases 
transmission line is 45 +ir)7 kv.; the load current k 178 f J69 amp. 
The series magnetic impedance of the line is 32 + j 68 ohms, and its 
capacity is 4.24 mf. Calculate the generator current ami voltage, bor 
purposes of calculation, one half of this capacity can be assurnecl to l>e 
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coniipctcd iK-nwH the Kciicrator end of the line, the other half across the 
receiver eini. Solution: 'I’he <li(d(‘etrie, suseeptanco at the receiver end 
of lh(' line is -'2 , X 2r. X 2.12 X KH = -0.333 X 10"* mho. The 

corn'Hpoiuliup: chari^inK <’um*ni in 

jDMim X 10 M l5(MK)+j57000) 

(bnmHiuiaitly \hv 0>tal line* cumaii ih 159 +iH4amp. The lino drop is 
(159 I iS4)(:i2 I jm f J 13500 volts. The generator volt- 

agt' in 4 1 . 3 s f j 70.5 kv. charging current at the generator end is 
j 0.333 (44, 3.S I j70.ro —23.5 fj 14.79 amp. The generator current 
is 135.5 I - j IKS.H amp. 

Ihoh. 6. Mxplain the physical rc*am)n why a dielectric susceptance in- 
crease's with the fretpamey, whih* a magnetic susceptance is inversely 
proper! iunal to it, 

Prob. 6. Investigatt* the inflmmct' of a condenser in a circuit to which 
a non-siimsniilal vtdtage is applied; give a treatment similar to that in 
Art. 23. Show that the presence ot an ehistance accentuates higher 
harmtmieH in the tnirnmt, whih* an inductance tends to diminish them. 
Make the physienl reason for this dilTc'rence (dear to yoursedf. 

67 . Currant and Voltage Resonance. lad, a condenser be 
eonneeteil in pnrnllrl with a pure coil, across an alter- 

naiinK“Curr<nit lin(\ lad tin' (mrnuit through the condenser be 
f) anip,, h^iulingi and that ilirotigh tlie (mil, 3 amp., lagging. 
Them tin' total (nirnmt suiipliial from tlm generator is 2 amp., 
heading, 'rhim. we have* tln^ jmradox that the nmiltant current is 
smiiller than eitln'r td eoiniHUumts. It is emm possible to 
adjust tlie iM'rniit tanei' and induedama' to mmh vahms as to make 
tl»' leading and lagging eoin|Mm(*ntH tajual, in which case the gem- 
eriit4ir mirrent ?;ero. This (umdition is (‘ailed ciirrcM resonance. 
When the line eiirrent is nahnaal to ijem, total or perfect reson- 
finee tiike.^ phu’e; otherwini' tin* n^Honance is (mlled partial The 
condition fcir |a*rferf ri'Honama* is that tim lagging curremt shall be 
to till* Imiihng current^ or, what is the same, the dielectric 
iiu«ct'4>tfiiiee iiiu^t be nuinerteiilly ec|ual to the magrmtic susecipt- 
aiM'e. Tliui 4 , if llier«* in no reHistance in either circuit, 

2 r/r* » \ (2 wfL), 

from wliieti 

2wf\'rL - 1 ( 350 ) 

Front IliiH eqiiiitiofu any tun* tif thi* three (|uantitieH /, C, and L 
can be deti*riiiiiii’d. wlieii the other two are given. Condition 
( 350 ) may tii^ fiilfilliHl for the frecpiancy of one of the higher har- 
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monies of an e.m.f. wave, in whi(*.h ease w(^ |)artial resonance 
for the fundamental wave, and |)erfe(‘t nNsonauec^ for oiu^ of the 
harmonics. If such is the cas(‘, th(‘ lim^ (airn^nt do<‘s not (U)ntaiu 
this harmonic, although it iiiay Ik^ presemi to a eonsiderahh'. 
amount in the two l)ranch curnmts. 

From the point of view of (‘lUTgy, (Uirnmi nssomuiec^ consists 
in a periodic transformation of tlu' |)ot(‘ntial (‘lUT^y of tlu^ elec- 
trostatic field into tlu^ kinetic eiuTgy of th(‘ ma^m^tic* li(‘ld, and 
vice versa. When tlu^ curn^nt is at its ituiximum, t!u‘ (nuTgy of 
the magnetic field of tlu^ r(^a(h.anc(‘ coil is also a maximum. But 
at this moment the voltag(^ and (^ons(Mju(^nt.ly th(‘ (‘had.rostatic! 
displacement, are etpial to i5(^ro, so that tlu^ whol(‘ (OUTgy of th(‘ 
circuit is in the magiudic: fK^ld. Oiu' (piarter of a cycles Iat(‘r, the 
displacement and the stonal (^nergy in tlu^ condeus(*r an^ at a 
maximum, but th(‘. curriMit and tlu^ magmatic fit'ld an* (^pial to 
zero. At intermediate moimaits, tlu‘ <*n(*rgy is (H)ntaini*d partly 
in the electrostatic, and ])artly in tlu* magnetic fi(*Id. When 
condition (350) is satisfuMl, tlu* maxima tin* two (*iu*rgi(*s are 
numerically equal, and the* systemi os<’illat(‘s fna'ly in the 
electrical sense, in a mamn'r analogous to t in* swinging of a pemdu- 
lum. The geaierator m(*r(*ly maintains tin* in*c(*ssary fr(‘(iu(*ncy, 
and supplies tln^ ih loss. Without this loss, it weVuld not b(^ 
necessary to have tln^ genu'rator at all; tin* ostullations, once* 
started, would (iontimu^ ind(*rmitt*ly at tin* prop(*r frc*(|uen(*y. 
When the two energies are not eeiual, tlu're* must be* a cy<*li(* (*x- 
change of energy b(d.W(^(*u the* ge*ne*rator anel one* e^f the* bran<*h{*s; 
namely, the one^ whose* storage* capae*ity fe)r c*ne*rgy, at the* ge*ne*r- 
ator frequen(;y, is larger than that e)f the* othe*r brane*h. We* the*n 
have partial current r(^se)nance*. 

The pre^sence of r(*siHtan<*e* in e‘ith<‘r brane*h e>bHe‘ure*H tin* (*fTe‘e*t 
of resonance to some e^xteait, le'aving, how(*vt*r, its g(‘in*ral e*har- 
acter unchangeal. The* bc*st way te) se‘e* the* infiue'ne*(* e)f re*Histanc<* 
is to noplace each impedance* by its e*ejuivate*nt paralle*! e*(nnbina- 
tion. We them have twe) pure* suse*e‘ptan(*e*H with re*ac‘tivc* e‘urre*nts, 
and two (*x)ndueitance^H, the curr(*nts threiugli which are* in |)lias(* 
with the line voltages The ememgy Hup|)n(‘d to thc^ e*emduc*tane‘e*s 
is converted into heat, anel thus de)e*H not e*nt(‘r into the* e*l(*ctri(tal 
oscillations. 

Let now a dielectric reae*.tanee he^ e*.e)mn‘e!teHl in nmm with a 
magnetic reactance, across an altcnmting-curreait line^ Tin.* cnir- 
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rout ihr<)Ug:li the' two (li*vict‘s is th(‘ same, and may be taken as 
tlu* ndeniua^ veetor. Lt‘t. th(‘ dii'liM^iric reactance be such as to 
product^ acHKHs th(‘ (*ondtais(‘r a drop of 1000 volts, lagging behind 
the' (Uirreut l>y 00 i'leciriead tU^gna^s. Let the voltage across the 
reactaui‘e coil be* (a|ual to 000 volts, hauling the current by 90 
(h'grtH's. With ('onditioas, tlu' total line voltage is equal to 

100 V(»lts, lagging behintl the ctirnad by 00 degrees. Thus, with 
a lint' voltagt* of only 100, it is possible to produee ])artial voltages 
of 1000 and OtH) n‘sp<‘etiv(‘ly. ddiis eotiditiou is called voltage 
rcHonamr. When the* two n^atdanet's in st'Hes are equal, we have 
complett* voltagt* n‘Sonant*(‘; <dlH*rwise the resonanee is partial. 
Tin* stinh'nt will rt*utlily st*(* that the eondition for (complete volt- 
age rt'StnuuiiCi* is alst» t*\pri*sst*tl by tap (1150). In this case, the 
prt*st*nei* ttf resist aiua* has no (*tTt*et upon the correctness of the 
etiuatitni. By n*nding again tin* fort'going discussion of current 
rt*sonanee» nml applying it to voltagt* resonance, the points of 
sitnilarity untl tin* tlitTert'net's lH‘twt*(‘n the two will l)e easily 
Ht*t*n, 

One has tt» bt* un gitnnl against possible rt‘Sonance and a 
dangt*nnis rise in ptdentiul in the operation t)f transmission lines 
and e\tt*inied eabh* \vsttsns. lH*t‘nus(* tht‘re the presence of per- 
inittanee ami imlnelnnei* t»lT(*rs favorable etaulitions for surges 
bi'tween the tlirliMirie and !nagni‘tie energies. These surges either 
prialuet* large eiu’rents whieh open tin* eire\iit-prot(‘(‘ting devices 
ami interrupt the service, or the potential is rais(*d to a value at 
which tin* insulation <*f tht* system is brok<*n dt)Wn. With a clear 
timh'rslamhng of the prineiph* t»f interehange t)f energy explained 
abtive* tin* Htmhuit might to be ubh* to ftillow without difficulty 
speeial \Vi»rks on I la* ^utbji‘ct.’ 


Infill. L A nmgnrlic tnaiiiiice tif 55 ohniH is connectccl in parallel 
wiiti a iicrmitlancr t.f 7 :i r» mf , ncr^ms n 22(Kgvt»lt, 25-cycle e- 

ti*riiiiiit* flic totiil rm rrnt . imd the eomponent currents, through the rcaU- 

iifirr iiiiil liiroiigh the ri*iitlrnt^er r x* i 

Aiix ;w ‘ 1 '' * • “'‘'i'- “• 

rurrtiil r.-«ui.n..r.-, H..- .urivul nmnll.T tl.au ona of ita com- 

litjiieiils. 

. S.... W S 1 r.,.u.n, n n.r.; ('. 1*. Stcinn.ct., 

r.^,„n...v «.ll !»• f-.i..! ... Kan.i«-tofTH Kxi»rmaUal hUctneal hngimer 

inn, Vol. n, Arir. t W t» JU'.. 
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Prob. 2. The permittor and the roartance^ coil givtRi in tlu^ pn‘C(‘din^r 
problem are connected acroHs the Hanu' lint' in Ht'ritns, instt'ad of in parallel. 
Find the total current and tht^ eonipoiu'nt voltagt's. 

Ans. 102.3 amp. (leading); 2200 - 8850 — 0650 volta. Thin is a 
case of partial voltage rt^sonanco, tht^ voltagt' drop across t'ach of the 
two devices beirig larger than the applit'd vol{ag(\ 

Prob. 3. The elastance of a OO-cyclt^ undt'rground t'ablt' system is 
equal to 11.5 kilodarafs; at what valnt'. of the intluciantH' in i\w circuit is 
resonance of the soventli harmonic to be ft'urt'd? 

Ann. 1.65 millihenry, 

68. Voltage Regulation of a Transmission Line, Taking Its 
Distributed Permittance into Account. Thc^ voltage* rc'gulation 
of a transmission line, disregarding its p(*nnittan(‘(*, is trt'ate'd in 
Art. 33. The value of the permittamu* of a siugli^-phasc^ lino is 
deduced in Art. (50, while in (Jhapt(‘r 17 tht* tdT('(‘t of the (dmrging 
current in a three-phase line is eonsich'nnl, and it is shown how 
to calculate the permittance of the <Hiuival(mt singh*“phas(* line. 
The inductance of transmission lines is treattsi in (dmpt(*r 11 of 
the author’s Magnetic Circidt. It numiins now to show how to 
determine, for a given load, the relation bcdwcH'n tlu* g<‘n(Tator 
and receiver voltages of an eciuivahmt Hingl('-phas(* \\n(\ knowing 
its constants; viz., the values of tlu* distriliutc'd n'sisiancc^, mag- 
netic reactance, and di(d(u*.trie susec^ptancu*. 

Let the total resistance of tlu^ (Kpiivahmi single-pliasc* liru^ be* 
r ohms, and its magnetic reactance x ohms. the mmon 

impedance of the line is 

Z ^ r + jx. . (351) 

Let the dielectric susceptance of the lim^ lx* b mh<w, wlu^n^ 6, ac- 
cording to eq. (347), is a negative quantity; ami l(*t the l{»akag(^ 
conductance to the ground be g mhos. T\m\ iho slnintcul ad- 
mittance of the line is 

Y g — jb, . ( 352 ) 

The leakage conductance is due to imp(Tf(H*t insulation of ilie 
line, and may also be mad(^ to take into account the <»orona loss, 
if any exists. The value of gem only be estiinatiHh ami in most 
cases may be safely neglected. It is introductal ln*rc* in ord(*r to 
obtain a more general result, at the same time making tlie ex- 
pressions for Z and Y symmetrical. 

Since Y is uniformly distributed along the line, the current 
changes as the distance from the generator incrcMi^; and there- 
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fore it, i.s in'ceHsury to consider th<> electrical relations in an in- 
fmiU'Himal lengt h ds, at sonu; intermediate point of the line. Let 
the liiu' voltag(^ at this point hc^ /i, and the line current, I. The 
series impedance' of the ('lement (h is (Z/l) ds, and its shunted 
admittance' is (Y/l}ds, wheere I is the total length of the line. 
Le't dE he' the' ine're'ine'nt in the' veeltagc in the length ds, and let 
(if he thee e'eerre'speeneling incre'tne'ut in the line current due to the 
shunte'el aelmittancee. We' haves thesn 

dli » - / (Z/l) ds, ( 353 ) 

and 

df -^~E{Y/l)dH ( 354 ) 

The minvjH sign is nee'ele'el esn the right-hand side of eq. (353), 
he'e'iiuse' the' elreip in veilteige' I{Z/l)ds causess a decrement in .B. 
Like'wise' the' cliarging eurre'nt B(F/0dN causess a decrement in 

th<‘ llw curn'ut. 

KquiithHiH CISH) and (354) contain two (l(q)ondcnt variables, 
E and /. I'o oliininatt^ /* wc divide Imth Bides of eq. (353) by ds 
and take <lt*rivative with rcnpect to The result is 

^ ^ (dl/dn) {Z/l), 

Sulmtituting tin* value* of dl /ds from eq. (354), wo obtain 

m d^ « EZY/l^ ( 355 ) 

ThiB in It dilTonmf iid cc|uation of tlic Hccond order for E. We shall 
omit thi* Holution of it and ^ivo only the roHult, for two reasons: 
firBti iMHiiUBe inoBt HtudcritH an* not familiar with the methods of 
iniegriition of ilifTerfUitiid cc|uationH; and necondly, because the 
ioliitioii h inoHt convoniimtly cxprcHwal in hyperbolic functions of 
a coitifilcx viiritiltlt% a form of fumdion unknown to most students 
of eiigitit*criiigd FortAinatcly, even for the longest transmission 

* Tilt* fliwiiy i*f liypcrbalir fiirietkms itncl thcHoIution of eq. (355) 

miiy Im ftiinith mmmg in tin* following works and articles: McMalion, 

H^imrkdk Fumimm; Dr. Keiinell>% Applimtiom oj Hyperbolic Funciiom to 
Mkeirimi Fngifmrmy: I>r. Hleinincti, 7'rnmmU Eleciric Fhenotmna; Pender 
ancrriioiiwiit, Mivliiiiiirtil titnl KlectricalC'haraeteristicB of Transmission 

Trmm. Amrr, imL Firfir. Vol. JiO (1911); W.E. Miller, ^'Hyper- 

Imlie Ptifirf ifiitiiiiiifi I’lieir Ap|iliciiiit»n Oi Transmiimifm Lina I^blems," General 
Ekeint Vtil. 13 11910), p. 177; M. W. Franklin, Transmission Line 

Ditlciilitliiiiiw.” iWtf , p. 74. Fur a prtKjf of expansion (356), see Blondel and 
Is Mt»y, de« ligtiw tie Trmii«|Kirt d’l^ergia i Courants Altematifa en 

tenant ciiiii|ite tie In FapaeM tl cle k Perditaaea llaparto/' La Lumik'e 
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lines built or projected, the solution can h(‘ n^pn^scndtul with suffi- 
cient accuracy by a few terms of an infinite^ scTicss, as follows: 

E, - E,il + .] YZ + + (d.(‘.) 

+ ExZ{\ -Y I ^ Z Y i\6 ^ "f* etc.). (35()) 

In this equation is the gcun^ator voliai;*e, t h(‘ nM‘(uv(U' volt- 
age, the same as in Art. 33, and is tlu^ load (uirn^nt. Both }' 
and Z are known complex (puintiticss, and tlu‘r(‘fon^ ilu^ir produ{‘t 
and the sciuare of the prodiud. an^ also known. Uumis in- 

volving Y'^Z'^ livi) n(‘gligit)!y small in many eas(‘s. 

Instead of eliminating / from e(|s. (3r)3) and (354), E may be 
eliminated by a similar ])rocess, giving a dinVn^ntial (ujuation for 
/, analogous to ecp (355). Th<‘ solution of this (‘([nation is 

h - I'id + i + ah 4 

+ + I yy^ 4- lio ) I (4c.), (357) 

where |j is the gemerator eurnmt, and / >* tlu‘ load current. 

The geimral form of (K[s. (3r)()) and (357) is tin* sanu* as that, of 
the corresponding (H[uations in Art. 33, and in ('luq)tcrs 1 1, 12, and 
13, so that tlu^ methods of calculation indicati‘d th<*rc ur(‘ a[)pli- 
cable h(vr(^, with self-evident modifications. 

N(^glecting the U^akage (‘.onductaiuc g in vq. (352), and using 
the value of permittamc given in Art. CH) abov<‘, also th(‘ valu(‘ of 
inductance from Art. til of th(‘ Magnetic f'/rca//, W(‘ find that 

Fi? « (//l()()())M-^’ +>)» .... (358) 

and c()nse([uently 

72^2 = {l/umoy {lA ^ ^ 2jvw), . . . (359) 

where 

V « 0.09514 (0.1 /)2 [0.40 + 0.05, h^g (5/ a}l, . (300) 

and 

w « O.l5l5/r71og(6/a) (301) 

In these expressions, I is the Umgth of tlu^ line* in kiloimdcrs, and 
r' is the resistance per kilometer of om* conductor, in ohms. With 

Elednqm, Vol. 7, 2n(l .Series (1909), p. 355; also J, F. H. I)(nig!nH, “Trans- 
mission Line CalculationH /’ Worlds V(J. 55 (1910), p. HMIO; und Dr. 
Steinmetz, Enginemng MathvmalicH, j). 204. The* hent tiOden t»f hyiHTlndie 
functions are those publishc^d by the Smithsonian Instituticnr, tabl(*s 

will be found in McMalion’s book and in tbe^ Gmtral Elwirir Remrw^ Vol. 13, 
supplement to No. 5. See also Beaver's Matfierrudiml liandbmk, pp. H5 and 
266. 
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tlu' cxln'iiu* values of the ratio h/a of say 10 aud 1000, the value j 

of loft (h <i) varies within the narrow limits of 1 to 3, so that the i 

second t<'rni in tin- brackets in (sf. (3(i0) is comparatively small. I 

In practice, the vahn- of the whoh' o.xpnission in the brackets in I 

formula (dOO) is usually b(>tween 0.-1H and 0.50. This fact is i 

taken advantage of in numerical cahadations which do not require ! 

particular ac<'uraey. | 

Prob. 1. < 'heek the mimericid l•lle^Ii(•i<'ntH in formula! (360) and (361) *1 

Prob. 2. I'br n miven receiwr voltnKc, calculap! the (tenerator voltage, 
nt no load an.l at full load, for some very long tran.smission line, the if 

(liinetishms of whieli are taken from a descriptivn' article. ’i 

Prob. 3. NiU f iirobli'in d by ( lit' line of tabk's of hyjHirholic functions, ! 

following till* method imiienti-d in one of tlu' reference.s in the footnote. f 

Compare the result.s with those uhtnined in prolihnn 2, and make clear to ? 

yourself the relativ!' simplieity, and the limits of accuracy, of the series f 

when one, two. or titrei- terms are nH(>d. ' j 

t 

69. Approximate Formula for the Voltage Regulation of a ' i 

Tranemission Lina, Considering Its Permittance Concentrated at • 

One or More Points. Insti^nd of tn^atiug the pormittanco of a i! 

traiiHiiUM.Hioii lino in tin* fornM’i inannor dpsprihod in the preceding f 

artirlo, it is .?Honii‘tini(’H nsstnued to he eoneentrated at one or more !! 

points nlong I ho linr. 'Vhv c‘iihsilation of voltage regulation then i; 

hppoinps situilnr to the tn*ntmc*nt in (-hapters 9 to 13. There is ■ 

no partipulnr iiilvnntHgp in this approximate treatment as far as | 

till* siinplifily of innnpri<-ul Ptunputatioiw is eoneerned, because ijj 

the foniiula* «ihlainp<I uro siinilar to (»(p It is advisable, ! 

however, for thi* student to dedtua* Huph formuhe in order to see j 

for tiiiuHelf that the form of eep (356) in a rational one; more- r 

tiver, ilm given him one more exereise in the use of complex |. 

qmmf if ieN. ;| 

la I Tlie f^im|4«‘'4 UHNumption is to ronsider one half of the ij: 

line permit I nne«‘ umd lenkagt% if any ) eoneentrated at the gener- J 

ator tael id the tine, the other half at the receiver end. The load i V 

rurreiit ts in thi*'^ vim^ apparently inenniHod hy the current J ?2 • I F ’I 

ihrotigh the permitfaiiee | V eomir*ete(l in parallel with the load, h 

so thiif the total receiver eurrent in «*qunl to 1% + | Hence, ^5 

the geiieriifiir volliige In 

K| 7aI, + lEtY)+Et, 

or 

/>*! - Ejil + i YZ) + . 


. . (362) 
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Comparing this formula with ocp (350), wo s(^o that tlu^ principal 
terms are identical, the diffcronce being in th(^ additional t(^rms 
containing higher powers of YZ, If the influence of the line per- 
mittance is small, for instance in short lines, nvsults (uilcuilated 
by means of both formula differ from ea(‘li otluT l)ut very little. 
There is no reason, however, why the acumratc^ (expansion (35(5) 
should not be used in all cases, taking as many tc^rms as are re- 
quired in a given problem. 

The generator current, with the (Opacity eoiuumtrated at both 
ends, is 

- /a + I YE, + I YEu 

or, substituting the value of Ei from (‘(p (3(52), 

h = /2(i + i YX) + + i . • (3(53) 

This formula is similar to eep (357), and diffi^rs from it only in 
the values of the coeflitacaits of th(‘ minor tt^ms. 

(b) The line ])ermittan(5(^ and l(uikag(‘ may also Ix^ eonc(m- 
trated at the middle point of the line, in which (‘as(* a diagram of 
connections is obtaincnl similar to Fig. 42, ex(M^pt that, tin* susc(q)t~ 
ance is dielectric and not magmd.ie. Introducing tln^ voltag(‘ at 
the center of the line as an auxiliary unknown cpiantity, and 
eliminating it from the result, W(‘ obtain 

Ih - + I YZ) + I,Zi\ + I YZ), . . (3(54) 

and 

h - /2(I + i YZ) + E,Y, .... (3(55) 

(c) A closer approximation is obtained by assuming a part of 
the line permittance^, concentratcnl at tlie middle point, and tlie 
rest at both ends of the liiuu Tlui fractions of the total pc^rmit- 
tance to be assigned to thesc^ three points an^ deit^rmiiKHl from 
Simpson^s Eule for approximates integration; nam(4y, ae^'ording 
to this ^'parabolic rule, 

yav$ = [1/(3 n)] [i/o + 4 (i/i + yn + etc. + yn-«i) 

+ 2 (|/2 + yi + otc. + i/rt-a) + l/nL (366) 

where yavs is the average ordinate of a givcan curve, n is tho num- 
ber of equal parts into which the total width of th(^ curv(! is 8ul>- 
divided, and t/o, yi, etc., are the actual ordinate at the points of 
division. In the above formula, n must be an even number. 
Let the given curve represent some arbitrary distribution of the 
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pcrini tiitnc*!* liloiiK tin* lino, und led* ti ss= 2. Tlio foregoing formula 
give^H 

'' I ((\) + 4 (\' + CV), .... (367) 

whon^ t!io (’'h are marktHl with the })rime sign to indicate that 
they r<‘fiT to nnit length of th(> Iin<‘. Ihxt in reality the permit- 
tanec‘ in uniformly (iI>itrihut(Hl oven’ the* length of the line, so that 
(\nJ - f'/ f ■/. Multiplying both sides of eq. (367) by 

the* lenigtli / of the* line*, we* obtain 

I r f 1 C + IC (368) 

This ineuius that two thirds of the^ total permittance must be con- 
eentrateni at the* miehlle ed the line*, and one sixth at each end.^ 
Witli tliis elistribtition cjf iH*rnuUanee it is again convenient 
to intHHliua* the* voltage at the* (‘(‘liter of the* line as an auxiliary 
quantity. Ila* re4atani betweH*n the* load voltage and the* gener- 
ator vedtage* is ealemiated in the* wedl-kuown manner, by adding 
the vedtage* drop in the* line* to the* load vedtage. The result is 

K, ^ lUl i 1 rz t + I,zil + I YZ); . (369) 

/| l,i I I I T- * rm + A^,r(l + YZ 

f fhi (370) 

Th«\He fe»rfmthi* e’ome edtiser tee (*(|s. (355) and (357) than those 
eddaineal in the pr<*eeding two approximations. 

Prab, 1. forinuke* C35U and C355) hy actually performing the 

idgfhnur !riiiif»fe»rni{i!ii*nii, 

|%cib. t. C lifck formula* 1355) iind (370) hy actually performing the 

filgrliffiir triifififoriiiiitiiiiw. 

I. If it drBire*d to have the iH*nnittance (‘oncentrated at 
five e(|ihili»tiiiit |toiiitM nlniig the line. slu»w that according to Simpaon’s 
liute one nixlli of the iniiil |>erniittiiiU"t* must In* placenl in the middle, 
one twrifili III eiieh riiil, iiiid the rest lit one tiuartt‘r and three quarters 

of the leiigtii e»f the line,, 

» Thill rintilt liw twvn fir»i indirali^^i hy Df. BlcinmcU, in \m d.lfernahn0- 
C*iifT##il Hi rloifitei' on IhstfiliultHl (!apataty.’^ 
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THE AMPERE-OHM SYSTEM OF UNITS. 

I'liH iun|H*rr niul thi' ohm am l)e now considered as two 
firlntrury fuodnmt‘ntnl uiutH cHtHhllslmd by an mternatioual agree- 
iiicut. 1'heir vnlues vmi 1h‘ n‘pr(Hluml to a fraction of a per 
vimt Hcrortltnn: to dt^tnilrd HpecificatumB adopted by practically 
all civilt 7 .rt! iintiuaH. 'rhese iwiv unilH, together with the centi- 
riHder and tla* p i*mit tfie detcTmiimtiou of the values of 

all cdhor rhsirie iuhI nmgo<*tic» (piimtities. The units of mass and 
of temperuture do not eater (‘Xplieitly into the formulic, but are 
rontium*d m lla^ legal defnfttion the ampere and the ohm. 
T1 h» diiaem4<m t*f re^d.^taac’e (‘ua Im* (expressed through those of 
pow«*r and eurrtmt, aeec»rding to tlie etiuatiou P = Pit, but it is 
more (‘onvtmient t»» etm^ider \\\v dimension of H as fundamental, 
in order to avoid the explieit ns<' of tlu* dimension of mass [M]. 
Ih’sides* fben^ i^ no <iireei proof that th(* physical dimensions of 
elect rie ptiuer are I lie Name us those of mechanical power. All 
we know h fliaf tlie two kimis id power are equivalent one to 
the other. 

For the enirifieer tliere in no need of using the electrostatic or 
the elerlroinagnelir nnltr^: for him there is but one ampere-ohm 
nipirm, wliirli i*4 inntlnu* idinirostntie nor electromagnetic. The 
itmpere hiLH iitU only a magnit nde» but a phipsiiml dimension as 
well, a diineiidoii wtiieh, with mtr preH(‘nt knowledge, is fun- 
diitiiiuifiil, I but i ^ it eamiot be re’ducMHl to a coitibiuation of the 
diiiieiiHion^i of leiigili, time, and mass (or energy). Let the dimen- 
mm of riirnmf fie ilniofet! !»y [U and that of resistance^ by [R]; 
let ilia ditiieieaiiiiH of limgth iitnl time In* denoted respectively by 
the eoiiiiiif»iil\’ ri-eogiii/j‘d ?wmbols (L) and (T]. The magnitudes 
imdcIifiirft^ioft,H of lilt oilier eleetrie units eau be expressed through 
tlieHe foil! » iii4 «lio\%"n in flit* following table, tor the correspond- 
ing expre.a’^iiiii^ of tl»’ iiiiigntdie units in the ami>ere-ohm system, 

ApiMJinlix I to the liiillior’s Mugneik CirmiL 
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TABLE OF ELECTRIC UNITS, AND THEIR DIMENSIONS IN 
THE AMPERIWHIM SYS'I'EM 


Symbol and Formula 


Quantity 


Dimonmonn 


Nanie of tho I’nit 


1 

U^I/A 

Q^IT 

D^Q/A 

E^m 

G^E/l 


X^2TrfL 


k 


y 


a=»ltrp 
b«^\/Xp . 

1/2 62)4 


P^O/U 

7 »(//(;« 1/p 


S^E/Q 

C^Q/E-^l/S 

<r«^a/J) 

^„D/0-l/<r 


P^EI 

F^P/V 


w'^Igd 

Fu.W/1 

L^2W/P 


Ciirronfc 

CJurrnnt dciiHity 


(M 

[UrH 


Quantity of electricity [I I P 
and dielectric flux 
Dielectric flux deUHity [ITL 2 ) 


Voltage, difforence of [Ilil 
potential, or e.m.f. 

Voltage gradient, elec- (IRL *] 
trie in tensity, or di- 
electric Htress 


Resistance 

Reactance 

Impedance 

Conductance 

Husceptmico 

Admittance 


[HI 

IR-M 


Resistivity 


[Hid 


j Conductivity 


[R R/ ‘1 


Ampere 

Ampc're ptT stpiare 
(‘entim(vt<»r 
('oulomb (ampere- 
second) 

(Coulomb p(‘r H(|iiare 
centimeter 
Volt 

Volt |MT centimeter 


Ohm 


Mho 


Ohm |M*r cemtimeter 
cube 

Mho iMT centimeter 
cube 


Dlastanco 

Permittance (capacity) 


I)araf 
R-*li I Farad 


Ehuitivity 

Permittivity 


(Rl'-“Ud Daraf iM'r centime- 
ter cube 

[R*”*1‘L””^I Faratl in^r (’entime- 
ter cube 


Power 

Density of power 

Htored electric energy 
Density of electric (ui- 
ergy 
Fore© 


(DEI 

[DEL 2] 


(I2RT1 

[DRTIr 


[DETI. M 


Watt 

Watt,. |>er cubic cim- 
t hue ter 

Joule (watt-stH’ond) 
Joule |>er cubic can- 
timedt*** 

Joulecan 


Inductance 


[RTl j Henry 


* These are also the dimensions of the ekHdric |>ole strength. Tlie con- 
cept of pole strength is of no use in ek^ctrical engineering, and, In the aiithor'a 
opinion, its usefulness in physics is more thim doubtful. The whok* elemen- 
tary theory of electrostatics can and ought to be Iniilt up on the idea of 
stresses and displacements in the dielectric, m m done in this work. 
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Other \uu<s of couvcuiiont maRnitude are easily created 
by multiplying tli«‘ tubulated units by powers of 10, or by adding 
the prefixes inilli-, niieni-, kilo-, nu^ga-, etc. 

A .stmly of till' physical dimensions of the electric and 
magnetic (pnintities is inten'sting in itself, and gives a better 
insight into tin* nature of these (puintities. Moreover, for- 
muhe <’an be ch<-cked and errors detected by comparing phys- 
ical dimensions <m both sides of the eejuation. Lot, for instance, 
a formula f<»r energy la* given, 

ir = <iQI)1/k, 

where (t is a mtmericul ctsdricient. Substituting the phyisical di- 
menshms of all tht' <iuantitieK on the right-hand side of the equa- 
tion from the table ladow, the result will be found to be of the 
dimeuHions of «'nergy. 'riiis fact adds to one’s assurance that 
tln^ given fttrmula is theoretically corn'ct. 

A slight irregularity in the system as outlinc<l above is caused 
by th(< use of the kilogram as the unit force, because it leads to 
two units for energy and tor<iut‘, viz., the kilogram-meter and 
thejonh': I kg. -meter It. KOti joules. Force otight to be measured 
in joulrn jnr rntlimiiir length, to avoid the odd multiplier. Such 
a unit is equal t<t about 10.2 kg., an<I could !»e properly called 
\\m joiilcrrn lit’ dynes). 'Phen' is not much prospcict in sight 
of introducing this unit of force into practic(‘, because the kilo- 
gram is t<K> w’ell e.stablishcd in common use. The jmxt best 
thing to ile» is to derive fornmhe and i)erfonn calculations, when- 
ever convenient, in joulecens, luul to convert the results into 
kilograms by multiplying them liy g * D.HOti. 

'PhuM, leaving jrside all historical pn'cedeuts and justifica- 
tions, the whoh> syst«"m of electric and magnetic units is re- 
duced to thi.** simple scheme; In aildition to the centimeter, the 
gram, the st*cond, ami this degna* (‘entigrade, two other funda- 
inetittd units are recogniztHl, the ohm and the ampere. All 
other electrit' and magnetic units have dimensions and values 
which are conneeteil with thow' of the fundamental six in a 
aimple and almost wif-s-vident manner, as shown in the table 
ftlaive. 

'Po appreciate fully the ndvantag«'H of the practical ampere- 
ohm system over the electnrstatic and electromagnetic 

ayateins, one has only to txanpare the dimensions, for instance, of 
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current density and voltage? gradi(?nt in tlnise? t.hr(?<? sy.st(?ms, as 
shown below. 


The Ain- 
I»ar0-(>hm 
Hyatein 


rnimtmlu' Hyntain 


Klw'tro- 
Htjitu? S.vfttem 


Dimension of current density. . . 
Dimension of voltages gradiesnt. . 


nr’ i I, iMi-i V 

IRi; ‘ I,*M*T ’;u* iM>'r \ * 
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vxpromod m a <-<aufd<»x (juantity or oi)erator 89 

Admit tiuif OH in paralh*!. yg 

in HorivH gQ 

Air, iiiolootrir i>f , 

ponint livity of . . . 151 

Aliornatinji ('urront lum or whvn otim^nt and voltage are in phase 45 

rurronfM, ndviuitagoH of 31 

inirrontH, polyidiaHo 99 

Aiii|HTt'-<dim Hyntom of unitn 3^ 215 

Ainpid^*‘^»’ frtotor, dofmition td, 5I 

Analogy, hydranhe, to an indnetive eireuit 65 

hydrmdn', to i )hnda law 2 

hydnudie, t«i the tiadertne circuit. 145 

hyilriitilir, t(^ the How of clcctricily 25 

int*chatucid, to a charged dielectric 159 

Ihermal, to <>hm*a law 2 

thermal, to the How of electricity. 24 

Apparent tHiwer, defimtion of 56 

A vertigo value of idieriiating current or voltage 50 

(hilde, idaetiinee of ningliM’ore 171 

iliHuliifioti re-iiiHtimce of. 26 

C ’allies, griiilmg iiiwulaiion of 174 

fapiicity, »rr Ktiyiiance ami l*eriinttance. 

elecfroHliitic, tieftniiion of.. . 147 

p|K^rtlic inductive 151 

Cliarging rurrriit of rondenaiT . 203 

■inirreiit of tfimMiiif^ion line, «fc (dmt Klaatance 193 

eurrefii-a of threi'iihw^ line with symmetrical spacing 196 

inirreiils of !hrt'»e-phiu«^ line with unsymmetrkal spacing 201 

C’trcle ctudiririit nf iiwluiimii iiiot4ir. . . . . 138 

tlifigraiii Ilf itiducliiin intitor or triuiaformer 136 

CUreuti, tdlernttliiig-ciirreiit , , . . . . . 31 

iheleciric , , 143 

dieleclrir, liydruulic analogue. 145 

dirret-iuirreiil, • 1 

fHity|iliit^» ^ 
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Coefficient, leakage, of indneiion motor 

of Bolf-induction IndiKdancie. 

temperature of rc'HiHtivity 

Complex exproHHioti for admittance 

exprcHHion for impedatu^e 

quantity, definition of 

Component, energy, of <nirr('nt or voltag(‘ 

reactive, of current or voltage' 

CondenBer, ediarging curre'nt of. - . . . 

definition of 

Conductance and reHintaneu', how redate'd, in an A.(’. (dreuit 

dermilion of 

di(d(‘(f.ric 

Conduct, anccB, addition of 

Conductivity, definition e)f 

Conductor, deflnitiem of 

of variable' (‘roHH-Ke'ct iem 

unit, definitieni of 

Continuo\iH curre'iit,, .see Curre'nt., dire*(*t. 

Core le)HB of traTiHfe)rm('r . . 

Corona, ele'ctrontatie^ 

Current, alternating 

dennity, elefinitieut of . . 

direct .......... 

due to ne)n-HinuHoidal voltage' . . . 

efT(K5tiv(^ value' e)f alt.e'rnat ing 

emergy anel reuictive (‘e)mpemt'ntH e>f . . 

primary, e)f induction m(f.e)r 

radial fle>w e)f 

refraction, law e)f 

reaonaneu^ 

tranBient, in e)pe'ning anel cleming a cire’uil-. 

Currents, polypluvHe^ alt (‘mating 

Cycle of alternat.ing wave', definition of 

CylinderH, ehuetance^ b(f.wewn two larger paralle'l . . 
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1 
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12 
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ItiT 
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15 
1 

71 

4H 
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120 

2ti 

2H 

205 

71 

1 ) 1 ) 

xi 

IHH 


Daraf, definition of 1 4H 

Delta-(5onnecteHl IhreH'-iihaBe Hyste'm. 105 

Dielectric circuit 1 42 

conductance 1 00 

clastivity of 152 

energy BtorcHl in 15H 

flux denaity 154 

flux, refraction of 1 01 

hysteresis 1 00 

nature of 144 

permittance of 147 
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Flux density, dielectric 154 

dielectric, see Dielectric flux. 

Form factor, definition of 51 

Fourier series 43 

Frequency of alternating current or voltag(‘, <lefinitiou of 33 

Gradient, voltage, in the dielectric circuit 155 

voltage, definition of 15 

Ground, influence upon the charging currents in a thrcf^phase^ linc! .... 202 

influence upon the elastance of a singhi-plnisc' line 180 

Harmonica, definition of 41 

effects of elastance and induc.tauce on 205 

Heaviside, Oliver, nomenclature of 152 

Henry, definition of 02 

Heyland diagram of induction motor or transformer 13(i 

Homopolar machine 31 

Horse-power, English, defined. It) 

metric;, defined 10 

Hydraulic analogue of induc.tive circuit 05 

analogue of t.he dicdc^ctric; cdrc.uit 145 

Hysteresis, dielectric 109 

Images, Kelvin’s method of electric; 180 

Impedance, definition of 07 

equivalent, of transformer 110 

expressed m a complex cpiantity or operator 88 

Impedances in parallel 80 

in seric;H . , . ok 

Inductance, definition of 00 

influence of, with non-sinusoidal voltage;. 00 

Induction motor, approximate analytical trcnitment 125 

characteristics with loekcnl rotor, 123 

circles cnefFicicuit or disiKTHion factc^r KIH 

circle or IIc;yland diagram of 130 

eciuivalencjo to a polypham; traimfonm;r. 122 

eciuivalent electricuil diagniin of 122 

exact analytical treatment .... .................... . 139 

input pc3r phases 127 

magnetomotive forces in . 124 

maximum output of 131 

primary current and power-faeflor. 120 

pull-out torciue of 130 

secondary resistance and reactance reduced k> prinmry. 133 

slip, calculation of 120 

slip, defined 123 

squirrel-cage rotor I34 
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lucluftion motor, Htariing torquo of 129 

iorciuo of 127 

Indut^iivo nrfj RtnM'.taiico. 

In<‘rtia m ao aaaloKuc^ to inductance 60 

luKulation, alno I )ielectri<\ 

con<l<»UH(U’ type 175 

grmliufi: of 174 

Intcnwity, eUM'tric, definition of 16 

ideel ric 155 

faei{»r, illuHtrat(Hl 10 

Irrc'j^ular patlw, rcHintancc^ ami conductance of 27 

Jtnde, definition of. ... 11 

r<datioti of» to thermal unitH 11 

Jtndi‘cen, ilefiuition of. .... 217 

Joult'*i< law 10 

Kelvin’n law of economy 15 

KelvitiV inethotl of ehudric imagCH 180 

KirehhofT‘a lawn I'i^ 


Law% Jouh*’H 

Kirchhtifl’a firHt 

Kirclihoff'H Hccond 

of current refriwt hm 

of flut refraciitm. 

of economy, Kclvin‘H. .... 

of miniinmn nwHtnnce. . 

Chiin*H, aynopHW <»f 

conductance of tnummiHHion line 

factor of the induction motor 

U^hnmmh I’t*-. ntcthcwl of ihuWn^ n^aintance of irreguk^r conductor 
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